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CHAPTER 1

Introduction

Today we are witnessing a huge data deluge all around us. 10 megapixel
cameras are now a norm while even up to 60 mega pixel cameras are
available in market. Sampling process remains dominated by Nyquist
formulation, thus leading to denser uniform sampling grids. This has
led to two specific problems. We require more sophisticated sampling
devices to be able to sample at such high resolution. Also we need
much bigger storage space to store high quality signals (We will be

primarily looking at audio, images, video signals).

In order to facilitate easy transfer of signals, we resort to lossy compres-
sion techniques. For most purposes there is essentially not much per-
ceptual difference between the original signal and the lossy compressed

version. This prevailing paradigm can be summarized as SAMPLE

THEN COMPRESS paradigm.

Compression essentially is based on looking at the signal in some or-
thogonal basis (Fourier, DCT, Wavelet, etc.) and keeping only those
coefficients in the basis which contain essential signal information. We
can think of these coefficients as linear measurements on the signal

samples.

Compression also leads to generation loss. Every time we go through
the process of Decompress — Process — Compress a signal, we intro-
duce another generation of loss to the signal. After certain generations,
compression artifacts start dominating and signal becomes useless for

further processing.

What if we could make such measurements directly before sampling?
Consider a 10 million pixels image in which essential information is

1



2 1. INTRODUCTION

carried in just 10 thousand wavelet coefficients. Suppose a sampling
process could directly give us these 10 thousand measurements, then we
could have made our sampling system much simpler as well as avoided
the post sampling compression process altogether! But this looks like
a pipe dream. For how would the sampling process know as to which
10 thousand coefficients are really important in a given image? And
then this number could vary from image to image. For a low detail
image of say a plain background, very few coefficients might be required
while for a highly detailed image of a garden with variety of flowers,
many more coefficients might be required. Moreover, making such
specific measurements will require having elaborate analog circuitry
dedicated for combining information from different samples into these

measurements. Isn’t there a way out?

It turns out that there is indeed a way around. Compressed sensing
provides the necessary mathematical framework for working with re-
duced number of signal measurements rather than the huge size original
signals while still retaining all necessary signal information to achieve

high quality perceptual experience. This novel way of working with

signals can be called as COMPRESS THEN SAMPLE paradigm.

In this book, we will take a tour of principles of compressed sensing

and see its applications.

1.1. Notation

V: for all (for each)
3: there exists

= : implies

<= : if and only if
belongs to
doesn’t belong to
: Proper subset

: Subset

: Proper superset

U iNn N ™ M
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D: Superset
< Much less than
>: Much greater than

A

: less than (partial order)

(PN

: less than or equal to (partial order)

Y

: greater than (partial order)

Y

: greater than or equal to (partial order)

53

): Binomial coefficient N choose K

[E: Expectation operator

N: The set of natural numbers (1 onwards)

P: Probability of something

Q: The set of rational numbers

R: The field of real numbers (a.k.a. the real line)

C: The field of complex numbers

RY: The N-dimensional Euclidean space

C¥: The N-dimensional complex space

RM*N: The vector space of M x N real matrices
CM*N: The vector space of M x N complex matrices
Z: The set of integers

Z7": The set of positive integers

x: A signal in the signal space CV

|z||ot lo-“norm” of a vector (number of non-zero entries)
|z||2: lo norm (Euclidean norm) of a vector

llz|l1: {1 norm (sum of absolute values) of a vector
||| ot oo norm (maximum absolute value) of a vector
|z|: Vector of absolute values of entries in x

xT: Positive part of =

x7: Negative part of z [z = 2T — 27|

(x,y): Inner product

A: a matrix

AT: Transpose

Af: Hermitian transpose

A: Complex conjugate
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A~ Inverse

A': Pseudo-inverse

A = UXVH: Singular value decomposition

A = QAQM: Eigen value decomposition

det(A): Determinant of a matrix

|A|: Matrix of absolute values of entries of A

A: An eigen value

o: A singular value

A: A diagonal matrix of eigen values of A

>: A diagonal matrix of singular values of A

A > 0: Positive definite (p.d.)

A = 0: Positive semidefinite (p.s.d.)

a;: i-th column in a matrix A

a;: i-th row in a matrix A

||Al|p: Frobenius norm of a matrix

|Alls: Sum norm of a matrix

|Al[ar: Max norm of a matrix

||Al|2: Spectral norm of a matrix

|A]|1: Max column sum norm of a matrix

|Al|so: Max row sum norm of a matrix

I: Identity matrix

0: Zero matrix

1: One matrix

N: Dimension of ambient signal space

D: Dimension of representation space (number of atoms in a dictio-
nary)

M: Dimension of measurement space (number of measurements)

S: Number of signals in an MMV problem or multi-channel recovery
problem

K Sparsity level

Q: The set of indices {1,2,...,N}

I': A subset of indices I' C Q
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C"': The vector space of signals by restricting signals to entries indexed

by I' or setting entries indexed by Q\ T to 0.

D: A dictionary (either a set of atoms or its matrix representation)

®: A sensing matrix

¢;: A column vector in a sensing matrix

U: An orthonormal basis (or its corresponding matrix representation)

(D, K)-sparse: A signal which is K-sparse in a dictionary D

a: A representation of a signal x in a dictionary D [z = Dq]

e: Approximation error [z = Da+e] or measurement error [y = dx+e|

A: Sparse recovery process (algorithm) a = A(D, z) or T = A(P,y) or

T,a=A(P,D,y)
p: Dictionary coherence
0: Restricted isometry constant
X: An ensemble of signals
Y: An ensemble of measurements
E: An ensemble of error vectors
A: An ensemble of repersentations
log: Logarithm to base 10
In: Natural logarithm [to base €]

log,: Logarithm to base 2

1.2. Useful functions

The function sgn : R — R is defined as

1 x>0
sgn(z) =<0 x=0

-1 <0

We define an extension sgn : RN — RV as

sgn(z) = (sgn(xy),sgn(zs),...,sgn(ry))

d:NxN—{0,1}

(1.2.1)

(1.2.2)
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6(i,j) = bt (1.2.3)
0 i#0

Also written as d;; or 9; ;.

1.3. Outline of the book
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CHAPTER 2

Sparse Signal Models

. Minimiza-
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ment

Vector

Regulariza-
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Noise ; o Recovery

lo “norm”
Minimiza-
tion

Sparse Signal
Models

Uncer-

Principles

Ortho Dictionary Signal Model

Compress-
ible Null Space Coherence
Signal

mation

2.1. Outline

In this chapter we develop initial concepts of sparse signal models.

We begin our study with a review of solutions of under-determined

systems. We build a case for solutions which promote sparsity.

We show that although the real life signals may not be sparse yet they
are compressible and can be approximated with sparse signals.
8



2.1. OUTLINE 9

We then review orthonormal bases and explain the inadequacy of those
bases in exploiting the sparsity in many signals of interest. We develop
an example of Dirac Fourier basis as a two ortho basis and demonstrate
how it can better exploit signal sparsity compared to Dirac basis and

Fourier basis individually.

We follow this with a general discussion of redundant signal dictionar-
ies. We show how they can be used to create sparse and redundant

signal representations.

We study various properties of signal dictionaries which are useful in
characterizing the capabilities of a signal dictionary in exploting signal

sparsity.

In this chapter, our signals of interest will typically lie in the finite N-
dimensional complex vector space CV. Sometimes we will restrict our

attention to the N dimensional Euclidean space to simplify discussion.

We will be concerned with different representations of our signals of
interest in CP where D > N. This aspect will become clearer as we go

along in this chapter.

Sparsity

We quickly define the notion of sparsity in a signal.

We recall the definition of [y- “norm” (don’t forget the quotes) of z € CV
given by

[2]lo = [ supp()]
where supp(z) = {i : x; # 0} denotes the support of x.

Informally we say that a signal x € C¥ is sparse if ||z]o < N.

More generally if x = Da where D € CV*P with D > N is some signal

dictionary (to be formally defined later), then x is sparse in dictionary

Sometimes we simply say that x is K-sparse if ||z||o < K where K < N.
We do not specifically require that K < N.
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An even more general definition of sparsity is the degrees of freedom a

signal may have.

As an example consider all points on the surface of a unit sphere in
RY. For every point x belonging to the surface |z|, = 1. Thus if
we choose the values of N — 1 components of z then the value of
the remaining component is automatically fixed. Thus the number
of degrees of freedom z has on the surface of the unit sphere in RY is
actually N — 1. Such a surface represents a manifold in the ambient
Euclidean space. Of special interest are low dimensional manifolds
where the number of degrees of freedom K < N.

2.2. Sparse solutions for under-determined linear systems

The discussion in this section is largely based on chapter 1 of [21].
Consider a matrix ® € CM*V with M < N.

Define an under-determined system of linear equations:

Qr =y (2.2.1)

where y € CM is known and z € CV is unknown.

This system has N unknowns and M linear equations. There are more

unknowns than equations.
Let the columns of ® be given by ¢1, ¢o, ..., dN.

Column space of ® (vector space spanned by all columns of @) is de-
noted by C(®) i.e.

N
C((I)) = Zciéi, c; € C.
=1

We know that C(®) c CM.

Clearly ®x € C(®) for every x € CV. Thus if y ¢ C(®) then we have

no solution. But, if y € C(®) then we have infinite number of solutions.
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Let N (®) represent the null space of ® given by
N(®) = {x € CV: dx = 0}.

Let 7 be a solution of y = ®x. And let z € N(®). Then
P(x+2)=dr+Pz2=y+0=y.

Thus the set  + N (®) forms the complete set of infinite solutions to
the problem y = ®x where

THN@)={T+2z VzeN(@)}

Example 2.1: An under-determined system As a running exam-
ple in this section, we will consider a simple under-determined system

in R2. The system is specified by

O — [3 4]
and
A
xr =
)
with
Or =9y =12.

where z is unknown and y is known. Alternatively
3 4] [5”] — 12
X2

31171 -+ 41‘2 =12.

or more simply

The solution space of this system is a line in R? which is shown in
fig. 2.1.

Specification of the under-determined system as above, doesn’t give us
any reason to prefer one particular point on the line as the preferred

solution.

Two specific solutions are of interest
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Solution of wa +4 X, = 12

__Solution line | :

FIGURE 2.1. An under-determined system 3x; + 4xo = 12

e (x1,29) = (4,0) lies on the z; axis.

o (z1,72) = (0,3) lies on the x5 axis.

In both of these solutions, one component is 0, thus leading these so-

lutions to be sparse.

It is easy to visualize sparsity in this simplified 2-dimensional setup but
situation becomes more difficult when we are looking at high dimen-
sional signal spaces. We need well defined criteria to promote sparse

solutions. O

2.2.1. Regularization

Are all these solutions equivalent or can we say that one solution is

better than the other in some sense? In order to suggest that some
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solution is better than other solutions, we need to define a criteria for

comparing two solutions.

In optimization theory, this idea is known as regularization. We
define a cost function J(z) : C¥ — R which defines the desirability
of a given solution z out of infinitely possible solutions. The higher
the cost, lower is the desirability of the solution. Thus the goal of the

optimization problem is to find a desired x with minimum possible cost.

In optimization literature, the cost function is one type of objective
function. While the objective of an optimization problem might be

either minimized or maximized, cost is always minimized.
We can write this optimization problem as
minimize J(z)

* (2.2.2)
subject to y = dx.

If J(x) is convex, then its possible to find a global minimum cost solu-

tion over the solution set.

If J(x) is not convex, then it may not be possible to find a global

minimum, we may have to settle with a local minimum.

A variety of such cost function based criteria can be considered.

2.2.2. |5 regularization

One of the most common criteria is to choose a solution with the small-

est [y norm.

The problem can then be reformulated as an optimization problem

minimize ||z||2
xr

(£)
subject to y = Px.

In fact minimizing |||, is same as minimizing its square ||z||3 = 27 2.
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So an equivalent formulation is

minimize 2z
xT

(P2)
subject to y = Px.

Example 2.2: Minimum /; norm solution for an under-determined
system We continue with our running example.

We can write x5 as

3
$2:3—Z$1.

With this definition the squared [, norm of x becomes

3 \?
lz||53 = 27 + 235 = 27 + (3 — le)
25 9
= 1—61‘2 — 51’1 + 9.

Minimizing ||z||3 over all x is same as minimizing over all ;.

Since ||z|3 is a quadratic function of z1, we can simply differentiate it

and equate to 0 giving us

25 9 36
—I — = = = — =144
gl = =g
This gives us
_ B 1.92
To = o5 = 1.92.

Thus the optimal /s norm solution is obtained at (z1, z5) = (1.44, 1.92).
We note that the minimum I, norm at this solution is

lall = & = 2.4.

It is instructive to note that the [, norm cost function prefers a non-

sparse solution to the optimization problem.

We can view this solution graphically by drawing /s norm balls of dif-
ferent radii in fig. 2.2. The ball which just touches the solution space

line (i.e. the line is tangent to the ball) gives us the optimal solution.
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|2 balls intersecting with solution of 3><1 +4 X, = 12

Solution line
I2 ball r=2.4
+  (1.44,1.92) |

FIGURE 2.2. Minimum [y norm solution for the under-

determined system 3z + 4z = 12

All other norm balls either don’t touch the solution line at all, or they

cross it at exactly two points. 0

A formal solution to /5 norm minimization problem can be easily ob-

tained using Lagrange multipliers.

We define the Lagrangian
L(z) = ||z]|2 + M\ (dx —y) (2.2.3)

with A € CM being the Lagrange multipliers for the (equality) con-
straint set.

Differentiating £(z) w.r.t. x we get
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OL(x) H
=2+ d7 A\ 224
Ox v ( )
By equating the derivative to 0 we obtain the optimal value of x as
1
T = —§®HA. (2.2.5)

Plugging this solution back into the constraint ®x = y gives us

1
Pr* = —§(¢>®H)A =y = A= -2(007) 1y, (2.2.6)

In above we are implicitly assuming that ® is a full rank matrix thus,

®® is invertible and positive definite.

Putting A back in eq. (2.2.5) we obtain the well known closed form

least squares solution using pseudo-inverse solution

z* = o (ddH) 1y = Ty (2.2.7)

We would like to mention that there are several iterative approaches
to solve the Iy norm minimization problem (like gradient descent and
conjugate descent). For large systems, they are more effective than

computing the pseudo-inverse.

The beauty of [, norm minimization lies in its simplicity and availability
of closed form analytical solutions. This has led to its prevalence in
various fields of science and engineering. But l, norm is by no means
the only suitable cost function. Rather the simplicity of [ norm often
drives engineers away from trying other possible cost functions. In the

sequel, we will look at various other possible cost functions.

2.2.2.1. Convexity. Convex optimization problems have a unique
feature that it is possible to find the global optimal solution if such a

solution exists.

The solution space 2 = {x : ®x = y} is convex. Thus the feasible
set of solutions for the optimization problem (2.2.2) is also convex.

All it remains is to make sure that we choose a cost function J(z)



2.2. SPARSE SOLUTIONS FOR UNDER-DETERMINED LINEAR SYSTEMS 17

which happens to be convex. This will ensure that a global minimum
can be found through convex optimization techniques. Moreover, if
J(x) is strictly convex, then it is guaranteed that the global minimum
solution is unique. Thus even though, we may not have a nice looking
closed form expression for the solution of a strictly convex cost function
minimization problem, the guarantee of the existence and uniqueness
of solution as well as well developed algorithms for solving the problem

make it very appealing to choose cost functions which are convex.

We remind that all /, norms with p > 1 are convex functions. In

particular [, and /; norms are very interesting and popular where
lo(z) = max(z;), 1 <i <N

and
N
hiz) =) |zl

i=1

In the following section we will attempt to find a unique solution to

our optimization problem (2.2.2) using /; norm.

2.2.3. [; regularization

In this section we will restrict our attention to the Euclidean space case
where x € RY, ® € RM*N and y € RM.

We choose our cost function J(x) = {1 (x).

The cost minimization problem can be reformulated as

minimize ||z
x

(£1)
subject to dx =y.

Example 2.3: Minimum /; norm solution for an under-determined

system We continue with our running example.
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Again we can view this solution graphically by drawing [, norm balls
of different radii in fig. 2.3. The ball which just touches the solution

space line gives us the optimal solution.

I‘ balls intersecting with solution of 3x1 +4 X, = 12

Solution line
_ I1 ball r=3

+ (0,9

FIGURE 2.3. Minimum [; norm solution for the under-

determined system 3x; 4+ 4xo = 12

As we can see from the figure the minimum [/; norm solution is given

by (z1,x2) = (0, 3).

It is interesting to note that [; norm solution promotes sparser solutions
while [ norm solution promotes solutions in which signal energy is

distributed amongst all of its components. O

Its time to have a closer look at our cost function J(z) = ||z||;. This

function is convex yet not strictly convex.
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Example 2.4: ||z||; is not strictly convex Consider again z € R
For x € R% (the first quadrant),

”IHl = X1 + Z9.
Hence for any ¢1,c > 0 and 2,y € R?%:

[(c1z + e2y) s = (17 + o)1 + (12 + e2y)2 = crl|z||s + eafly|1-

Thus, /;-norm is not strictly convex. Consequently, a unique solution

may not exist for /; norm minimization problem.
As an example consider the under-determined system
3I1 + 31’2 =12.

We can easily visualize that the solution line will pass through points
(0,4) and (4,0). Moreover, it will be clearly parallel with /;-norm ball
of radius 4 in the first quadrant. See again fig. 2.3. This gives us

infinitely possible solutions to the minimization problem (7).

We can still observe that

e these solutions are gathered in a small line segment that is
bounded (a bounded convex set) and
e There exist two solutions (4,0) and (0,4) amongst these solu-

tions which have only 1 non-zero component.
O

For the /; norm minimization problem since J(z) is not strictly convex,
hence a unique solution may not be guaranteed. In specific cases, there

may be infinitely many solutions. Yet what we can claim is

e these solutions are gathered in a set that is bounded and con-
vex, and
e among these solutions, there exists at least one solution with

at most M non-zeros (as the number of constraints in &z = y).
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Theorem 2.1 Let S denote the solution set of ly norm mini-
mization problem (Pp). S contains at least one solution T with
[Zllo = M.

PROOF. We have

e S is convex and bounded.
e Orr =y Vo ef.
e Since ® € RM*V is full rank and M < N, hence rank(®) = M.

Let z* € S be an optimal solution with ||z*||p = L > M.
Consider the L columns of ® which correspond to supp(z*).

Since L > M and rank(®) = M hence these columns linearly depen-
dent.

Thus there exists a vector h € RY with supp(h) C supp(z*) such that
®h = 0.

Note that since we are only considering those columns of & which

correspond to supp(x), hence we require h; = 0 whenever z; = 0.

Consider a new vector

xr=2a"+c¢€h
where € is small enough such that every element in = has the same sign
as r*.
As long as
|
lef <  min =€
i€supp(z*) hl|

such an x can be constructed.
Note that z; = 0 whenever z; = 0.

Clearly
Or=P(z"+eh)=y+e0=y.
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Thus z is a feasible solution to the problem (/7;) though it need not be

an optimal solution.

But since z* is optimal hence, we must assume that [; norm of x is

greater than or equal to the [; norm of z*

[zlly = llz" + ehlly = [lz7][s V |e] < €.

Now look at ||z||; as a function of € in the region |¢| < €.

In this region, [, function is continuous and differentiable since all vec-
tors z* + eh have the same sign pattern. If we define y* = |2*| (the

vector of absolute values), then

N
ol = lly*lh = 3w
=1

Since the sign patterns don’t change, hence
|z;| = |z} + €h;| = yi + eh; sgn(z]).

Thus

= ||z*]|; + eh” sgn(x™).

The quantity hT sgn(z*) is a constant. The inequality ||z|; > ||z*|:
applies to both positive and negative values of € in the region |e| < .

This is possible only when inequality is in fact an equality.

This implies that the addition / subtraction of eh under these condi-
tions does not change the [y length of the solution. Thus, z € S is also

an optimal solution.
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This can happen only if

hT sgn(z*) = 0.
We now wish to tune e such that one entry in x* gets nulled while
keeping the solutions [; length.

We choose i corresponding to ¢, (defined above) and pick

Clearly for the corresponding
r=2x"+eh

the ¢-th entry is nulled while others keep their sign and the /; norm is
also preserved. Thus, we have got a new optimal solution with L — 1
non-zeros at the most. It is possible that more than 1 entries get nulled

this operation.
We can repeat this procedure till we are left with M non-zero elements.
Beyond this we may not proceed since rank(®) = M hence we cannot

say that corresponding columns of ® are linearly dependent. 0

We thus note that [; norm has a tendency to prefer sparse solutions.

This is a well known and fundamental property of linear programming.

2.2.4. [; norm minimization problem as a linear

programming problem

We now show that (7;) in RY is in fact a linear programming problem.
Recalling the problem:

minimize ||z
zeRN

subject to y = Px.
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Let us write z as u — v where u,v € RY are both non-negative vectors
such that u takes all positive entries in  while v takes all the negative
entries in .

Example 2.5: x =u —v Let
x=(-1,0,0,2,0,0,0,4,0,0,—-3,0,0,0,0,2,10).

Then
u=(0,0,0,2,0,0,0,4,0,0,0,0,0,0,0,2,10).
And
v=(1,0,0,0,0,0,0,0,0,0,3,0,0,0,0,0,0).
Clearly z = u — v. U

We note here that by definition

supp(u) N supp(v) = &
i.e. support of u and v do not overlap.

We now construct a vector
U
Z =
)

llzllr = |lulls + |lv] = 172,

c RQN

We can now verify that

And
bz = O(u—v) = du— dPv = [<I> —<I>] [Z] = [CD —(I)]Z

where z > 0.

Hence the optimization problem (7)) can be recast as

minimize 17z
z€R2N

subject to [CID —@} z2=1 (P (LP))

and z = 0.
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This optimization problem has the classic Linear Programming struc-
ture since the objective function is affine as well as constraints are
affine.

*

Let z* = [u ] be an optimal solution to the problem (P (LP)).

In order to show that the two optimization problems are equivalent, we
need to verify that our assumption about the decomposition of x into
positive entries in u and negative entries in v is indeed satisfied by the

optimal solution u* and v*. i.e. support of ©* and v* do not overlap.

Since z = 0 hence (u*,v*) > 0. If support of u* and v* don’t overlap,
then we have (u*,v*) = 0. And if they overlap then (u*,v*) > 0.

Now for the sake of contradiction, let us assume that support of u* and

v* do overlap for the optimal solution z*.

Let k be one of the indices at which both u; # 0 and v, # 0. Since
z = 0, hence ug > 0 and vy > 0.

Without loss of generality let us assume that u, > v > 0.

In the equality constraint
u
v

Both of these coefficients multiply the same column of ® with opposite

signs giving us a term
Or(ue — vk).
Now if we replace the two entries in z* by
up, = up — g,

and
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to obtain an new vector 2/, we see that there is no impact in the equality

constraint
[@ —<I>] r=y.

Also the positivity constraint
z>=0
is satisfied. This means that 2’ is a feasible solution.

On the other hand the objective function 17z value reduces by 2v;, for

Z'. This contradicts our assumption that z* is the optimal solution.
Hence for the optimal solution of (P (LP)) we have
supp(u”) Nsupp(v*) = @

thus
¥ =u" — "

is indeed the desired solution for the optimization problem (F;).

2.3. Sparsity in orthonormal bases

We start this section with a quick review of orthonormal bases and or-
thogonal transforms for finite dimensional signals z € C¥. We look at
several examples of sparse signals in different orthonormal bases. We
then demonstrate that while an orthonormal bases is a complete rep-
resentation of all signals x € C¥ yet, its not a good tool for exploiting

the sparsity in x adequately.

We present an uncertainty principle which explains why a pair of or-
thonormal bases (like Dirac and Fourier basis) cannot have sparse rep-

resentation of the same signal simultaneously.

We then demonstrate that a combination of two orthonormal bases can
be quite useful in creating a redundant yet sparse representation of a
larger class of signals which could not be sparsely represented in either

of the two bases individually.
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This motivates us to discuss more general over-complete signal dictio-

naries in the next section.

2.3.1. Orthonormal bases and orthogonal transforms

In DSP, we often convert a finite length time domain signal into a
different domain using finite length transforms. Some of the most
common transforms are discrete Fourier transform, the discrete co-
sine transform, and the Haar transform. They all belong to the class

of transforms called orthogonal transforms.

Orthogonal transforms are characterized by a pair of equations
r=Va (2.3.1)
and
a=Uyg (2.3.2)
where ¥ is an orthonormal basis for the complex vector space CV.

In particular, the columns of W are unit norm, and orthogonal to each

other. Thus if we write

v = [% (I N
then
(i, ¢5) = 6(i = j)-
In other way:

Ul = g,

Eq. (2.3.1) is known as the synthesis equation (x is synthesized by
columns of ¥). Eq. (2.3.2) is known as the analysis equation as we
compute the coefficients in « by taking the inner product of x with

columns of W.

U is known as synthesis operator while ¥# is known as analysis oper-

ator.

Orthogonal transforms preserve the norm of the signal:

l[13 = flar]l3- (2.3.3)
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This result is commonly known as Parseval’s identity in signal pro-

cessing community.

More generally, orthogonal transforms preserve inner products

(z,y) = (Va, Uy) ¥V z,y € CV. (2.3.4)

Example 2.6: Dirac basis and sparse signals The simplest or-
thogonal transform is the identity basis or the standard ordered basis
for CV.

U=y
U =0 = I = 1.

In this basis

z=Iya=qa.
We will drop N from suffix for convenience and refer to the matrix as

I only.

This basis is also known as Dirac basis. The name Dirac comes from
the Dirac delta functions used in signal analysis in continuous time

domain.

The basis consists of finite length impulses denoted by e; where

If a signal x consists of a linear combination of few K < N impulses,

then its a sparse signal in this basis. For example the signal
x=(3,4,0,0,-2,0,0,...,0,0,0)
is 3-sparse in Dirac basis since

r = 3e1 + 4ey — 2e5
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can be expressed as a linear combination of just 3 impulses.

In contrast if we consider a complex sinusoid in CV, there is no way

we can find a sparse representation for it in the Dirac basis. O

2.3.2. Fourier basis and sparse signals

The most popular finite length orthogonal transform is DFT (Discrete

Fourier Transform).

We define the N-th root of unity as

W = exp (%T) | (2.3.5)

Clearly

wh = exp(j2n) = 1.

We define the synthesis matrix of DFT as

WZFN:\/—N[M”} VO<k<N-1,0<n<N-1 (2.3.6)

S ox Jj2mkn

k iterates over rows of Fy while n iterates over columns of Fp. The

definition is actually symmetric. Hence

Fy =F%.
Note that we have multiplied with \/LN to make sure that columns of
Fy are unit norm.

The columns of Fy forms the Fourier basis for signals in CV.

Example 2.7: Fourier basis for N = 2 2nd root of unity is given
by
w=-exp(jm) = —1.
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F*l W W11
2—\/§w0 wl —\/51—1

In this case

0

Example 2.8: Fourier basis for N = 3 3rd root of unity is given

by
J2m .
w = exp =)= —0.5 + 0.866.
. WO W WO . 1 1 1
Fs=— |w w! w?| =—7%|1 —-05+0.8665 —0.5—0.866;
V3|, o 4| V3 , .
w’ w® w 1 —0.5—-0.8665 —0.5+ 0.8667

In this case

) 1 1 1
— |1 —=0.5—-0.80667 —0.54+0.8667
3 J J
1 —0.5+0.8665 —0.5—0.8667

Fi =

0

Example 2.9: Fourier basis for N = 4 4th root of unity is given

by
B J2my\ .
W = exp (T) =j.
W W W W WO W W W 1 1 1
P, — 1 |w wh w? W? 1 WOowt W R O A G
2 |0 W oWt Wt 2 Wb w? 1 WP 211 -1 1 -1
WO wd Wb W WO WP W oWt 1 —j —1
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In this case

e gy
|

—_

—_

|

—_

O

We drop the suffix N wherever convenient and simply refer to the

synthesis matrix as F.

If a signal x is a linear combination of only a few (K < N) complex

sinusoids, then x has a sparse representation in the DFT basis F.

Example 2.10: Sparse signals in F, Consider the following signal
z= <—0.5 05— 15 0.5+j)
Its representation in Fy is given by

@zfo:(1 2 0 0).

Clearly the signal is 2-sparse in Fy.
Now consider a signal e; which is sparse in the Dirac basis

62:<0 10 0).

Its representation in Fy is
a=File;= (05 055 05 055).

Thus we see that while ey is sparse in Iy, it is not at all sparse in Fy.
O

2.3.3. An uncertainty principle

As we noted, Dirac basis can give sparse representations for impulses
but not for complex sinusoids. Vice versa Fourier basis can give sparse

representations for complex sinusoids but not impulses.
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Can we claim that a signal cannot be simultaneously represented both

in time (Dirac basis) and in frequency domain (Fourier basis)?

More generally, let W and X be any two arbitrary orthonormal bases
for CV.

For some = € CV Let

r=VYa=AXp (2.3.7)

where o and 3 are representations of x in W and & respectively. Can
we claim something for the relationship between sparsity levels ||«/||o
and ||5]lo?

The answer turns out to be yes, but it depends on how much the two
bases are similar or close to each other. The results in this section were

originally developed in [22].

Definition 2.1 The proximity between two orthonormal bases
¥ and X where
¥ = [1/11 ¢N]
and
X = [Xl XN]
is defined as the maximum absolute value of inner products be-

tween the columns of these two bases:

(2, X) = max |4, ;)] (2.3.8)

1<i,j<N

This is also known as mutual coherence of the two orthonormal

bases.

If the two bases are identical, then clearly p = 1. If any vector in ¥ is
very close to some vector in X then we will have a very high value of

1 close to 1.

If the vectors in ¥ and X are highly dissimilar, then we will have very

low value of p close to 0.
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Example 2.11: Proximity or mutual coherence of Dirac and
Fourier bases As an example, we consider the mutual coherence
between Dirac and Fourier bases.

For some small values of N (the dimension of ambient space CV) the

values are tabulated in table 1.

TABLE 1. Mutual coherence of Dirac and Fourier bases

1

N
2 0.7071
4 0.5000
6 0.4082
8 0.3536
For larger values of N we can see the variation of u in fig. 2.4. 0

We present some results related to mutual coherence of two orthonor-

mal bases.

Theorem 2.2 The product of two orthonormal bases ¥ and X for

CN given by WX forms an orthonormal basis by itself.

PRrOOF. Consider the matrix WH X

i dixa Uixe o Y
1 Wl H H

P X1 VX2 ..o UyxN
Uiy = | . [Xl XN]Z i ) _ .
N P

YNx1 UnX2 oo UNXN

Any column of the product matrix is

Ui xi

@DHXi
2. = ‘I’HXz‘

YR xi
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Mutual coherence between Dirac basis and Fourier basis for CN
1 T T T T T

1 (Mutual coherence)

0 50 100 150 200 250 300 350 400
N (Complex vector space dimension)

FIGURE 2.4. Mutual coherence for Dirac and Fourier bases

But then W preserves norms, hence

I xill2 = lxall2 = 1.

Thus each column of the product U7 X is itself a unit norm vector.
Consider the inner product of two columns of W# X

(W, UGy = XFww g, =y = 6(i — j).
Thus, the columns of W# X are orthogonal to each other.

Hence YH X forms an orthonormal basis. O

REMARK. A more general result would be to show that the set of
orthonormal bases forms a group under the matrix multiplication op-
eration. The identity element is the Dirac basis. The inverse of an

orthonormal basis is also an orthonormal basis. The product of two
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orthonormal bases is also an orthonormal basis. The matrix multipli-

cation satisfies associative law.

Theorem 2.3 Mutual coherence of two orthonormal bases ¥ and

X for the complex vector space CV is bounded by

1
i < (W, X) < 1. (2.3.9)

PROOF. Since columns of both ¥ and X are unit norm, hence
(1, x;)| cannot be greater than 1. Now if ¥ = X then we have
uw(W, X) = 1. This proves the upper bound.

Now consider the matrix W# X which forms an orthonormal basis by
itself.

Consider any column of this matrix

Ui xi

H,,
%. . = ‘I’HXz‘
VR Xi

Since the column is unit norm, hence some of squares of the absolute
values of entries of the column is 1. Thus the absolute value of each of

the entries cannot be simultaneously less than \/—IN

Hence there exists an entry (in each column) such that

1
Wl > .
| ! | VN
Hence we get the lower bound on mutual coherence of ¥ and X given

by

u(¥, X) > NGB

=
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Theorem 2.4 Mutual coherence of Dirac and Fourier bases is \/LN
1.e.

u(I,F) = (2.3.10)

3

PROOF. theorem 2.3 shows that

1
LF)>—.

(L F) NG

We just need to show that its in fact an equality.

Consider i-th column of I as e;.

Consider j-th column of F:

fi=

2=

w(N_l)j

where w is the N-th root of unity. Then

1 N
_ —(i—-1)j _
€, fi) = —=w = (e, fj)| = —=.
e fit = 7% fes F)l =
This doesn’t depend on the choice of i-th column of I and j-th column
of F.

1

Hence
u(LLF) =

-

O

With basic properties of mutual coherence in place, we are now ready to
state an uncertainty principle on the sparsity levels of representations

of same signal x in two different orthonormal bases:

Theorem 2.5 For any arbitrary pair of orthonormal bases W, X

with mutual coherence p(V,X), and for any arbitrary non-zero
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vector € CN with representations a and B correspondingly, the

following inequality holds true:

2
ledlo + 18llo > —=—5- (2.3.11)
0 0 (0, )
Moreover for unit-length x
2
el + 1181l = (2.3.12)

V(¥ X)

PRrooF. Dividing = by ||z|2 doesn’t change Iy “norm” of a and f.

1.e.

= [lalo.

Hence without loss of generality, we will assume that ||z|» = 1.

We are given that 272z =1, x = Vo and z = X3. Since ¥ and X are

orthonormal bases hence ||a||; = [|5]]2 = 1 also.

We can write as

N N

PP TLRE
N N

< ZZ ’%HBJ||¢HXJ

i=1 j=1

MW

— (%, 2)lall1 18]




2.3. SPARSITY IN ORTHONORMAL BASES 37
where we note that

leell[18]l = (é\%\) (é\ﬁﬂ) = ii‘ai“ﬁj’

i=1 j=1
and
(W, X) > iy,

Hence we get the inequality

p(W, X)llall1 Bl = 1 (2.3.13)

Using the inequality between algebraic mean and geometric mean
b
Vab <2V a b >0

we get
2

Vi, X)

This is an uncertainty principle for the /; norms of the two representa-

lafly + 11811 = 2v/ el 8]l =

tions. We still have to get the uncertainty principle for [, case.
We assume that
oo = A
and
1Bl = B
Consider the sets

Xa=A{v:v="Yaand |allp = A4, ||alls = 1}

and
Xp=A{v:v=2Xband ||bl|o = B, ||bl|s = 1}.

Clearly
re XaNnXpg.

The representations a for vectors v in X4 have exactly A non-zero
entries and are all unit norm representations. Which of them would

have the longest [; norm ||a|;?
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This can be written as an optimization problem of the form
maximize||a||; where a = Wv. (2.3.14)
veEX 4

Let the optimal solution for this problem be v, with corresponding

representation a* = Wy,. Clearly

la*[lx = flafls-

Similarly from the set Xp let us find the vector v, with maximum [y

norm representation in X
maximize|[b||; where b = X"v. (2.3.15)
veXp

Let the optimal solution for this problem be v, with corresponding

representation b* = XHv,. Clearly

1% = 1181l

Returning back to the inequality
1

a1l B8]l > m

we can write .
[a*[[1][6*[l1 > ———5-
n(¥v, X)

An equivalent formulation of the optimization problem (2.3.14) is
maximize l|lallx
subject to |lal|3 = a"a =1 (2.3.16)
and l|lallo = A.

This formulation doesn’t require any specific mention of the basis W.

Let the optimal value for this problem be given by
la*]lx = g(A) = g(llello)

Here we consider the optimization problem to be parameterized by the
lo-“norm” of a, i.e. |lal]lo = A and we write the optimal value as a

function ¢ of the parameter A.
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Then by symmetry, optimal value for the problem (2.3.15) is

161l = 9(B) = g([|Bllo)

Thus we can write
1

g(lledlo)g(llBllo) = A (2.3.17)

This is our intended result since we have been able to write the in-

equality as a function of [y “norm”s of the representations « and f.

In order to complete the result, we need to find the solution of the

optimization problem (2.3.16) given by the function g.

Without loss of generality, let us assume that the A non-zero entries
in the optimization variable a appear in its first A entries and rest are
zero. This is fine since changing the order of entries in a doesn’t affect

any of the norms of concern ||a||o, ||a||; and ||al|s.

Let us further assume that all non-zero entries of a are strictly posi-
tive real numbers. This assumption is valid since only absolute values
are used in this problem. Specifically for any a with non-zero com-
plex entries (ay, as,...,a4,0,...,0) there exists a’ with positive entries
(la1|, |azal, ..., laal,0,...,0) such that |lallo = ||a|lo, ||a]l1 = ||@’|] and
lall2 = ||@’||2, hence solving the optimization problem for complex a is
same as solving the optimization problem for a with strictly positive

first A entries.

Using Lagrange multipliers, the [, constraint vanishes (since the as-
sumptions mentioned above allow us to focus on only the first A coor-

dinates of a), and we obtain

A A
Lla) =) a;+A (1 — Za§> : (2.3.18)

i=1 i=1
Differentiating w.r.t. a; and equating to 0 we get

1
1—2Ma; =0 — ¢ = —. 2.3.19
a a ) ( )
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The l5 constraint requires

A
1 VA
;“’ e L= Am

Thus
1

VA

and

A
lally = las] = VA.
i=1

Thus the optimal value of the optimization problem (2.3.16) is
9(A) = VA= /||a].

Similarly

9(B) = VB = /| 8]o.

Putting back in (2.3.20) we get

Vledloll Bllo > m (2.3.20)

Applying the algebraic mean-geometric mean inequality we get the
desired result 5

ledllo + [18]lo = ) (2.3.21)

O

This theorem suggests that if two orthonormal bases have low mutual

coherence then

e the two representations for x cannot be jointly [;-short and

e the two representations for x cannot be jointly sparse.

Challenge Can we show that the above result is sharp? i.e. For a
pair of orthonormal bases ¥ and X, it is always possible to find a

non-zero vector x with corresponding representations xr = Yo and
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xr = X which satisfies the lower bound
2
ledlo + 11Bllo = —o—=7 (2.3.22)
u(¥, X)
Example 2.12: Sparse representations with Dirac and Fourier

bases We showed in theorem 2.4 that
1

u(LF) = \/_N

Let x € CV. Let its representation in F be given by

r = Fa.

Applying theorem 2.5 we have

2
.T|0—|—|CK 02—:2 N.
el + llalo > g5 = 2V
This tells us that a signal cannot have fewer than 2v/N non-zeros in

both time and frequency domain together.

O

2.3.4. Linear combinations of impulses and sinusoids

What happens if a signal x is a linear combination of few complex

sinusoids and few impulses?

The set of sinusoids and impulses involved in the construction of z
actually specifies the degrees of freedom of x. This is the indicator of
inherent sparsity of z provided this set of component signals of x is

known a-priori.

In absence of prior knowledge of component signals of x, we attempt
to look for a sparse representation of x in one of the well understood
orthonormal bases. Here we are specifically looking at the two bases

Dirac and Fourier.

While the Dirac basis can provide sparse representation for impulses, si-

nusoids have dense representation in Dirac basis. Vice versa, in Fourier
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basis, complex sinusoids have sparse representation, yet impulses have
dense representations. Thus neither of the two bases is capable of
providing a sparse representation for a combination of impulses and

sinusoids.

The natural question arises if there is a way to come up with a sparse
representation for such signals by combining the Dirac and Fourier
basis?

2.3.5. Dirac Fourier basis

Now we develop a representation of signals # € CV in terms of a

combination of Dirac basis I and Fourier basis F.

We define a new synthesis matrix

H=1 F|ecre, (DF)

We can write I as

Let us write F as

F= [f 1o fN]
This enables us to write H as

H=[€1 ooen 1o fN}

We will look for a representation of z using the synthesis matrix H as
r=Ha (2.3.23)

where o € C2V.

Since this representation is under-determined and C(H) = CV hence

there are always infinitely many possible representations of x in H.
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We would prefer to choose the sparsest representation which can be

stated as an optimization problem
minimize ||a||o
«

(Ho)
subject to = = Ha.

Example 2.13: Sparse representation using Dirac Fourier Ba-
sis Consider N = 4.

Then the Dirac Fourier basis is

10005 5 5 5
L (01005 5 -5 5
00105 -5 5 -5
0001 .5 —5 —5 .55

Let
v =3¢, — 2fs = (2 1 j).
A sparse representation of x in H is
a=(30000 -200)

This representation is 2-sparse.

Thus we see that Dirac Fourier basis is able to provide a sparser repre-
sentation of a linear combination of impulses and sinusoids compared
to individual orthonormal bases (the Dirac basis and the Fourier basis).

O

This gives us motivation to consider such combination of bases which
help us provide a sparse representation to a larger class of signals. This

is the objective of the next section.

In due course we will revisit the Dirac Fourier basis further in several

examples.
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2.3.6. Two-ortho basis
Before we leave this section, let us define general two-ortho bases.

Definition 2.2 Let ¥ and X be any two CY*¥ matrices whose
columns vectors form orthonormal bases for the complex vector

space C¥ individually.

We define
H=|v x|ecve, (2.3.24)

Then columns of H form a two-ortho basis for CV.

The mutual coherence of a two ortho basis is defined as
H(H) = (W, X).

Clearly columns of H span CV.

We present a very interesting result about the null space of H.
Theorem 2.6 For a two ortho basis H = [‘Il X] with low coher-
ence, the non-zero vectors in the null space of H are not sparse.
Concretely

2
[v]jo > —=—< Y v € N(H). (2.3.25)
((H)
PROOF. Let v € N(H) be some non-zero vector.

Now let vy, and v, be first N and last N entries of v. Then

v x| [%] —0 = Yo, = —Xu, =y £0.

Ux
If y were O then, both v, and v, would have to be 0 which is not the

case since by assumption v # 0.

We note that v, and —v, are representations of same vector y in two

different orthonormal bases U and X respectively, and || —vy|lo = ||vy|lo-
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Applying theorem 2.5 we have

ollo > l[vgllo + lfolo = (2.3.26)

p(H)
We also note that since the orthonormal bases preserve norm, hence

1Yll2 = llvglla = lloxlla-

This shows us that the energy of a null space vector is evenly distributed

in the two components corresponding to each orthonormal basis. [

Challenge For a two-ortho basis H = [\IJ X] is it possible to
find a null space vector v satisfying the lower bound

2
(H)

? (2.3.27)

[v]lo =

Let x € CV be any arbitrary signal. Then its representation in H is

given by

T = Ha. (2.3.28)

Obviously for all z € N(H) (a + z) is also a representation of x.

What we are particularly interested in are sparse representations of x.
A major concern for us is to ensure that a sparse representation of x

in H is unique. Under what conditions such is possible?

Formally, let o and 8 be two different representations of x in H. Can

we say that if « is sparse then S won’t be sparse?

This is established in the next uncertainty principle.

Theorem 2.7 Let x € CV be any signal and let H be a two ortho
basis defined in (2.3.24). Let a and 3 be two distinct representa-

tions of x in H i.e.

r=Haoa="Hp.
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Then the following holds

2
ledlo + 11Bllo = ——- (2.3.29)
(M)
This is an uncertainty principle for the sparsity of distinct repre-

sentations in two ortho basis.

PrROOF. Let
e=a—p

be the difference vector of representations of x.

Clearly
He=Ha—-—H=x—x=0.
Thus e € N (H). Applying theorem 2.6, we get

2
leflo > —==-

1(H)

But since e = a — 3 hence we have

2
> > —.
lallo + 1581l0 = llello = e

4

Challenge For a two-ortho basis H = [\I/ X ] is it possible to find
a vector  with two alternative representations o and /3 satisfying

the lower bound

2
lallo + 1810 = M? (2.3.30)

This theorem suggests as that if p(#) is small (i.e. the coherence
between the two orthonormal bases is small) then two representations

of z cannot be simultaneously sparse.

Rather if a representation is sufficiently sparse, then all other represen-
tations of x are guaranteed to be non-sparse providing the uniqueness

of sparse representation.

This is stated formally in the following uniqueness theorem.
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Theorem 2.8 If a representation of x in the two ortho basis H =

[\If X } has fewer than ﬁ non-zeros, then it is necessarily the

sparsest one possible, and any other representation must be denser.

PrROOF. Let a be a candidate representation with

laflo < ——-

(H)

Let 8 be any other candidate representation. By applying theorem 2.7

we have

ladlo + 11810 > ﬁ

This gives us

2 1
18]lo > m —|lallo = [1B8lo > m

Thus we find that
1Bllo > [lello

which is true for every representation  of x in H other than a.

Hence « is the sparsest possible representation of x in H. O

We note here that any arbitrary choice of two bases may not be help-
ful in coming up with a two ortho basis which can provide us sparse
representations for our signals of interest. In next few sections, we will
explore this issue further in the more general context of signal dictio-

naries.

Challenge So there are signals for which a sufficiently sparse (and
unique) representation doesn’t exist in a given two-ortho basis.
What kind relationships may exist between different (insufficiently)

sparse representations of such signals?
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2.4. Sparse and redundant representations

2.4.1. Dictionaries
Definition 2.3 A dictionary for CV is a finite collection D of

unit-norm vectors which span the whole space.

The elements of a dictionary are called atoms and they are de-

noted by ¢, where w is drawn from an index set 2.

The whole dictionary structure is written as

D={¢,:weN} (2.4.1)
where

|pull2 =1V we N

and

x:chQJ‘v’xECN.
we
We use the letter D to denote the number of elements in the dic-

tionary, i.e.

D=19|.

This definition is adapted from [34].

The indices may have an interpretation, such as the time-frequency

or time-scale localization of an atom, or they may simply be labels

without any underlying meaning.

Note that the dictionary need not provide a unique representation for

any vector € CV, but it provides at least one representation for each

xZ

When D = N we have a set of unit norm vectors which span the whole

e CN.

of CV. Thus we have a basis (not-necessarily an orthonormal basis).

A dictionary cannot have D < N. The more interesting case is when

D> N.
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2.4.2. Redundant dictionaries and sparse signals

With D > N, clearly there are more atoms than necessary to provide a
representation of signal € C. Thus such a dictionary is able provide
multiple representations to same vector x. We call such dictionaries

redundant dictionaries or over-complete dictionaries.
In contrast a basis with D = N is called a complete dictionary.

A special class of signals is those signals which have a sparse represen-

tation in a given dictionary D.

Definition 2.4 A signal z € CV is called (D, K)-sparse if it can
be expressed as a linear combination of at-most K atoms from the
dictionary D where K < D.

It is usually expected that K < N also holds.

Let A C €2 be a subset of indices with |A| = K.
Let = be any signal in CV such that x can be expressed as

T = Z by¢x where by € C. (2.4.2)
AEA

Note that this is not the only possible representation of z in D. This is
just one of the possible representations of x. The special thing about
this representation is that it is K-sparse i.e. only at most K atoms

from the dictionary are being used.

Now there are (12

the dictionary D.

) ways in which we can choose a set of K atoms from

Thus the set of (D, K)-sparse signals is given by
E(’D,K) = {ZC € CN X = Zb)\(lﬁ)\}

AeA
for some index set A C Q with |A] = K.

This set Y(p k) is dependent on the chosen dictionary D. In the sequel,

we will simply refer to it as Y.
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Example 2.14: K-sparse signals for standard basis For the

special case where D is nothing but the standard basis of CV, then
Y ={z: |zl < K}
i.e. the set of signals which has K or less non-zero elements. U

Example 2.15: K-sparse signals for orthonormal basis In con-
trast if we choose an orthonormal basis ¥ such that every z € CV can
be expressed as

z=UVa

then with the dictionary D = W, the set of K-sparse signals is given by
Y ={z=Ya: |al < K}.
O

We also note that set of vectors {a, : A € A} with K < N form a

subspace of CV.

So we have (2) K-sparse subspaces contained in the dictionary D. And

the K-sparse signals lie in the union of all these subspaces.

2.4.3. Sparse approximation problem

In sparse approximation problem, we attempt to express a given signal
r € C¥ using a linear combination of K atoms from the dictionary
D where K < N and typically N < D i.e. the number of atoms in
a dictionary D is typically much larger than the ambient signal space

dimension N.

Naturally we wish to obtain a best possible sparse representation of x

over the atoms ¢, € D which minimizes the approximation error.

Let A denote the index set of atoms which are used to create a K-sparse

representation of x where A C Q with |A| = K.

Let x5 represent an approximation of x over the set of atoms indexed
by A.
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Then we can write z as

TA = Z by¢n where by € C. (2.4.3)
AEA

We put all complex valued coefficients by in the sum into a list b.

The approximation error is given by

e = ||z — zpl2. (2.4.4)

Clearly we would like to minimize the approximation error over all

possible choices of K atoms and corresponding set of coefficients b,.

Thus the sparse approximation problem can be cast as a minimization

problem given by

T — wa,\

AEA

(2.4.5)

min min
A=K b

2

If we choose a particular A, then the inner minimization problem be-
comes a straight-forward least squares problem. But there are (I[;)
possible choices of A and solving the inner least squares problem for

each of them becomes prohibitively expensive.

We reemphasize here that in this formulation we are using a fized dic-

tionary D while the vector z € CV is arbitrary.
This problem is known as (D, K)-SPARSE approximation problem.

A related problem is known as (D, K)-EXACT-SPARSE problem where
it is known a-priori that x is a linear combination of at-most K atoms
from the given dictionary D i.e. x is a K-sparse signal as defined in

previous section for the dictionary D.

This formulation simplifies the minimization problem (2.4.5) since it is
known a priori that for K-sparse signals, a 0 approximation error can
be achieved. The only problem is to find a set of subspaces from the
(ID<) possible K-sparse subspaces which are able to provide a K-sparse
representation of x and amongst them choose one. It is imperative to

note that even the K-sparse representation need not be unique.
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Clearly the EXACT-SPARSE problem is simpler than the SPARSE approx-
imation problem. Thus if EXACT-SPARSE problem is NP-Hard then so
is the harder SPARSE-approximation problem. It is expected that solv-
ing the EXACT-SPARSE problem will provide insights into solving the
SPARSE problem.

In theorem 2.8 we identified conditions under which a sparse represen-
tation for a given vector x in a two-ortho-basis is unique. It would be
useful to get similar conditions for general dictionaries. such conditions

would help us guarantee the uniqueness of EXACT-SPARSE problem.

2.4.4. Synthesis and analysis

The atoms of a dictionary D can be organized into a N x D matrix as

follows:

@é[% oy . qst]. (2.4.6)

where = {wy,ws, ..., wy} is the index set for the atoms of D. We
remind that ¢, € CV, hence they have a column vector representation

in the standard basis for CV.

The order of columns doesn’t matter as long as it remains fixed once

chosen.

Thus in matrix terminology a representation of z € CV in the dictio-
nary can be written as

r = ®b (2.4.7)

where b € CP is a vector of coefficients to produce a superposition z
from the atoms of dictionary D. Clearly with D > N, b is not unique.
Rather for every vector z € N(®), we have:

Pb+2) =0+ Pz =0+0=u.

Definition 2.5 The matrix ® is called a synthesis matrix since

x is synthesized from the columns of ® with the coefficient vector

b.
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We can also view the synthesis matrix ® as a linear operator from C”
to CV.

There is another way to look at x through ®.

Definition 2.6 [Analysis matrix] The conjugate transpose ® of
the synthesis matrix ® is called the analysis matrix. It maps a

given vector z € CV to a list of inner products with the dictionary:
c=oly

where ¢ € CV.

REMARK. Note that in general x # ®(®x) unless D is an orthonormal

basis.

Definition 2.7 [(D, K]-EXACT-SPARSE) With the help of synthe-

sis matrix @, the (D, K)-exact-sparse can now be written as
minimize ||allo
(63
subject to x = ®a (R)

and lallo < K

Definition 2.8 [(D, K]-SPARSE approximation) With the help of
synthesis matrix ®, the (D, K)-sparse approximation can now

be written as
minimize ||z — Pal|y
(0%

. (%)
subject to ||allp < K.

2.5. p-norms and sparse signals

2.5.1. [y, [, and [, norms

There are some simple and useful results on relationships between dif-
ferent p-norms listed in this section. We also discuss some interesting

properties of [;-norm specifically.
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Definition 2.9 Let v € CV. Let the entries in v be represented
as
v; = ryexp(j6;)

where r; = |v;| with the convention that §; = 0 whenever r; = 0.

The sign vector for v denoted by sgn(v) is defined as

sgn(vy)
sgn(v) = ; (2.5.1)
sgn(vy)
where
exp(j6;) if r; # 0;
i) = 2.5.2
sgn(v) { 0 if 7; = 0. (25.2)
Lemma 2.9 For any v € CV:
[o]ly = sgn(v)v = (v, sgn(v)). (2.5.3)

PROOF.
N N

N
ol = 3= 3 [ = 3 e = (o)
=1

i=1 i=1
Note that whenever v; = 0, corresponding 0 entry in sgn(v) has no

effect on the sum. O

Lemma 2.10 Suppose v € CV. Then
o]l < lvlls < VN|v]la. (2.5.4)

PROOF. For the lower bound, we go as follows

N N N 2
ol = 3" i < (zmm 5 rwuvjr) _ (Zmr) ol
=1 =1 =1

1,,i#]
This gives us
[oll2 < (vl



2.5. P-NORMS AND SPARSE SIGNALS 55

We can write [; norm as
[vlly = (v, sgn(v)). (2.5.5)

By Cauchy-Schwartz inequality we have

(v,5gn(v)) < |vlla[| sgn(v)[]2 (2.5.6)

Since sgn(v) can have at most N non-zero values, each with magnitude
1

Y

Isgn(v)l3 < N = [|sgn(v)]s < VN.

Thus, we get
lolly < VN|v]l.
O
Lemma 2.11 Let v € CN. Then
lolla < VN[0]|oc (2.5.7)
PROOF.
N
2 12 12y — 2
ol = 3 < N e () = Vol
Thus
loll2 < VN|[o]loc-
O
Lemma 2.12 Let v € CV. Let 1 < p,q < oo. Then
lvlly < |lvll, whenever p < q. (2.5.8)
Proor. TBD O

Lemma 2.13 Let 1 € CV be the vector of all ones i.e. 1 =
(1,...,1). Let v € CN be some arbitrary vector. Let |v| denote the
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vector of absolute values of entries in v. i.e. |v|; = |v;|V1<i<
N. Then
lv|li = 15 || = 1 v). (2.5.9)

PROOF.
N N
ol => ol = |vil = vl
=1 =1

Finally since 1 consists only of real entries, hence its transpose and

Hermitian transpose are same. 0

Lemma 2.14 Let 1 € CV*N be a square matriz of all ones. Let

v € CN be some arbitrary vector. Then

lv|"1jv] = |jv]|. (2.5.10)
Proor. We know that
1=11"
Thus,
o] " 1jo] = o] 11 o] = (170 1T o] = [Jolhllv]ls = [l
We used the fact that [[v]]; = 17 |v]. O

Theorem 2.15 k-th largest (magnitude) entry in a vector x € CV
denoted by x ) obeys
[l ]]1

k

|x(k)| S (2.5.11)

PROOF. Let ny,ng,...,ny be a permutation of {1,2,..., N} such
that

Thus, the k-th largest entry in z is x,, . It is clear that

N N
lzlh = fail = )l
i=1 i=1



2.5. P-NORMS AND SPARSE SIGNALS 57

Obviously
N
o, | <) | = NIzl
i=1
Similarly
N
k‘xnk‘ = ’xnk’ Tt ’wnk‘ < ‘xm’ T+t ’xnk’ < Z ‘xm < H‘Q:Hl
i=1
e el
T
O

2.5.2. Sparse signals

In this section we explore some useful properties of Y g, the set of

K-sparse signals in standard basis for CV.

We recall that
Y ={r e C" |zl < K} (2.5.12)

We established before that this set is a union of (g) subspaces of CV
each of which is is constructed by an index set A C {1,..., N} with
|A| = K choosing K specific dimensions of CV.

We first present some lemmas which connect the [y, Il and [, norms

of vectors in Y.

Lemma 2.16 Suppose u € Y. Then

[[wlla
— < J|ulls < VK| u|ls- 2.5.13
hK_II 2 < VE|ul ( )

PROOF. Due to lemma 2.9, we can write [; norm as
[ully = (u,sgn(u)). (2.5.14)

By Cauchy-Schwartz inequality we have

(u, sgn(u)) < [lullz| sgn(w)ll2 (2.5.15)
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Since u € Y, sgn(u) can have at most K non-zero values each with

magnitude 1. Thus, we have

Isgn(u)l} < K = | sgn(u)ll < VK (2.5.16)

Thus we get the lower bound

u
Julls < llull:VE — % < Jlullo (2.5.17)

Now |u;| < max(|u;]) = ||ul|eo. So we have

N
lull =) lual® < Kull%,
i=1
since there are only K non-zero terms in the expansion of ||ul|3.

This establishes the upper bound:
ullz < VE||ulls (2.5.18)

O

2.6. Compressible signals

In this section, we first look at some general results and definitions
related to K-term approximations of arbitrary signals x € CV. We
then define the notion of a compressible signal and study properties
related to it.

2.6.1. K-term approximation of general signals

Definition 2.10 [Restriction of a signal on an index set] Let x €
CN. Let T C {1,2,..., N} be any index set.Further let

T = {t1,ts, ..., t;r|}

such that
) <tg<--- <t|T‘
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Let 7 € C"l be defined as
Ty = (xtl Ty . xtm> i (2.6.1)
Then xr is a restriction of the signal x on the index set T'.

Alternatively let z7 € CV be defined as

o) = { z(i) ifieT; 063

0 otherwise.

In other words, x7 € CV keeps the entries in « indexed by T while
sets all other entries to 0. Then we say that xr is obtained by
masking x with 7. As an abuse of notation, we will use any of
the two definitions whenever we are referring to x7. The definition
being used should be obvious from the context.

Example 2.16: Restrictions on index sets Let

:1::<—1 5800 -3000 0)e©10.
Let
T ={1,3,7,8).
Then
a:T:<—1 08000000 o)eclo.

Since |T'| = 4, sometimes we will also write
z=(-18 0 0)ect
U

Definition 2.11 [K-term approximation| Let x € CV be an arbi-
trary signal. Consider any index set 7' C {1,..., N} with |T| = K.

Then z7 is a K-term approximation of x.

Clearly for any € CV there are (g) possible K-term approximations
of x.



60 2. SPARSE SIGNAL MODELS
Example 2.17: K-term approximation Let
r=(-15800-30000)ecC”
Let T'= {1,6}. Then
zr=(-10000 -30000)
is a 2-term approximation of x.

If we choose T' = {7,8,9,10}, the corresponding 4-term approximation

of x is

(0000000000).

Definition 2.12 [Largest entries approximation] Let € CV be
an arbitrary signal. Let Aq,..., Ay be indices of entries in z such
that

x| 2= 2| 2 - 2 [may -
In case of ties, the order is resolved lexicographically, i.e. if |z;| =

|z;| and ¢ < j then i will appear first in the sequence \y.

Consider the index set Ax = {A1, A2, ..., A }. The restriction of
x on Ak given by xp, (see definition 2.10) contains the K largest
entries x while setting all other entries to 0. This is known as the

K largest entries approximation of x.

This signal is denoted henceforth as x|x. i.e.

where A is the index set corresponding to K largest entries in x

(magnitude wise).

Example 2.18: Largest entries approximation Let
r=(-15800-30000).

Then
:B|1=<0080000000>.
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x|2=<0580000000>.

2ls=(0 5800 300 0 0)
x|y = x.

All further K largest entries approximations are same as x. 0

A pertinent question at this point is: which K-term approximation of x
is the best K-term approximation? Certainly in order to compare two
approximations we need some criterion. Let us choose [, norm as the
criterion. The next lemma gives an interesting result for best K-term

approximations in [, norm sense.

Lemma 2.17 Let x € CV. Let the best K term approzimation of

x be obtained by the following optimization program:

MATIMIZE HCCT H P
Tc{1,...N} (2.6.4)
subject to |T| = K.

where p € [1,00].

Let an optimal solution for this optimization problem be denoted

by xr«. Then

1k llp = [l lp-

1.e. the K-largest entries approzimation of x is an optimal solution
to eq. (2.6.4).

PROOF. For p = oo, the result is obvious. In the following, we
focus on p € [1, 00).
We note that maximizing ||z7[, is equivalent to maximizing |lz|[P.

Let Aq,..., Ay be indices of entries in x such that

’xh‘ > |x>\2’ > 2> ’$AN"

Further let {wy,...,wx} be any permutation of {1,..., N}.
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Clearly
K K

lelillp =Dl P = D o, P
=1

i=1

Thus if T* corresponds to an optimal solution of eq. (2.6.4) then

]kl = N[5
Thus x|k is an optimal solution to eq. (2.6.4). O

This lemma helps us establish that whenever we are looking for a best
K-term approximation of x under any [/, norm, all we have to do is to

pickup the K-largest entries in z.

Definition 2.13 [Restriction of a matrix on an index set] Let
® e CMN_ Let T C {1,2,...,N} be any index set.Further let

T = {tl, to, ... ,t‘T|}
such that

<ty <--- <t|T\
Let &7 € CM*XITl be defined as

<I>T=[¢t1 b ... ¢tm]. (2.6.5)

Then &7 is a restriction of the matrix ® on the index set T.

Alternatively let & € CM*N be defined as

(1) = { ¢ iteed; (2.6.6)

0 otherwise.

In other words, ®; € CM*¥ keeps the columns in ® indexed by T
while sets all other columns to 0. Then we say that &1 is obtained
by masking ® with 7. As an abuse of notation, we will use any of
the two definitions whenever we are referring to ®7. The definition

being used should be obvious from the context.
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Lemma 2.18 Let supp(z) = A. Then

PROOF.

N
Or = Z%@ - Z Ty, 0x = Paza.
i—1

MNEA
0

REMARK. The lemma remains valid whether we use the restriction or

the mask version of z, notation as long as same version is used for

both & and =x.
Corollary 2.19. Let S and T be two disjoint index sets such that for

some . € CN
T =T+ Tg (2.6.8)

using the mask version of xp notation. Then the following holds
Oxr = Orar + Pgxg. (2.6.9)
PRrROOF. Straightforward application of Lemma 2.18:
Sy = Sxp + Prg = Prar + Ggxg.
O

Lemma 2.20 Let T be any index set. Let ® € CM*N gndy € CM.
Then

[0yl = Oy (2.6.10)
PROOF.
(61,9)
oy =1
(On, )
Now let

T={t,... tx}
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Then

U

REMARK. The lemma remains valid whether we use the restriction or

the mask version of ®7 notation.

2.6.2. Compressible signals

We will now define the notion of a compressible signal in terms of the

decay rate of magnitude of its entries when sorted in descending order.
Definition 2.14 [p-compressible signal] Let z € CV be an arbi-
trary signal. Let Aq,..., Ay be indices of entries in z such that
o] 2 [@5,] 2 - 2 oy

In case of ties, the order is resolved lexicographically, i.e. if |z;| =

|z;| and ¢ < j then ¢ will appear first in the sequence \;. Define
EI(.Z’)\I,SC)\Q,...,ZU)\N). (2611)

The signal x is called p-compressible with magnitude R if there
exists p € (0,1) such that

T <R-i» Vi=1,2,...,N. (2.6.12)

Lemma 2.21 Let x be be p-compressible with p = 1. Then
|lz]l1 < R(1+ In(N)). (2.6.13)

PROOF. Recalling = from (2.6.11) its straightforward to see that
[l = [

since the [; norm doesn’t depend on the ordering of entries in x.
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Now since z is 1-compressible, hence from (2.6.12) we have

. 1
‘33'1| < R-.
7

This gives us
N

SN | 1
1Z] < ZR; = RZ;
i=1

i=1

65

The sum on the R.H.S. is the N-th Harmonic number (sum of recipro-

cals of first N natural numbers). A simple upper bound on Harmonic

numbers is
Hy, <1+ 1In(k).

This completes the proof.

O

We now demonstrate how a compressible signal is well approximated

by a sparse signal.

Lemma 2.22 Let x be a p-compressible signal and let x|k be its

best K-term approximation. Then the ly norm of approximation

error satisfies

|z — @lxlh < Cp-R-K'7

1 —1

Moreover the ly norm of approzimation error satisfies

with

Iz — 2|klls < Dp- R- K75

9 —1/2
D, =(Z2-1 .
P (p >

with

PROOF.

N

N
1
|z — |kl = Z lz),| <R Z i P,

i=K+1 i=K+1

(2.6.14)

(2.6.15)
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We now approximate the R.H.S. sum with an integral.

N N 00

Z i_% < / x_%d:c < / x_%dx.
i=K+1 =K =K
Now
& 1 xl_% = 1
/ rrdr=|—7| = CPKPE.
=K ol
We can similarly show the result for [, norm. O

2.7. Tools for dictionary analysis

In this section we review various properties associated with a dictionary
D which are useful in understanding the behavior and capabilities of a

dictionary.

We recall that a dictionary D consists of a finite number of unit norm
vectors in CV called atoms which span the signal space C. Atoms of

the dictionary are indexed by an index set (). i.e.
D={d,:weQ}
with [Q] = D and N < D with ||d,||2 = 1 for all atoms.

The vectors x € C¥ can be represented by a synthesis matrix consisting

of the atoms of D by a vector v € CP as
x = Da.

Note that we are using the same symbol D to represent the dictionary

as a set of atoms as well as the corresponding synthesis matrix.

We can write the matrix D consisting of its columns as
D — [dl e dD}

This shouldn’t be causing any confusion in the sequel. When we write
the subscript as d,,, where w; € {2 we are referring to the atoms of the
dictionary D indexed by the set €2, while when we write the subscript

as d; we are referring to a column of corresponding synthesis matrix.
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In this case,  will simply mean the index set {1,...,D}. Obviously
12| = D holds still.

Often, we will be working with a subset of atoms in a dictionary. Usu-
ally such a subset of atoms will be indexed by an index set A C Q. A
will take the form of A C {wy,...,wp} or A C {1,..., D} depending
upon whether we are talking about the subset of atoms in the dictio-

nary or a subset of columns from the corresponding synthesis matrix.

Often we will need the notion of a sub-dictionary [37] described be-

low.

Definition 2.15 A sub-dictionary is a linearly independent col-
lection of atoms. Let A C {wi,...,wp} be the index set for
the atoms in the sub-dictionary. We denote the sub-dictionary
as Dy. We also use Dy to denote the corresponding matrix with
Ac{1,...,D}.

REMARK. A subdictionary is full rank.

This is obvious since it is a collection of linearly independent atoms.

For subdictionaries often we will say K = |A| and G = DD, as its
Gram matrix. Sometimes, we will also be considering G=!. G~! has a
useful interpretation in terms of the dual vectors for the atoms in Dy

35].
Let {dj}rea denote the atoms in Dy. Let {c)}rea be chosen such that
<d)\, C>\> =1

and
(dy,co) =0 for \w € A\ # w.
Each dual vector ¢y is orthogonal to atoms in the subdictionary at

different indices and is long enough so that its inner product with d, is

one. The dual system somehow inverts the sub-dictionary. In fact the
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dual vectors are nothing but the columns of the matrix B = (D).

Now, a simple calculation:
BB = (D})(D))" = (DXDA) ' DY DA(DIDA) ™ = (DYDA) " = G

Therefore, the inverse Gram matrix lists the inner products between

the dual vectors.

Sometimes we will be discussing tools which apply for general matrices.
We will use the symbol ® for representing general matrices. Whenever

the dictionary is an orthonormal basis, we will use the symbol V.

2.7.1. Spark

Definition 2.16 [Spark of a matrix] The spark of a given matrix
® is the smallest number of columns of ® that are linearly depen-
dent. If all columns are linearly independent, then the spark is

defined to be number of columns plus one.

Note that the definition of spark applies to all matrices (wide, tall or

square). It is not restricted to the synthesis matrices for a dictionary.

Correspondingly, the spark of a dictionary is defined as the minimum

number of atoms which are linearly dependent.

We recall that rank of a matrix is defined as the maximum number
of columns which are linearly independent. Definition of spark bears
remarkable resemblance yet its very hard to obtain as it requires a

combinatorial search over all possible subsets of columns of .
Example 2.19: Spark

e Spark of the 3 x 3 identity matrix

o O =
o = O
= O O

is 4 since all columns are linearly independent.
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e Spark of the 2 x 4 matrix

10 -1 0
01 0 -1

is 2 since column 1 and 3 are linearly dependent.

e If a matrix has a column with all zero entries, then the spark
of such a matrix is 1. This is a trivial case and we will not
consider such matrices in the sequel.

e In general for an N x D synthesis matrix, spark(D) € [2, N+1].
U

A naive combinatorial algorithm to calculate the spark of a matrix is

given in fig. 2.5.

Input: ¢

Output: s = Spark of ¢

R < rank(®);

foreach j < 1,...,R do

Identify (? ) ways of choosing j columns from D columns of ®;
foreach choice of j columns do

if columns are dependent then

573
return;
end
end
end

// All columns are linearly independent

s« R+1;

FIGURE 2.5. A naive algorithm for computing the spark

of a matrix

Spark is useful in characterizing the uniqueness of the solution of a
(D, K)-EXACT-SPARSE problem (see definition 2.7).
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REMARK. The ly-“norm” of vectors belonging to null space of a matrix

® is greater than or equal to spark(®):
|z||o > spark(®) V = € N (D). (2.7.1)

PRrROOF. If 2 € N(®) then &z = 0. Thus non-zero entries in z pick
a set of columns in ® which are linearly dependent. Clearly ||z|o indi-
cates the number of columns in the set which are linearly dependent.
By definition spark of ® indicates the minimum number of columns

which are linearly dependent hence the result.
| z]lo > spark(®) V z € N (D).
O

We now present a criteria based on spark which characterizes the

uniqueness of a sparse solution to the problem y = ®x.

Theorem 2.23 [Uniqueness-Spark] Consider a solution z* to the
under-determined system y = ®x. If x* obeys
. spark(®)
oo < D)
then it is necessarily the sparsest solution.

(2.7.2)

PROOF. Let 2’ be some other solution to the problem. Then
Q' =" = P2/ —2*) =0 = (' —2*) e N(D).
Now based on previous remark we have
|z — x*||o > spark(®).
Now
120 + Iz [lo = [[2" — 27 [lo = spark(®).
Hence, if ||z*]|o < w, then we have

spark(®)
2

for all other solutions 2’ to the equation y = ®x.

l2"[lo >
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Thus x* is necessarily the sparsest possible solution. O

This result is quite useful as it establishes a global optimality criterion
for the (D, K)-EXACT-SPARSE problem in definition 2.7.

As long as K < %spark(cb) this theorem guarantees that the solution
to (D, K)-EXACT-SPARSE problem is unique. This is quite surprising
result for a non-convex combinatorial optimization problem. We are
able to guarantee a global uniqueness for the solution based on a simple

check on the sparsity of the solution.

Note that we are only saying that if a sufficiently sparse solution is
found then it is unique. We are not claiming that it is possible to find

such a solution.

Obviously, the larger the spark, we can guarantee uniqueness for signals
with higher sparsity levels. So a natural question is: How large can

spark of a dictionary be? We consider few examples.

Example 2.20: Spark of Gaussian dictionaries Consider a dic-
tionary D whose atoms d; are random vectors independently drawn
from normal distribution. Since a dictionary requires all its atoms to
be unit-norms, hence we divide the each of the random vectors with

their norms.

We know that with probability 1 any set of N independent Gaussian
random vectors is linearly independent. Also since d; € CV hence a set

of N + 1 atoms is always linearly dependent.
Thus spark(D) = N + 1.

Thus, if a solution to EXACT-SPARSE problem contains % or fewer non-

zero entries then it is necessarily unique with probability 1. O

Example 2.21: Spark of Dirac Fourier basis For

D— [[ F} € CNx2N
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it can be shown that

spark(D) = 2v/N.

In this case, the sparsity level of a unique solution must be less than

V/'N. O

2.7.2. Coherence

Finding out the spark of a dictionary D is NP-hard since it involves
considering combinatorially large number of selections of columns from
D. In this section we consider the coherence of a dictionary which is
computationally tractable and quite useful in characterizing the solu-

tions of sparse approximation problems.

Definition 2.17 [Coherence of a dictionary] The coherence of a
dictionary D is defined as the maximum absolute inner product

between two distinct atoms in the dictionary:

_ _ H )
p = max{d;, d,,, )| = max|(D" D)l (2.7.3)

If the dictionary consists of two orthonormal bases, then coherence is

also known as mutual coherence or proximity; see definition 2.1.

We note that d,, is the i-th column of synthesis matrix D. Also DD
is the Gram matrix for D whose elements are nothing but the inner-

products of columns of D.

We note that by definition ||d,||2 = 1 hence p < 1 and since absolute
values are considered hence 4 > 0. Thus, 0 < p < 1.

For an orthonormal basis ¥ all atoms are orthogonal to each other,

hence

’<¢wj>¢wk>] = 0 whenever j 7& k.

Thus pu = 0.



2.7. TOOLS FOR DICTIONARY ANALYSIS 73

In the following, we will use the notation |A| to denote a matrix con-

sisting of absolute values of entries in a matrix A. i.e.
Al = [Agl.

The off-diagonal entries of the Gram matrix are captured by the matrix
DHD — I. Note that all diagonal entries in D#D — I are zero since
atoms of D are unit norm. Moreover, each of the entries in [D¥D — I|

is dominated by u(D).

The inner product between any two atoms |(d,,,d.,)| is a measure of
how much they look alike or how much they are correlated. Coherence
just picks up the two vectors which are most alike and returns their
correlation. In a way p is quite a blunt measure of the quality of a

dictionary, yet it is quite useful.

If a dictionary is uniform in the sense that there is not much variation

in |(d,,,d., )|, then p captures the behavior of the dictionary quite well.

Definition 2.18 [Incoherent dictionaries] We say that a dictionary

is incoherent if the coherence of the dictionary is small.

We are looking for dictionaries which are incoherent. In the sequel we

will see how incoherence plays a role in sparse approximation.

Example 2.22: [ Two ortho bases] We established in theorem 2.3 that

coherence of two ortho-bases is bounded by
1 <
JN =

In particular we showed in theorem 2.4 that coherence of Dirac Fourier

<1

. . 1
basis is TN O
Example 2.23: Coherence: Multi-ONB dictionary A dictionary
of concatenated orthonormal bases is called a multi-ONB. For some N,
it is possible to build a multi-ONB which contains N or even N + 1

bases yet retains the minimal coherence p = \/—IN possible. U
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Theorem 2.24 A lower bound on the coherence of a general dic-

tionary 1s given by

Definition 2.19 If each atomic inner product meets this bound,

the dictionary is called an optimal Grassmannian frame.

The definition of coherence can be extended to arbitrary matrices ® €
CN X D‘

Definition 2.20 [Coherence of an arbitrary matrix] The coher-
ence of a matrix ® € CV*P is defined as the maximum absolute
normalized inner product between two distinct columns in the ma-
trix. Let

= [¢1 b2 ... ¢D]-
Then coherence of ® is given by

pu(®) = maX—’<¢j7 P)| (2.7.4)

ik (|51l % |2

It is assumed that none of the columns in ® is a zero vector.

2.7.2.1. Lower bounds for spark. Coherence of a matrix is easy
to compute. More interestingly it also provides a lower bound on the

spark of a matrix.

Theorem 2.25 For any matriz ® € CN*P (with non-zero columns)

the following relationship holds

spark(®) > 1+ ﬁ. (2.7.5)

PROOF. We note that scaling of a column of ® doesn’t change either
the spark or coherence of ®. Therefore, we assume that the columns

of ® are normalized.
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We now construct the Gram matrix of ® given by G = ®”®. We note
that

Gu=1 V1<Ek<D
since each column of ® is unit norm.

Also
Gl < (@) = u(®) V1<kj<Dk+#j

Consider any p columns from ® and construct its Gram matrix. This

is nothing but a leading minor of size p X p from the matrix G.

From the Gershgorin disk theorem, if this minor is diagonally dominant,
ie. if

i
then this sub-matrix of G is positive definite and so corresponding p

columns from & are linearly independent.

But
|G| =1
and
D 1G] < (p— 1)p(®)
J#
for the minor under consideration. Hence for p columns to be linearly

independent the following condition is sufficient

(= 1)u(®) < 1.
Thus if
1
p<1l4——

1(®)’

then every set of p columns from & is linearly independent.

Hence, the smallest possible set of linearly dependent columns must

satisfy
1
p>1+——.
p(®)
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This establishes the lower bound that
1
spark(®) > 1+ ——.

w(P)
O

This bound on spark doesn’t make any assumptions on the structure of
the dictionary. In fact, imposing additional structure on the dictionary
can give better bounds. Let us look at an example for a two ortho-basis
20].

Theorem 2.26 Let D be a two ortho-basis. Then

spark(D) > % (2.7.6)

=

PROOF. From theorem 2.6 we know that for any vector v € N (D)

lello > —
Vg 2 —.
(D)
But
k(D) = mi
spark(D) Uele(%)(HvHo)
Thus 5
spark(D) > ——

O

For maximally incoherent two orthonormal bases, we know that u =
\/LN‘ A perfect example is the pair of Dirac and Fourier bases. In this
case spark(D) > 2v/N.

2.7.2.2. Uniqueness-Coherence. We can now establish a unique-

ness condition for sparse solution of z = ®a.
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Theorem 2.27 [Uniqueness-Coherence| Consider a solution x* to

the under-determined system y = ®x. If x* obeys
1 1
* -1+ — 2.7.7
loto < 5 (1+ 57 (277)

then it is necessarily the sparsest solution.

Proor. This is a straightforward application of theorem 2.23 and
theorem 2.25. [

It is interesting to compare the two uniqueness theorems: theorem 2.23
and theorem 2.27.

theorem 2.23 uses spark, is sharp and is far more powerful than theo-
rem 2.27.

Coherence can never be smaller than —, therefore the bound on ||z*|o

\/NJ
in theorem 2.27 can never be larger than @

However, spark can be easily as large as N and then bound on ||z*||o

can be as large as %
We recall from theorem 2.8 that the bound for sparsity level of sparest
solution in two-ortho basis H = [\IJ X } is given by
e <
u(H)
which is a larger bound than theorem 2.27 for general dictionaries by

a factor of 2.

Thus, we note that coherence gives a weaker bound than spark for
supportable sparsity levels of unique solutions. The advantage that
coherence has is that it is easily computable and doesn’t require any
special structure on the dictionary (two ortho basis has a special struc-

ture).

2.7.2.3. Singular values of sub-dictionaries.
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Theorem 2.28 Let D be a dictionary and Dy be a sub-dictionary.
Let p be the coherence of D. Let K = |A|. Then the eigen values
of G = DD, satisfy:

1-(K—1Dp<A<1+(K-1)p. (2.7.8)
Moreover, the singular values of the sub-dictionary Dy satisfy

1—(K—-1pu<0o(Dy) <1+ (K-1)u. (2.7.9)

PRrROOF. We recall from Gershgorin’s theorem that for any square

CKXK

matrix A € , every eigen value \ of A satisfies

A —ay| < Z'aij‘ for some i € {1,..., K}.
J#i

Now consider the matrix G = DD, with diagonal elements equal to

1 and off diagonal elements bounded by a value p. Then

A=< gl <= (K =D,

J# J#
Thus,
—(K—1Dpu<A=-1<(K-1p <= 1-(K-1)p<A<1+(K-1)u
This gives us a lower bound on the smallest eigen value.
Amin(G) > 1 — (K —1)pu.

Since G is positive definite (D, is full-rank), hence its eigen values are

positive. Thus, the above lower bound is useful only if

I1-(K—1Dp>0 <= 1>(K-1p <= pu<

K—-1

We also get an upper bound on the eigen values of G given by
Amax(G) < 1+ (K —1)p.

The bounds on singular values of Dy are obtained as a straight-forward

extension by taking square roots on the expressions. U
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2.7.2.4. Embeddings using sub-dictionaries.

Theorem 2.29 Let D be a real dictionary and Dy be a sub-dictionary
with K = |A|. Let p be the coherence of D. Let v € RE be an ar-
bitrary vector. Then

o] [T = p(1 = D]fo] < [ Davlls < [o"[[ + u(1 = D]fv| (2.7.10)
where 1 is a K x K matrix of all ones. Moreover

(1= (K = Dpllvllz < [1Davllz < 1+ (K = D)p)lollz- (2.7.11)

ProOF. We can easily write

IDav|3 = v" Dy Dav

K K
VIDIDyw =Y vid) dy v (2.7.12)
i=1 j=1
The terms in the R.H.S. for i = j are given by

Uidz\;d)\ivi = |U1’|2.

Summing over i = 1,--- , K, we get
K
Dol = ol = v"v = [o" o] = o[ T|v].
=1

We are now left with K? — K off diagonal terms. Each of these terms
is bounded by

—plvilloy) < v dy,v; < plollo.

Summing over the K? — K off-diagonal terms we get:
D il = loillosl = Y uillo] = Jo"(1 = D],
i i.j i=j
Thus,
ol = Dol < 3 vl v < ol T D
i#]
Thus,

[0 "I = plo[" (1 = D)v] < v"DyDyv < o[ I|v| + plo]" (1 = D]v].
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We get the result by slight reordering of terms:

o] [ = (1 = D]fo| < [Dav]f3 < o] [T + p(1 = D]Jo]
We note that due to lemma 2.14

o] " L]o] = [Julf3.

Thus, the inequalities can be written as

(L+ vl = pllvll < [IPavllz < (1 = wllvllz + wlvll.
Alternatively,

[o[l3 = 4 ([[o]lF = vl13) < 1Pavll3 < ol + p (ol = [l0ll3) -

Finally, due to lemma 2.10
il < Kllollz = [lvlly = llvllz < (K = D]l
This gives us
(1= (K = Dp)llvllz < 1Davllz < (1 + (K = D)ol
U

We now present the above theorem for the complex case. The proof is
based on singular values. This proof is simpler and more general than

the one presented above.

Theorem 2.30 Let D be a dictionary and Dy be a sub-dictionary
with K = |A|. Let u be the coherence of D. Let v € CK be an

arbitrary vector. Then

(1= (K = Dpllvlz < [IDavllz < (1 + (K = D)p)lvllz-  (2.7.13)

PROOF. Recall that

Famin(Pa)[[0[I2 < 1Dav[l < 050 (Do) [[0]13-

min max

Theorem 2.28 tells us:

1 — (K —Dp<o*(Dy) <1+ (K —1)p.
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Thus,

Tnin(Pa)l[v]l2 = (1= (K = Dp)lJvll2
and

(D) [[0[l2 < (1 + (K = 1)) o3

This gives us the result

(1= (K = D)ollz < 1Dav]lz < (1+ (K = Du)oll2-

2.7.3. Babel function

Recalling the definition of coherence, we note that it reflects only the
extreme correlations between atoms of dictionary. If most of the inner
products are small compared to one dominating inner product, then

the value of coherence is highly misleading.

In [34], Tropp introduced Babel function, which measures the max-
imum total coherence between a fixed atom and a collection of other
atoms. The Babel function quantifies an idea as to how much the atoms

of a dictionary are “speaking the same language”.

Definition 2.21 [Babel function] The Babel function for a dictio-
nary D is defined by

p(p) = max max > (4, )], (2.7.14)
A

where the vector ¢ ranges over the atoms indexed by 2\ A. We
define

11(0) =0
for sparsity level p = 0.

Let us understand what is going on here. For each value of p we consider
all possible (l; ) subspaces by choosing p vectors from D.

Let the atoms spanning one such subspace be identified by an index
set A C €.
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All other atoms are indexed by the index set I' = Q \ A.

Let
U={y, :vel}

denote the atoms indexed by T'.

We pickup a vector ¢» € ¥ and compute its inner product with all
atoms indexed by A. We compute the sum of absolute value of these

inner products over all {d, : A € A}.

We run it for all ¢ € ¥ and then pickup the maximum value of above

sum over all 9.

We finally compute the maximum over all possible p-subspaces.

This number is considered at the Babel number for sparsity level p.
We first make a few observations over the properties of Babel function.

Babel function is a generalization of coherence.

REMARK. For p =1 we observe that

the coherence of D.

REMARK. p; is a non-decreasing function of p.

PRroOF. This is easy to see since the sum

> (W, dy)]

cannot decrease as p = |A| increases.

In particular for some value of p let AP and 1P denote the set and vector
for which the maximum in (2.7.14) is achieved. Now pick some column
which is not 9? and is not indexed by A? and include it for AP™!. Note
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that AP™! and v might not be the worst case for sparsity level p + 1
in (2.7.14). Clearly

D da = ) (WP, dy)

Ap+1 AP

p1(p + 1) cannot be less than puy(p).
O

Lemma 2.31 Babel function is upper bounded by coherence as per

1 (p) < p u(D). (2.7.15)

PROOF.

> (. da)| < p p(D).

A
This leads to

i (p) = max max EA: [, da)| < max max (p (D)) = p u(D).

t

2.7.3.1. Computation of Babel function. It might seem at
first that computation of Babel function is combinatorial and hence

prohibitively expensive. But it is not true.

We will demonstrate this through an example in this section. Our

example synthesis matrix will be

05 0 0 06533 1 05 —=0.2706 0
05 1 0 02706 0 —-0.5 0.6533 0
05 0 1 —-0.2706 0 —-0.5 —0.6533 0
05 0 0 —-0.6533 0 0.5 02706 1

From the synthesis matrix D we first construct its Gram matrix given
by
G =D"D. (2.7.16)

We then take absolute value of each entry in G to construct |G/.
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1 05 0.5 0 05 0 0 0.5 |
05 1 0 02706 0 05 06533 0
05 0 1 02006 0 05 06533 0
Gl = 0 0.2706 02706 1  0.6533 0 0  0.6533
05 0 0 06533 1 05 02706 0
0 05 0.5 0 05 1 0 0.5
0 0.6533 0.6533 0  0.2706 0 1 0.2706
05 0 0 06533 0 05 02706 1 |

We now sort every row in descending order to obtain a new matrix G'.

1 05 0.5 0.5 05 0 0 0
1 0.6533 0.5 05 02706 0 0 0O
1 0.6533 0.5 0.5 02706 0 0 0O
o 1 0.6533 0.6533 0.2706 0.2706 0 0 0O
1 0.6533 0.5 05 02706 0 0 O
1 05 0.5 0.5 05 0 0 O
1 0.6533 0.6533 0.2706 0.2706 0 0 0O
|1 0.6533 0.5 0.5 02706 0 0 0

First entry in each row is now 1. This corresponds to (d;,d;) and it
doesn’t appear in the calculation of p(p) hence we disregard whole of

first column.

Now look at column 2 in G’. In the i-th row it is nothing but

max|(d;, d;)|.

J#i

Thus,
(D) = (1) = max &z

1<j<D

i.e. the coherence is given by the maximum in the 2nd column of G'.

In the running example

(D) = p1(1) = 0.6533.



2.7. TOOLS FOR DICTIONARY ANALYSIS 85

Looking carefully we can note that for ¢y = d; the maximum value of

> (W, dy)]

while |A| = p is given by the sum over elements from 2nd to (p + 1)-th

sum

columns in i-th row.

Thus
p+1

p1(p) = max ZG;]-.
7j=2

1<i<D 4

For the running example the Babel function values are given by

<0.6533 1.3066 1.6533 2 2 2 2).

We see that Babel function stops increasing after p = 4. Actually D is
constructed by shuffling the columns of two orthonormal bases. Hence

many of the inner products are 0 in G.

2.7.3.2. Babel function and spark. We first note that Babel

function tells something about linear independence of columns of D.

Lemma 2.32 Let py be the Babel function for a dictionary D. If

p(p) <1

then all selections of p+1 columns from D are linearly independent.

PRrROOF. We recall from the proof of theorem 2.25 that if

1 1
pHl<l4d —— = p< —xr
#(D) #(D)
then every set of (p + 1) columns from D are linearly independent.

We also know from lemma 2.31 that

pu(D) > m(p) = w(D) >



86 2. SPARSE SIGNAL MODELS

Thus if

pa(p) — I p1(p)

then all selections of p+1 columns from D are linearly independent. [J

p <

— wm(p) <1

This leads us to a lower bound on spark from Babel function.
Lemma 2.33 [Spark lower bound from Babel function] A lower
bound of spark of a dictionary D is given by
spark(D) > min {p: ui(p—1) > 1}. (2.7.17)

~ 1<p<N

PRroOF. For all j < p—2 we are given that u(j) < 1. Thus all sets

of p — 1 columns from D are linearly independent (using lemma 2.32).

Finally p(p — 1) > 1, hence we cannot say definitively whether a set
of p columns from D is linearly dependent or not. This establishes the

lower bound on spark. l

An earlier version of this result also appeared in [20] theorem 6.

2.7.3.3. Babel function and singular values.
Theorem 2.34 [36] Let D be a dictionary and A be an index set
with |A| = K. The singular values of Dy are bounded by
1— (K —1)<o? <1+ (K —1). (2.7.18)

ProoOF. Consider the Gram matrix
G = DID,.
G is a K x K square matrix.

Also let
A={A, e, ..., Ak}
so that
Dy=|dy dy, o di]
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The Gershgorin Disc Theorem states that every eigenvalue of G lies in
one of the K discs

Ay = {z Dz — Gl < ZlGjH}
7k

Since d; are unit norm, hence Gy, = 1.

Also we note that

D 1G] =) [dy, da)| < (K = 1)
gk i#k
since there are K — 1 terms in sum and p; (K — 1) is an upper bound

on all such sums.

Thus if 2 is an eigen value of G then we have
|2 =1 < (K —1)
— —u(K—1)<z-1<m(K—-1) (2.7.19)
— 11— (K —1) <2< 14 (K —1).
This is OK since G is positive semi-definite, thus, the eigen values of

G are real.

But the eigen values of G are nothing but the squared singular values

of Dy. Thus we get
1—m(K—1)<o® <1+ m(K—-1).
O

Corollary 2.35. Let D be a dictionary and A be an index set with
Al = K. If ;n(K — 1) < 1 then the squared singular values of Dy
exceed (1 — py (K —1)).
PrROOF. From previous theorem we have
1— (K —=1)<0® <14 (K —1).

Since the singular values are always non-negative, the lower bound is

useful only when (K — 1) < 1. When it holds we have

o(Dy) > /1 — (K —1).
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O

Theorem 2.36 [35] Let uy (K — 1) < 1. If a signal can be written
as a linear combination of k atoms, then any other exact represen-

tation of the signal requires at least (K — k + 1) atoms.

PROOF. If p(K — 1) < 1, then the singular values of any sub-
matrix of K atoms are non-zero. Thus, the minimum number of atoms
required to form a linear dependent set is K + 1. Let the number of

atoms in any other exact representation of the signal be [. Then
k+l>K+1 = I>K—-k+1.

O

2.7.3.4. Babel function and gram matrix. Let A index a sub-
dictionary and let G = D¥D, denote the Gram matrix of the subdic-
tionary Dy. Assume K = |A].
Theorem 2.37

1Glloo = IGlly £ 14 pa (K = 1). (2.7.20)

PROOF. Since G is Hermitian, hence the two norms are equal:
Gl = IG" [l = 1G]]

Now each row consists of a diagonal entry 1 and K — 1 off diagonal
entries. The absolute sum of all the off-diagonal entries in a row is
upper bounded by p; (K —1). Thus, the absolute sum of all the entries
in a row is upper bounded by 1 + (K — 1). Since |G|« is nothing

but the maximum [, norm of rows of G, hence

1Glloe <1+ pa (K —1).
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Theorem 2.38 [35] Suppose that p (K — 1) < 1. Then
1
— (K —1)

IG™ oo = IG7M1I < 5 (2.7.21)

PROOF. Since G is Hermitian, hence the two operator norms are

equal:
16 oo = 1G]

As usual we can write G as G = [ + A where A consists of off-diagonal
entries in A (recall that since atoms are unit norm, hence diagonal

entries in G are 1).

Each row of A lists inner products between a fixed atom and K — 1

other atoms (leaving the 0 at the diagonal entry). Therefore

[Alloc—s00 < pn (K —1)

(since 3 norm of any row is upper bounded by the babel number p; (K —

1)). Now G™! can be written as a Neumann series

G =) (-A)F

k=0
Thus
1G7 oo = || Z ) oo < Z 1(=A) e = Z IA[l5, = HAII
Finally

[Alloo (K =1) <= 1—[[Af|oc 21— (K -1)
1

T Al = 1= (k1)

Thus

1
Gl < .
)
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2.7.3.5. Quasi incoherent dictionaries.

Definition 2.22 [Quasi-incoherent dictionary] When the Babel
function of a dictionary grows slowly, we say that the dictionary

is quasi-incoherent.

2.8. Compressed sensing

In this section we formally define the problem of compressed sensing.

Compressed sensing refers to the idea that for sparse or compressible
signals, a small number of nonadaptive measurements carries sufficient
information to approximate the signal well. In the literature it is also
known as compressive sensing and compressive sampling. Differ-
ent authors seem to prefer different names. In this book we will stick

to the name as compressed sensing.

In this section we will represent a signal dictionary as well as its syn-

thesis matrix as D.
We recall the definition of sparse signals from definition 2.4.

A signal z € CV is K-sparse in D if there exists a representation o for

2 which has at most K non-zeros. i.e.
r = D«

and
lallo < K.

The dictionary could be standard basis, Fourier basis, wavelet basis, a
wavelet packet dictionary, a multi-ONB or even a randomly generated

dictionary.

Real life signals are not sparse, yet they are compressible in the sense
that entries in the signal decay rapidly when sorted by magnitude. As
a result compressible signals are well approximated by sparse signals.

Note that we are talking about the sparsity or compressibility of the
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signal in a suitable dictionary. Thus we mean that the signal z has
a representation a in D in which the coefficients decay rapidly when

sorted by magnitude.

Definition 2.23 In compressed sensing, a measurement is a lin-

ear functional applied to a signal
y=(, f).

The compressed sensor makes multiple such linear measurements.
This can best be represented by the action of a sensing matrix

® on the signal x given by
y = dux. (2.8.1)

® € CM*N represents M different measurements made on the
signal x by the sensing process. FEach row of ® represents one

linear measurement.
The vector y € CM is known as measurement vector.

C¥ forms the signal space while C* forms the measurement

space.

We also note that above can be written as
y = dx = dDa = (PD)a.
It is assumed that the signal x is K-sparse or K-compressible in
D and K < N.
The objective is to recover x from y given that ® and D are known.

We do this by first recovering the sparse representation a from y

and then computing x = Da.

If M > N then the problem is a straight forward least squares

problem. So we don’t consider it here.
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The more interesting case is when K < M < N i.e. the number
of measurements is much less than the dimension of the ambient

signal space while more than the sparsity level of signal namely K.

We note that given « is found, finding x is straightforward. We
therefore can remove the dictionary from our consideration and

look at the simplified problem given as: recover x from y with
y = dx

where € C¥ itself is assumed to be K-sparse or K-compressible

and ® € CM*¥ is the sensing matrix.

2.8.1. The sensing matrix

There are two ways to look at the sensing matrix. First view is in terms

of its columns
o = [¢1 by ... ¢N} (2.8.2)

where ¢; € CM are the columns of sensing matrix. In this view we see
that

N
Yy = Z Ti¢;
i=1

i.e. y belongs to the column span of ¢ and one representation of y in

® is given by z.

This view looks very similar to a dictionary and its atoms but there is
a difference. In a dictionary, we require each atom to be unit norm.

We don’t require columns of the sensing matrix ® to be unit norm.

The second view of sensing matrix ® is in terms of its columns. We

write

o = (2.8.3)
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where y; € CV are conjugate transposes of rows of ®. This view gives

us following result

, Xt xi'a (z,x1)
1 H H
x x,
Y2 | = X'z x = X2. = < ‘X2> (2.8.4)
» : :
Xy X (T, x)

In this view y; is a measurement given by the inner product of x with
Xi ({z,xi) = xi"x).

We will call y; as a sensing vector. There are M such sensing vectors
in CV comprising ® corresponding to M measurements in the mea-

surement space CM.

2.8.2. Number of measurements

A fundamental question of compressed sensing framework is: How
many measurements are necessary to acquire K-sparse signals? By
necessary we mean that y carries enough information about x such

that = can be recovered from y.
Clearly if M < K then recovery is not possible.

We further note that the sensing matrix ® should not map two different
K-sparse signals to the same measurement vector. Thus we will need

M > 2K and each collection of 2K columns in ¢ must be non-singular.

If the K-column sub matrices of ® are badly conditioned, then it is
possible that some sparse signals get mapped to very similar measure-
ment vectors. Thus it is numerically unstable to recover the signal.

Moreover, if noise is present, stability further degrades.

In [11] Candes and Tao showed that the geometry of sparse signals
should be preserved under the action of a sensing matrix. In particu-
lar the distance between two sparse signals shouldn’t change by much

during sensing.
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They quantified this idea in the form of a restricted isometric constant

of a matrix ® as the smallest number dx for which the following holds

(1= dx)llzll3 < @llz < 1+ dx)[l2l3 ¥ 2+ [lzlo < K.

We will study more about this property known as restricted isometry
property (RIP) in section 3.1. Here we just sketch the implications of

RIP for compressed sensing.

When dx < 1 then the inequalities imply that every collection of K
columns from ® is non-singular. Since we need every collection of 2K
columns to be non-singular, we actually need dox < 1 which is the

minimum requirement for recovery of K sparse signals.

Further if dox < 1 then we note that sensing operator very nearly
maintains the [, distance between any two K sparse signals. In conse-

quence, it is possible to invert the sensing process stably.

It is now known that many randomly generated matrices have excellent
RIP behavior. One can show that if dox < 0.1, then with

M = O(KIn"N)
measurements, one can recover x with high probability.

Some of the typical random matrices which have suitable RIP proper-

ties are

e Gaussian sensing matrices
e Partial Fourier matrices

e Rademacher sensing matrices

2.8.3. Signal recovery

The second fundamental problem in compressed sensing is: Given the
compressed measurements y how do we recover the signal x? This prob-
lem is known as SPARSE-RECOVERY problem.
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A simple formulation of the problem as: minimize ||z||o subject to
y = ®x is hopeless since it entails a combinatorial explosion of search

space.

Over the years, people have developed a number of algorithms to tackle

the sparse recovery problem.

The algorithms can be broadly classified into following categories

Greedy pursuits: These algorithms attempt to build the approxi-
mation of the signal iteratively by making locally optimal
choices at each step. Examples of such algorithms include
OMP (orthogonal matching pursuit), stage-wise OMP, reg-
ularized OMP, CoSaMP (compressive sampling pursuit) and
IHT (iterative hard thresholding).

Convex relaxation: These techniques relax the [y “norm” minimiza-
tion problem into a suitable problem which is a convex opti-
mization problem. This relaxation is valid for a large class of
signals of interest. Once the problem has been formulated as a
convex optimization problem, a number of solutions are avail-
able, e.g. interior point methods, projected gradient methods
and iterative thresholding.

Combinatorial algorithms: These methods are based on research in
group testing and are specifically suited for situations where
highly structured measurements of the signal are taken. This
class includes algorithms like Fourier sampling, chaining pur-

suit, and HHS pursuit.

A major emphasis of the following chapters will be the study of these

sparse recovery algorithms.

In the following we present examples of real life problems which can be

modeled as compressed sensing problems.
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2.8.4. Error correction in linear codes

The classical error correction problem was discussed in one of the sem-

inal founding papers on compressed sensing [10].

Let f € RY be a “plaintext” message being sent over a communication

channel.

In order to make the message robust against errors in communication

channel, we encode the error with an error correcting code.

We consider A € RP*Y with D > N as a linear code. A is essentially

a collection of code words given by
A=lay ay ... ay (2.8.5)
where a; € R” are the codewords.
We construct the “ciphertext”
x=Af (2.8.6)

where z € R? is sent over the communication channel. Clearly x is a
redundant representation of f which is expected to be robust against

small errors during transmission.

A is assumed to be full column rank. Thus AT A is invertible and we

can easily see that
f=Az
where
Al = (ATA)—r AT
is the left pseudo inverse of A.

But naturally the communication channel is going to add some error.

What we actually receive is

y=x+e=Af+e (2.8.7)

where e € R? is the error being introduced by the channel.
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The least squares solution by minimizing the error /, norm is given by

fl=Aly=AN(Af +¢) = f + Ale.

Since A'e is usually non-zero (we cannot assume that A" will annihilate

e), hence f’ is not an exact replica of f.

What is needed is an exact reconstruction of f. To achieve this, a
common assumption in literature is that error vector e is in fact sparse.
i.e.

lello < K < D. (2.8.8)

To reconstruct f it is sufficient to reconstruct e since once e is known
we can get
r=y—e

and from there f can be faithfully reconstructed.

The question is: for a given sparsity level K for the error vector e can
one reconstruct e via practical algorithms? By practical we mean algo-
rithms which are of polynomial time w.r.t. the length of “ciphertext”
(D).

The approach in [10] is as follows.

We construct a matrix F € RM*P which can annihilate A i.e.

FA=0.

We then apply F' to y giving us
y=F(Af +e) = Fe.
Therefore the decoding problem is reduced to that of reconstructing

a sparse vector e € R” from the measurements Fe € RM where we
would like to have M < D.

With this the problem of finding e can be cast as problem of finding a

sparse solution for the under-determined system given by
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minimize ||el|o
e€Y i (PO)
subject to y = Fe

This now becomes the compressed sensing problem. The natural ques-

tions are

e How many measurements M are necessary (in F') to be able
to recover e exactly?
e How should F' be constructed?

e How do we recover e from ¢?

2.9. Examples

In this section we will look at several examples which can be mod-
eled using sparse and redundant representations and measured using

compressed sensing techniques.

Several examples in this section have been incorporated from Sparco

6] (a testing framework for sparse reconstruction).

2.9.1. Piecewise cubic polynomial signal

This example was discussed in [9]. Our signal of interest is a piece-
wise cubic polynomial signal as shown in fig. 2.6. It has a sparse
representation in a wavelet basis (fig. 2.7). We can sort the wavelet
coefficients by magnitude and plot them in descending order to visu-
alize how sparse the representation is in fig. 2.8. The chosen basis
is a Daubechies wavelet basis ¥ fig. 2.10. A Gaussian random sens-
ing matrix ® (fig. 2.11) is used to generate the measurement vector y
(fig. 2.9). Finally the product of ® and ¥ given by ®W¥ will be used
for actual recovery of sparse representation a from the measurements

y (fig. 2.12). Fundamental equations are:

=V
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and

y=®r+e=>dVa+e.
x € RY. In this example N = 2048. ¥ is a complete dictionary of
size N x N. Thus we have D = N and a € RY. ® € R™*¥_ In this
example, the number of measurements M = 600. The measurement

vector y € RM. For this problem we chose e = 0.

Sparse signal recovery problem is denoted as

a = recovery (W y, K).
where @ is a K-sparse approximation of «.
Closely examining the coefficients in o we can note that max(q;) =
78.0546. Further if we put different thresholds over magnitudes of en-
tries in a we can find the number of coefficients higher than the thresh-

old as listed in table 2. A choice of M = 600 looks quite reasonable

given the decay of entries in «.

TABLE 2. Entries in wavelet representation of piecewise

cubic polynomial signal higher than a threshold

Threshold Entries higher than threshold

1 129
1E-1 173
1E-2 186
1E-4 197
1E-8 199

1E-12 200
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Piecewise cubic polynomials signal x
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FIGURE 2.6. A piecewise cubic polynomials signal
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Signal representation o in sparsity basis
80 T T

60 ] b

40t .

| | |
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Coefficients

FIGURE 2.7. Sparse representation of signal in wavelet basis
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o entries in descending magnitude order
80 T T

40f .

20 b

| | |
500 1000 1500 2000 2500
Coefficients

FiGURE 2.8. Wavelet coefficients sorted by magnitude
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Random measurementsy =® x + e
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FIGURE 2.9. Measurement vector y = &z + ¢
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Daubechies—8 minimum phase 5 level decomposition basis ¥
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FIGURE 2.10. Daubechies-8 wavelet basis
Sensing matrix ®
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FIGURE 2.11. Gaussian sensing matrix ®
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Recovery matrix & ¥
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FIGURE 2.12. Recovery matrix ®W
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2.10. Digest

This section summarizes results in this chapter.

l> regularization
minimize  ||z|2
xr

(P2)
subject to y = ®x.
Lagrangian:
L(z) = ||z[|3 + A (@ —y)
Optimal solution:
" = o (o) 1y = afy.
l1 regularization
minimize ||z
) (F1)

subject to Pz =y.

|z|lx is not strictly convex.

At least one solution to I3 minimization has ||z|o = M. Also for real case, it can

be shown to be a linear programming problem.
Two orthonormal bases ¥ and X.
Mutual coherence or proximity

p(¥, X) = max |(vi, x;)|

1<i,j<N
Mutual coherence bounds
1
— < u(P,x) <1.
N W, X)
Mutual coherence of Dirac and Fourier bases

WL, F) = —.

VN

Uncertainty principle for two ortho bases z = Vo = X 5.

2
llello + 1810 > —=—5+-
n(¥v, X)
And for unit norm vectors z:
2
lally + 18] = ——.
(¥, X)

Two ortho basis H = [\Il X}
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Null space vectors and sparsity:

lollo > ﬁ YueNH).

Uncertainty principle for two ortho basis: * = Ha = HS

lalo + 1180 %

Uniqueness principle for two ortho basis:

1
allo < —F7~
oo <~

implies that « is sparsest (and unique) representation.
Sparse and redundant representations
Dictionary
D={d, :weQ}
with ||d,|l2 = 1 and D spans CV. D = |Q|. Thus the set of (D, K)-sparse signals

is given by

E(D,K) = {117 eCVN:.z= ZbAd)\}

AEA
for some index set A C 2 with |A| = K.

Sparse approximation problem:

min min ||x — b
in E APA
AEA 2
(D, K)-EXACT-SPARSE problem
minimize  ||a/lo
(6%

subject to = = Pa

and laflo < K
(D, K)-SPARSE approximation problem

mianize |z — Palls

subject to  ||allo < K.

A Sub-dictionary is a linearly independent collection of atoms. A index set for
subdictionary, Dy represents the subdictionary. We say K = |A|. Dy is full rank.
G = DD, is its Gram matrix which is positive definite. The inverse Gram matrix

lists the inner products between the dual vectors.
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norm relationships Sign vector for a complex vector

sen(v;) = exp(jZv;) if |vi| # 0;
B 0 if Jus| = 0.

l1 norm as inner product with sign vector:

lolly = sgn(v)v = (v, sgn(v)).

Bounds on /; norm w.r.t. I, norm

[ollz < ol < VN|ol2.

Bound on s norm w.r.t [,-norm

Ioll2 < VN o]l

Relationship between arbitrary norms
[vllq < [|vll, whenever p < g.
[1 norm as inner product with 1:
lolly = 10| = 1],

o1 = [lof2.

The set of sparse signals
Y ={z e CV |zl < K}.
Norm relationships for K sparse signals:

IR
VK

Compressible signals K-term approximation x|k is a best K-term approximation

< ullz < VK |ul|so-

of x.

Compressible signal: x is some signal and Z is a permutation of z in the descending
magnitude order. If
|Z|<R-i"% ¥i=1,2,...,N.

then x is compressible.
Tools for dictionary analysis
Spark is minimum number of linearly dependent columns.

Uniqueness-Spark sufficient condition:
spark(D)

oo < 22
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Coherence of a dictionary D:

H
po=max|{du, du, )| = max|(D7D) k.

Coherence for arbitrary matrix

(A)Z < |<a‘j?ak>|

p NaxX
i#k |lajll2llak]l2

Coherence based lower bound for spark:

1
spark(®) > 14+ ——.
) u(®)

Lower bound for spark of two ortho basis

2
spark(D) > ——.

(D)

Uniqueness-Coherence:

lz*[lo < % (1 + ﬁ)

sufficient condition for guaranteeing uniqueness.

Bounds on eigen values of Gram matrices for sub-dictionaries: K = |A].
DHD, .
1—(K-Dp<AG) <1+ (K - (2.10.1)

Bounds on singular values of sub-dictionaries:

1—(K—-1)u<o(Dp) <V1+(K—-1)u. (2.10.2)

Coherence bounds for norms of embeddings of sparse vectors using sub-dictionaries

(1= (K = Dmlvl3 < [Davl3 < (1 + (K = Dp)llvll3-

Babel function

p(p) = mmla);maXZI ¥, dy)|,

where the vector ¢ ranges over the atoms indexed by €\ A.
Babel function upper bound from coherence:

p1(p) < p (D).
Lower bound on spark from Babel function:

> — >
spark(D) 2 min {p: p(p—1) =1}
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Babel function and singular values of subdictionaries: |A| = K.

1—m(K —1) <o®(Da) <14 m(K -1).

Babel function and singular value lower bound:
(K —1) <1 = o*(Dp) >1— (K —1).

Babel function and uncertainty principle: If u; (K —1) < 1 and a signal has a sparse
representation with k& non-zero entries, then any other representation will have at

least K — k + 1 non-zero entries.

Norms of Gram matrix of subdictionary:
1Glloe = IGllx <1+ pa (K —1). (2.10.3)
Norms of inverse Gram matrix of subdictionary:

1
-1 — -y, <

given that pi (K —1) < 1.



CHAPTER 3

More Tools for Dictionary and Random Matrix

Analysis

In this chapter we cover the results for a wide variety of tools which are
used for analysis of dictionaries, random matrices (like sensing matri-
ces). The tools include restricted isometry property, coherence, spark,

ete..

We also spend time in deeper understanding of concepts related to di-
mensionality reduction from high dimensional spaces to lower dimen-
sional spaces using random projections. We delve upon the notion
of stable embeddings of points from high dimensional spaces to lower

dimensional spaces.

3.1. Restricted isometry property

Definition 3.1 A matrix ® € CM**V is said to satisfy the RIP
(restricted isometry property) of order K with a constant
9 € (0,1) if the following holds:

(1= O)lzll3 < |23 < (1 + 9)ll=[3 (3.1.1)
for every x € Y where
Yk ={zeC": |zl < K}

is the set of all K-sparse vectors in CV.

111
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Definition 3.2 [Restricted isometry constant| If a matrix ® €
CM*N gatisfies RIP of order K then the smallest value of ¢ (de-
noted as dx) for which the following holds

(1= 8)[lzl3 < |®zll; < 1+ )]zll; ¥z € Bk (3.1.2)

is known as the K-th restricted isometry constant for ®. It

is also written in short as K-th RIP constant.

We write the bounds as in terms of dx as

(1 —60r)|lz3 < |Pz)5 < A+ 6x)|zll3 V2 €Tk (3.1.3)
Some remarks are in order.

e ® maps a vector z € L C CV into CM as a vector ®x (usually
M < N).

e We will call ®x € C” as an embedding of 2 € CV into CM.

e RIP quantifies the idea as to how much the squared length of
a sparse signal changes during this embedding process.

e We can compare matrices satisfying RIP with orthonormal
bases. An orthonormal basis or the corresponding unitary ma-
trix preserves the length of a vector exactly(see ?7). A matrix
® satisfying RIP of order K is able to preserve the length of K
sparse signals approximately (the approximation range given
by dx). In this sense we can say that ¢ implements a re-
stricted almost orthonormal system [10]. By restricted
we mean that orthonormality is limited to K-sparse signals.
By almost we mean that the squared length is not preserved
exactly. Rather it is preserved approximately.

e An arbitrary matrix ® need not satisfy RIP of any order at
all.

o If ® satisfies RIP of order K then it is easy to see that ®
satisfies RIP of any order L < K (since ¥, C Y whenever
L < K).

e If ® satisfies RIP of order K then it may or many not satisfy
RIP of order L > K.
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e Restricted isometry constant is a function of sparsity level K
of the signal z € CV.

Example 3.1: Restricted isometry constant As a running exam-

ple in this section we will use following matrix

1 -1 1 1 1 -1 1 1
e N L e
2 (-1 -1 =1 1 -1 -1 -1 1

-1 1 1 1 1 -1 -1 -1

Consider
x:<—2 0000 -3 —1 o)

which is a 3-sparse vector in R®.

We have
yz@xz(O 13 3)

Now
|z||2 = 14, |||, = 3.7417

lyll3 =19, [lyll2 = 4.3589

We note that )
yll5

= 1.357L.
=113

With this much information, all we can say that d3 > .3571 for this

matrix ® since we haven’t examined all possible 3-sparse vectors.

Still what is comforting to note is that for this particular example, the

distance hasn’t increased by a large factor. U
For a given K-sparse vector z, let J denote the support of z, i.e.

J={1<i<N:z; #0}.

In the running example

J=1{1,6,7}
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We define z; € CX to be the vector formed by keeping the elements
in x indexed by J and dropping of other elements (the zero elements).

Note that the order of elements is preserved.

In the running example,

;cJ:<—2 3 —1)

Let ®; be the corresponding sub-matrix by choosing columns from @

indexed by the set J. Note that the order of elements is preserved.

In the running example

1 -1 1
1]1-1 1
= € RY,
T2 -1 41
-1 -1 -1
It is easy to see that
y=oxr=d,z,. (3.1.4)

There are (g) ways of choosing a K-sparse support for x. Thus we

have to consider (g) corresponding sub-matrices @ ;.
For each such sub-matrix ®;, the RIP bounds can be rewritten as
(1= 0|zl < 1s2l3 < (1+ dx)ll2 (3.1.5)
for every x € CK.
Note that
|®s2)2 = (Ps2)" (Pyz) = 27O D 2. (3.1.6)

Theorem 3.1 An M x N matriz ® cannot satisfy RIP of order
K > M.

PROOF. Since every ¢; € CM hence any set of M + 1 columns in
® is linearly dependent. Thus there exists a non-zero M + 1 sparse
signal # € CV such that &z = 0 (it belongs to the null space of the
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chosen M + 1 columns). RIP (3.1.1) requires that a non-zero vector be
embedded as a non-zero vector. Thus ¢ cannot satisfy RIP of order
M + 1. The argument can be easily extended for any K > M. O

Theorem 3.2 If ® satisfies RIP of order [ then it satisfies RIP of
order k where k < [.

PRroOOF. Every k sparse signal is also [ sparse signal. Thus if ®
satisfies RIP of order [ then it automatically satisfies RIP of order
k<. O

Theorem 3.3 Let ® satisfy RIP of order k and | where k < [.
Then 6 < 6;. In other words, restricted isometry constants are

non-decreasing.

PROOF. Since every k sparse signal is also [ sparse signal, hence for

every x € X following must be satisfied

(1= d)ll=ll2 < 1213 < (1 + 0k)l|]l3
and

(L =a)lllz < @]z < (1+ )zl

Since ¢;, is smallest such value for which these inequalities are satisfied

hence §; cannot be smaller than 6;. O

3.1.1. The first restricted isometry constant

We consider the simplest case where K = 1. We can write ® in terms

of its column vectors

o — [¢1 ¢N}

Now a 1-sparse vector x consists of only one non-zero value. Say that
x is non-zero at index j. Then ®x is nothing but x;¢;. With this the

restricted isometry inequality can be written as

(1= 61)|z; ] < Nljo[13 < (1 + 60|y >
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Dividing by |z;]? we get

(1=01) < [lgyllz < (1+41).

Let us formalize this in the following theorem.

Theorem 3.4 If a matriz ® satisfies RIP of order K > 1 then the
squared lengths of columns of ® satisfy the following bounds

1-6 <|lgsll3<1+6 VI<j<N. (3.1.7)

When §; = 0 then all columns of ® are unit norm. Now if columns of
® span CM then ® can also be considered as a dictionary for C* (see
definition 2.3).

REMARK. A dictionary (definition 2.3) satisfies RIP of order 1 with
9 = 0.

3.1.2. Sums and differences of sparse vectors

Theorem 3.5 Let z,y € CY withx € Xy and y € 3. i.e. ||z]jo <
k and ||y|lo < 1. Then

(1= der)llz £yl3 < [Pz £ Pyll3 < (1+ Gprr)llz £ ylz (3.1.8)

as long as ® satisfies RIP of order k + (.

Proor. We know that
lz £yllo < [lzllo + [[yllo =k + 1.

Thus x + y € ¥jy;. The result follows. O

3.1.3. Distance between sparse vectors

Let z,y € Y. Then clearly x —y € Yog.

The [, distance between vectors is given by

d(z,y) = |z = yll2 = V(@ =)@~ y)
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Now if ® satisfies RIP of order 2K then we can see that it approximately

preserves [y distances between K-sparse vectors.

Theorem 3.6 Let v,y € Y C CV. Let &z, &y € CM be corre-
sponding embeddings. If ® satisfies RIP of order 2K, then

(1 - o) (2, y) < (B, @y) < (1 + Gor)d>(x,y).  (3.1.9)

PRrROOF. Since & satisfies RIP of order 2K hence for every vector

v € Yo we have

(1= dar0)[vll3 < [1Pv]l3 < (1+ darc)[[o]f5.

But then x — y € Yo for every x,y € Y and

d*(z,y) = |l —yl3
and

d*(Pz, 0y) = [|0z — Dy|); = [|@(z — y)]l2.

Thus we have the result. O

3.1.4. RIP with unit length sparse vectors

Sometimes it is convenient to state RIP in terms of unit length sparse

vectors.

Theorem 3.7 Let x be some arbitrary unit length (i.e. ||z|s =1)
vector belonging to Y. A matriz ® is said to satisfy RIP of order
K if and only if the following holds

(1 —6k) < ||Pz]3 < (1+ 6k) (3.1.10)

for every x € X with ||z|] = 1.

PRrROOF. If @ satisfies RIP of order K then by putting ||z||2 =1 in
(3.1.1) we get (3.1.10).
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Now the converse. We assume (3.1.10) holds for all unit norm vectors
x € Y. We need to show that (3.1.1) holds for all z € Y.

For = 0 the bounds in (3.1.1) are trivially satisfied.

€T
|z[[2"

Let x € Y be some non-zero vector. Let & = | Clearly 7 is unit

length. Hence

(1—0x) < [|2Z]|3 < (1 + 6K)

2
= (1 - k) < ‘ d——| < (14 k) (3.1.11)
2|2 1]
= (1= dx)lz]l3 < | ®(3 < (14 0x)l|]f3
Thus & satisfies RIP of order K. ]

3.1.5. Singular and eigen values of K-sub matrices

Consider any index set J C {1,..., N} with |J| = K. Let ®; be a sub
matrix of ® consisting of columns indexed by J. Assume K < M. We
define

G2 olle, c CcKK (3.1.12)
as the Gram matrix for columns of ®; (see ?77).
We consider the eigen values of G given by
Gx = \x

for some x € CK and x # 0. We will show that eigen values of G are
bounded by RIP constant.

In the running example

1 0 05
G=1]0 1 05
05 05 1

Eigen values of G are (0.2929,1,1.7071).
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Theorem 3.8 Let ® satisfy the RIP of order K where K < M.
Let ®; be any sub matriz of ® with K columns. Then the eigen
values of G = ®H®; lie in the range [1 — 0,1+ 0k].

PROOF. We note that G € CE*K,

Let A\ be some eigen value of G and z € CX be a corresponding eigen
vector.
Gr = \x
— G = 2 \x
— 2700 = \||2|3

= [[@;2l)5 = All=l3

From (3.1.5) we recall that dx RIP bounds apply for each vector in

r € CK for a K-column sub-matrix ®; given by

(1= dx)llzll3 < 1@szll3 < (14 0kl

Thus

(1= dx)llzll3 < Allll < (1 + dx)[ll13
= (1 —0x) <A< (1+dk) since z # 0.

O
Corollary 3.9. Let ® satisfy the RIP of order K where K < M. Let

®; be any sub matrixz of ® with K columns. Then the Gram matrix
G = 05 ®; is full rank and invertible.

Moreover G is positive definite.

PRroOOF. Clearly from theorem 3.8 all eigen values of G are non-
zero. Hence their product is non-zero. Thus det(G) is non-zero. Hence

G is invertible.
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Since from theorem 3.8 all eigen values are positive, hence, G is positive
definite. 0

Theorem 3.10 Let ® satisfy the RIP of order K where K < M.
Let 5 be any sub matrix of ® with K columns. Then the singular

values of ®; are non-zero and they are in the range given by

V1—6x <o <1+ (3.1.13)

where o is a singular value of @ ;.

PRroOF. This is straight forward application of 7?7 and theorem 3.8.
Eigen values of ®%®; are nothing but squares of the singular values of
D, O

Corollary 3.11. Let ® satisfy the RIP of order K where K < M. Let
®; be any sub matriz of ® with k columns where k < K. Then the

singular values of ®; are non-zero and they are in the range given by

V1-6x <o <+/1+0g (3.1.14)

where o is a singular value of P ;.
PROOF. Let ¢ be a singular value of ®;. From theorem 3.10 we

\/1—5k§0§\/1+5k.

From theorem 3.3 we have §;, < dx. Thus

have

1= 6 <1084 1406, <1+ 0k

Thus

MSJSM-

l

Theorem 3.12 Let ® satisfy the RIP of order K where K < M.
Let ®; be any sub matrix of ® with k columns where k < K. Then
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the eigen values of ®H®; + rI lie in the range

[1—0x 47,140k + 7]

Moreover consider A = ®H®; — . Then

1Az < 0k

PROOF. From theorem 3.8 eigen values of ®¥®; lie in the range
[1 — 6k, 1+ k). From ?? X is an eigen value of ®%®; if and only if

A+ 7 is an eigen value of ®®; + 1. Hence the result.

Now for A = ®¥®; — I the eigen values lie in the range [—df, dx].
Thus for every eigen value of A we have A\ < dx. Since A is Hermitian,

its spectral norm is nothing but its largest eigen value. Hence
[All2 < dk.
O

From previous few results we see that bound over eigen values of 7 ®;
given by (1—dx) < A < (1+0k) is a necessary condition for ® to satisfy

RIP of order K. We now show that this is also a sufficient condition.

Theorem 3.13 Let ® be an M x N matriz with M < N. Let
J C{l,...,N} be an index set with |J| = K < M. Let ®; be the
K -column sub-matriz of ® indexed by J. Let G = &% d; be the
Gram matriz of columns of ®;. Let the eigen values of G be \. If
there exists a number § € (0,1) such that

1-0<A<1+496

for every eigen value of G for every K column sub-matriz of @,
then ® satisfies RIP of order K.

Alternatively, let A =G — 1. If
Al <d <1
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then ® satisfies RIP of order K.

Alternatively if singular values of ®; satisfy

VI—-6<o<V1+9
for every ®; then ® satisfies RIP of order K.

ProOF. We note that eigen values of GG are related to eigen values
of A by the relation (see ?77)

Aiag—1=dr <= Ag=1+ Aa.

So
J[Alls <6 <= —0< M <d <= 1-0<)Ag<1+0.

Thus the first two sufficient conditions are equivalent. Lastly the eigen
values of G are squares of singular values of ®;, thus all sufficient

conditions are equivalent.

Now let © € ¥ be an arbitrary vector and let J = supp(z). Clearly
|J| < K. If | J| < K then augment J by adding some indices arbitrarily
till we get |J| = K. Clearly z; is an arbitrary vector in C¥ and
dxr = & ;x;. Now let A\; be the largest and A\, be the smallest eigen
value of G = ®® ;. G is Hermitian and all its eigen values are positive,

hence it is positive definite. From 7?7 we get
Mellz]|2 < oG < \|jz||3V @ € CK.

Applying the limits on the eigen values and using 27 Gx = ||® 23, we
get

(1= 0)ll=llz < ®szll3 < (1+0)l|=[l2 ¥ = € C*.
Since this holds for every index set J with |J| = K hence an equivalent
statement is

(1= 82} < 2]} < (1+6)2]3 Vo € Bxc € C.

Thus ® indeed satisfies RIP of order K with some dx not larger than
J. O
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Theorem 3.14 Let ® satisfy the RIP of order K where K < M.

Let @5 be any sub matriz of ® with k columns where k < K. Let

<I>T] be its Moore-Penrose pseudo-inverse. Then the singular values

of <I>TJ are non-zero and they are in the range given by
1 < 1

VItog — ~VI-ox

where o is a singular value of ®}.

(3.1.15)

Proor. Construction of pseudo inverse of a matrix through its
singular value decomposition is discussed in ??. 77 shows that if o is a
non-zero singular value of CI>E then % is a non-zero singular value of ® .

From corollary 3.11 we have that if % is a singular value of ®; then,

\/1—5K§§§\/1+5K

Inverting the terms in the inequalities we get our result. U

Theorem 3.15 FEigen values of G = ®7®; provide a lower bound

on 0k given by
5K 2 maX(l - )\mim )\mam - 1)

where J is some index set choosing K columns of ® and dx is the

K -th restricted isometry constant for ®.

In other words, singular values of ®; provide a lower bound on dx
given by

6k > max(l — o2, o> 1)

min> Y max ~

PRrooF. Obvious. O

In the running example, the bounds tell us that

93 > 0.7071.
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Certainly we have to consider all possible (]KV) sub-matrices ®; to come

up with an overall lower bound on 0.

This result doesn’t provide us any upper bound on .

Theorem 3.16 Let ® satisfy the RIP of order K where K < M.
Let ®; be any sub matriz of ® with k columns where k < K. Then

Pzl < V14 6klz]l2 Vo € CE (3.1.16)
Moreover
12T ylla < V1 +d0kllyll. Yy e CM. (3.1.17)

ProOOF. We note that ®; is an M x k matrix. Let o, be the largest

singular value of ®;. Then by ?? we have
||(DJZL‘||2 S O'1||ZE||2 Vx € (Ck
and
12T ylla < orllylla ¥y € CM.
From theorem 3.10 and corollary 3.11 we get

0'1§ \/1+5K.

This completes the proof. O

First inequality is essentially a restatement of restricted isometry prop-
erty in eq. (3.1.5). Second inequality is interesting. In compressed sens-
ing terms, y is a measurement vector and we are using ® to project
y back into CV over a k sparse support identified by J. The inequality
provides an upper bound on how much the length can increase during

this operation.

Theorem 3.17 Let ® satisfy the RIP of order K where K < M.
Let @5 be any sub matriz of ® with k columns where k < K. Let



3.1. RESTRICTED ISOMETRY PROPERTY 125
@T, be its Moore-Penrose pseudo-inverse. Then

| @, Yy e CM. (3.1.18)

1
< -
Yl < == 5KHyH2

Proor. We note that <I>TJ is an k x M matrix. Let oy be the largest
singular value of <I>]L,. Then by 7?7 we have

[®hyll2 < oillyll. Wy € CM.

From theorem 3.14 we see that singular values of CI>TJ satisfy the in-

equalities
; <o < ;
VItog = T V/1-0k
Thus

1
O'1<

— V1=

Plugging it in we get

|, vy € CM.

1
< -
vl < <=1l
U

In previous theorem we saw that back-projection using ®4 had an
upper bound on how much the length of measurement vector could
increase. In this theorem we see another upper bound on how much
the length of measurement vector can increase when back projected

using the pseudo inverse of ® .

Theorem 3.18 Let ® satisfy the RIP of order K where K < M.
Let ;5 be any sub matriz of ® with k columns where k < K. Then

(1 —0x)||lzll2 < |®F @ 2]l < (1 +0k)||z]2 V2 € CF. (3.1.19)

Moreover
1

|z|l2 V z € C*. (3.1.20)
ok

H —1
el < | (225) ol < 5



1263. MORE TOOLS FOR DICTIONARY AND RANDOM MATRIX ANALYSIS

PrROOF. We note that ®; is a full column rank tall matrix. We
recall that all singular values of ®; are positive and are bounded by
(corollary 3.11):

V1I-0g <op < <oy <140k

where oy, ..., 0, are the singular values of ®; (in descending order).

We note that ®4® ; is an k x k matrix which is invertible (corollary 3.9).

Now from 7?7 we get
oillzlla < [|@F @z; < off|zfl2 V¥ = € C.
Applying the bounds on o; we get the result
(1= dx)llllz < [@F @yzllz < (1+0k)||z]l2 ¥V 2 € C*.

Now from 7?7 we have the bounds for ((IDf,{ d J)il given by
1 —1 1
lalle < [ (@9,) " alls < el Ve € C-
oy Ok

Applying the bounds on o; we get the result

1

||JZ||2 Y S Ck
_5K

H -1
gl <1 (@F2) " alle < 5

U

In the sequel we will discuss that ®¥ ®x can work as a very good proxy
for the signal . The results in this theorem are very comforting in this

regard.

Theorem 3.19 Let ® satisfy the RIP of order K where K < M.
Let ®; be any sub matrix of ® with k columns where k < K. Then

(@7 ®, — Iz|ls < dx|z]| ¥ o € CF. (3.1.21)

PROOF. From theorem 3.12 we get
| D D; — 1|2 < 6 < k.
Thus since spectral norm is subordinate

(@] @, — Dzl < [|8F @) — I]o]lz]ls < dxllz]2 ¥« € C~.
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3.1.6. Approximate orthogonality

We are going to show that disjoint sets of columns from ¢ span nearly

orthogonal subspaces. This property is proved in [29].

Theorem 3.20 Let ® satisfy the RIP of order K where K <
M. Let S and T denote index sets over the columns of ® with
S|+ T < K and SNT = @. i.e. S and T are disjoint index
sets. Let g and P denote corresponding sub-matrices consisting
of columns indexed by S and T respectively. Then

|25 Drl2 < Ok (3.1.22)

where ||||2 denotes the 2-norm or spectral norm of a matriz.

Proor. Consider R = SUT. Consider the sub-matrix ®z. Con-
struct another matrix W = ®# &y —I. The off-diagonal entries of ¥ are
nothing but inner products of columns of ®. We note that every entry

in the matrix ®Z & is an entry in ¥. Moreover, @ ®r is a sub-matrix
of U.

The spectral norm of a sub-matrix is never greater than the spectral

norm of the matrix containing it. Thus
|05 s, < |04, — 1]
From theorem 3.12 the eigen values of ®Zdx — I satisfy
1-0g —1<A<1+46x—1.

Thus the spectral norm of ®2®x — I which is its largest eigen value
(see 77) satisfies
|@5 PR — Il < dk-
Plugging back we get
|25 Drll> < O
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This result has a useful corollary. It establishes the approximate or-
thogonality between a set of columns in & and portion of a sparse

vector not covered by those columns.

Corollary 3.21. Let ® satisfy the RIP of order K where K < M.
Let T C {1,...,N} be an index set and let x € CN be some vector.
Let S = supp(z). Further let us assume that K > |T'U S|. Define
R=S5\T.

Then the following holds

|07 gz < dkllzrll: (3.1.23)

where i 15 obtained by keeping entries in x indexed by R while setting
others to 0 (see definition 2.10).

PROOF. Since
Pr =) pia;
i
and x g is zero on entries not indexed by R, hence
CDZL‘R = (I)RZL'R

where on the R.H.S. 2z € Cl#l by dropping the 0 entries from it not
indexed by R (see definition 2.10). Thus we have

| P g2 = ||PF Prap2.

From 7?7 we know that any operator norm is subordinate. Thus
|07 Prarllz < |27 Prllzllwr]::
Since K > |T'U S| hence we have
R =[S\ T| < K.
Further 7" and R are disjoint. Applying theorem 3.20 we get
|7 Prllo < .
Putting back, we get our desired result

|07 Prllz < Oxllzrlle.
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3.1.7. Signal proxy

We can use the results so far to formalize the idea of signal proxy.

Theorem 3.22 Let x be a k-sparse signal Let ® satisfy the RIP
of order k + 1 or higher. Let p be defined as

p=(®"®x)|, (3.1.24)

i.e. p is obtained by keeping the | largest entries in b = ®Hdz.
Then the following holds

Iplle < (1 + 6 + k)| ]|2- (3.1.25)

PROOF. Let A = supp(x), then |A| < k. Let B = supp(p). Then

|B| <. Clearly

p = (®"®z)|, = (@7 ®2)p.
From lemma 2.20 we get

p= @gq)x.
Let C' = A\ B. Since zx is supported on A only, hence we can write
r=2xp+ Zc.
Thus from corollary 2.19 we get (B and C are disjoint)
dr = (I)BJIB + q)cl’c.

Thus we have

P = (I)g(I)B.Z'B -+ @g@cxo.
Using triangle inequality we can write

Ipllz < [|P5Ppaplle + [|[ @5 Poaclle.
Theorem 3.18 gives us
[@5Ppplls < (1+6)[|lzall2.

Since B and C' are disjoint, hence Theorem 3.20 gives us

PR Pczc|l2 < Spallzc2.
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Finally
[pll2 < (14 01+ dpa) || ]|2-

3.1.8. RIP and inner product

Let 2 and 2’ be two different vectors in CV such that their support is
disjoint. i.e. if
T =supp(z) C {1,...,N}
and
T' =supp(z’) C{1,...,N}
then TNT' = @.

Clearly

lzllo = |7
and

12'llo = 1T"].

Since the support of x and 2z’ are disjoint hence it is straightforward
that
(x,2") = 0.

What can we say about the inner product of their corresponding em-
bedded vectors ®x and $x'?

Following theorem provides an upper bound on the magnitude of the
inner product when the signal vectors x,z’ belong to the Euclidean

space RY. .This result is adapted from [8].

Theorem 3.23 For all x,2’ € RN supported on disjoint subsets
T, 7" CA{l,...,N} with |T| < k and |T| < k" we have

(P, 2a')| < O |zl (3.1.26)

where 0y 1s the restricted isometry constant for the sparsity level

k+K.
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PROOF. Let 7 = —%— and 2/ = —£_ be the corresponding unit

llzl2 [E P

norm vectors.
Then
(P, Da’) = (DT, D) |22 ]|2"]|2-
So if we prove the bound for unit norm vectors, then it will be straight-
forward to prove the bound for arbitrary vectors.
Let us assume now that x, 2’ are unit norm. We need to show that
(P, Pa')| < Op-
With the help of parallelogram identity, we have

1
(Px, Pz') = 1 ([|[ @z + @2'|3 — || Pz — P2'|3)

thus .
(P, Pa’)| = ) || @z + 2|5 — || @z — a||3].

Now
lz £ 2[5 = llz[3 + 12]13 £ 2(z,2') = [|=]3 + [|2/]l3 = 2
since x, 2’ are orthogonal and unit norm.

Thus from theorem 3.5 we have

(1 = O )l £ 2[5 < ([ @2 £ Q2[5 < (1 + G ) [l £ 2|3
(3.1.27)

= 2(1 — Opypr) < ||P2 £+ @27|)5 < 2(1 + i) (3.1.28)

Clearly the maximum value of |[®x + ®2'||3 can be 2(1 + dx4s) while
the minimum value of ||®x — ®2’||% can be 2(1 — dpqu).

This gives us the upper bound

, 1

Finally when x, 2’ are not unit norm, the bound generalizes to

(P, Dz’ < Spyw || 2]|2” |2
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O

A variation of this result is presented below:

Theorem 3.24 [17] Let u,v € RY be given and let
K = max(||u + vljo, [|u — vlo)-
Let ® satisfy RIP of oder K with the constant 6. Then
[(Du, Pv) — (u,v)| < Ik ||ull2]|v]2- (3.1.29)

This result is more general as it doesn’t require u,v to be supported

on disjoint index sets. All it requires is them to be sufficiently sparse.

PROOF. As, in the previous result, it is sufficient to prove it for the

case where ||ul|s = ||v]|s = 1. The simplified inequality becomes
|(Du, Dv) — (u,v)| < k.
Clearly
lu £ vll3 = [lullz + llvllz & 2{u, v) = 2 £ 2(u, v).
Due to RIP, we have
(1 —0g)(2 £ 2(u,v)) < [|P(uxv)|3 < (14 0x)(2 £ 2(u,v)).
From the parallelogram identity, we have

(@0, 00) = T (|00t o)}~ o —v)3).  (3130)

Taking the upper bound on ||®(u+v)||3 and the lower bound on ||®(u—
v)]|3 in (3.1.30), we obtain

(Pu, Pv) < % (14 60x)(1 4+ (u,v)) — (1 — 0 ) (1 — (u,v))).
Simplifying, we get

(Du, Pv) < (u,v) + k.
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At the same time, taking the lower bound on ||®(u+v)||3 and the upper
bound on ||®(u — v)||2 in (3.1.30), we obtain

(B, B0) > < (1= 3)(1+ () = (1+ ) (1= a,0)
Simplifying, we get
(Pu, Dv) > (u,v) — 0k
Combining the two results, we obtain
(Pu, Pv) — (u,v)| < k.
O

For the complex case, the result can be generalized if we choose a
bilinear inner product rather than the usual sesquilinear inner product.
Theorem 3.25 Let u,v € CN be given and let
K = max(||u + v|o, ||u — v||o)-

Let the complex space CN be equipped with the bilinear inner
product
(u,v)p = Re((u,v))
1.e. the real part of the usual inner product.

Let ® satisfy RIP of oder K with the constant 6. Then

[(Pu, Qv)p — (u,v) | < dkl|ull2]|v]2- (3.1.31)

PrROOF. Recall that the norm induced by the bilinear inner product

(u,v)p is the usual Iy norm since
(u,u)p = Re((u, u)) = Re([[ull3) = [[ull3-
Let us just work out the parallelogram identity for the complex case
lz£yl3=(r£y.a+y)s

- <x7I>B + <y’y>B - <x’y>B T <y’x>B
= (z,2)p +(y,y)B £ 2(x,y)5
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due to the bilinearity of the inner product.

We can see that the rest of the proof is identical to the proof of (3.24).
O

3.1.9. RIP and orthogonal projection

The first result in this section is presented for real matrices. The gen-

eralization for complex matrices will be done later.

Let A C {1,...,N} be an index set. Let ® € RM*V gatisfy RIP of

order K with the restricted isometry constant dx.
Assume that the columns of ®, are linearly independent.

We can define the pseudo inverse as

of = (dF0,) " of. (3.1.32)

The orthogonal projection operator to the column space for ®, is given
by

Py = 3,0 (3.1.33)
The orthogonal projection operator onto the orthogonal complement
of C(®4) (column space of @) is given by

Py =1-P,. (3.1.34)

Both P, and Py satisfy the usual properties like P = P and P? = P.

We further define

Uy = Pid. (3.1.35)
We are orthogonalizing the columns in ® against C(®,), i.e. taking the
component of the column which is orthogonal to the column space of

®,). Obviously the columns in W, corresponding to the index set A
would be 0.

We now present a result which shows that the matrix W, satisfies a
modified version of RIP.
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Theorem 3.26 [17] If ® satisfies the RIP of order K with isom-
etry constant é6r, and A C {1,...,N} with |A| < K, then the
matriz Wy satisfies the modified version of RIP as

)
(1= 125 ) el < ool < @+ a)lel (3130

for all x € RN such that ||z]|o < K — |A| and supp(z) N A = @.

In words, if ® satisfies RIP of order K, then ¥, acts as an approximate

isometry on every (K — |A])-sparse vector supported on A°.

PROOF. From the definition of ¥,, we have
Upx = (I — Py)Px = & — Prdu.
Alternatively
Qr = Upx + P\ Px.

Since P, is an orthogonal projection, hence the vectors Py,®x and

U,z = P{®x are orthogonal. Thus, we can write

[®x[|3 == [[PA®z|3 + | Uaz[3- (3.1.37)

We need to show that ||®x||s ~ || Waz||2 or alternatively that || Py®x||2

is small under the conditions of the theorem.

Since Py®x is orthogonal to ¥z, hence
(PrOx, Px) = (PrDx, ¥z + Py Ox)
= (Pr\®z, P\Ox) + (PrA Pz, Vpx)
= (Py®x, Py\®z)
= || Pa®z[[3.

(3.1.38)

Since Py is a projection onto the C(®,) (column space of ®,), there
exists a vector 2 € CV, such that Py®x = &z and supp(z) C A.

Since supp(z) N A = @, hence (z, z) = 0.

We also note that ||z + z|jp = ||z — 2|0 < K.
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Invoking theorem 3.24, we have

(@2, Px)| < dx|z]]2]|2][2-
Alternatively

[(Pa®z, Px)| < 0k |2]|2|z]]2-
From RIP, we have
V1= dkllzlla < [|z]];

and

V1= dklzll2 < ||z

Thus
(1 = dx)|Izll2ll[l2 < [[P2]]2][ Pz |2

This gives us

Ok

Py®x, dx)| <
(Par, @) <

[ PA® 2| D],

Applying (3.1.38), we get

0K
|Pr®elf < 125 | Pall el

Canceling the common term, we get

0K

| Pa®x|ls < 1 [Pl

0
Trivially, we have || Py®x||2 > 0.

Applying these bounds on (3.1.37), we obtain

5 2
- — [02])3 < [[az])5 < [|@z]3.
1 -9k

Finally, using the RIP again with

(L= dx)lzll3 < 10ll3 < (1+0x)lx]3

we obtain

5 2
- — (1= dx)llzll2 < Wazl3 < (1 + 0k
1 —dk
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Simplifying
o\’ 1402 — 20 — 6%
1— 1—6x) =
( (1—5K))< ) 1—0x
120k
11—k
1=k
Thus, we get the intended result in (3.1.36). O

3.1.10. RIP for higher orders

If ® satisfies RIP of order K, does it satisfy RIP of some other order

K’ > K7 There are some results available to answer this question.

Theorem 3.27 Let ¢ and k be integers and let ® satisfy RIP of
order 2k. ® satisfies RIP of order ck with a restricted isometry

constant

Ock < COog (3.1.39)
Zf C(Sgk < 1.

Note that this is only a sufficient condition. Thus if cdg, > 1 we are

not claiming whether ® satisfies RIP of order ck or not.

PrROOF. For ¢ = 1, 6, < 0. For ¢ = 2, o, < 209,. These two

cases are trivial. We now consider the case for ¢ > 3.
Let S be an arbitrary index set of size ck. Let

A=dHdg— 1.

From theorem 3.13, a sufficient condition for ® to satisfy RIP of order
ck is that

[Aflz <1

for all index sets S with |S| = ck.
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Thus if we can show that
[All2 < cdo

we would have shown that ® satisfies RIP of order ck.

We note that ®g is of size M x ck thus A is of size ck x ck. We partition

A into a block matrix of size ¢ X ¢

A A oo Ay
Aoy Ngy ... Ay

A= |72 7% 2 (3.1.40)
Acl Ac2 v Acc

where each entry A;; is a square matrix of size k X k.

Each diagonal matrix A;; corresponds to some ®X &7 — I where |T'| = k.

Thus we have (see theorem 3.12)

[All2 < 0.
The off-diagonal matrices A;; are

Aij = (ng)Q

where P and @) are disjoint index sets with | P| = |@Q| = k with |[PUQ)| =
2k. Thus from the approximate orthogonality condition (theorem 3.20

) we have

A2 < Gop.

Finally we apply Gershgorin circle theorem for block matrices (see 77).

This gives us

1A = [[Aulla] <D 141 for some i € {1,2,...,n}.
i
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Thus we have

A2 = 6] < dan
i
= [[[Allz = dk| < (¢ — 1)d
= [|All2 < 0 + (¢ — 1)dy,
= [[All2 < dop + (¢ — 1) 02,

> ||A||2 S Cégk.

We have shown that ||Alla < cdor < 1 thus o < ||All2, hence @ indeed
satisfies RIP of order ck. O

This theorem helps us extend RIP from an order K to higher orders.

Naturally if 9o, isn’t sufficiently small, the bound isn’t useful.

3.1.11. Bounds on norms of embeddings of arbitrary signals

So far we have considered only sparse signals while analyzing the em-
bedding properties of a RIP satisfying matrix ®. In this subsection
we wish to explore bounds on the /s norm of an arbitrary signal when
embedded by ®. This result is adapted from [29].

Theorem 3.28 Let & be an an M X N matriz satisfying

|®z]|2 < /I +0x|lzl|z ¥V 7 € k. (3.1.41)

Then for every signal x € CV, the following holds:

|Px]|2 < /14 6k [HxHQ &= \/%HOCHl] . (3.1.42)

We note that the theorem requires ® to satisfy only the upper bound
of RIP property (3.1.1). The proof is slightly involved.

ProoOF. We note that the bound is trivially true for x = 0. Hence

in the following we will consider only for x # 0.
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Consider an arbitrary index set A C {1,2,..., N} such that |A| < K.
Consider the unit ball in the Banach space l3(A) given by

By = {z € C"|supp(z) = A and [z, <1} (3.1.43)

i.e. the set of all signals whose support is A and whose [; norm is less

than or equal to 1.
Now define a convex body

S=convq | J By pcCV. (3.1.44)

IAI<K

We recall from 7?7 that if x and y belong to S then their convex com-
bination fx + (1 — #)y with § € [0,1] must lie in S. Further it can be
verified that S is a compact convex set with non-empty interior. Hence

its a convex body.
Consider any = € By' and y € B)?.

From (3.1.41) and (3.1.43) we have

[Pz < V14 dkllzfl < V1+ 0k

and

|1Pyll2 < V14 0k|yllz < V1+ 0k
Now let

z =0z + (1 —0)y where 6 € [0,1].
Then

2]z = |0z + (1 = Q)ylls < Ol|z|ls + (1 —0)||yllo <0+ (1—0) =1.
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Further
[®z]l2 = [|P(0x + (1 — O)y)]|2

< [[®0zl2 + [|2(1 - O)y

= 0[|Pxll2 + (1 - 0)[| Py

<OV1+ 0k +(1—0)/1+ 6k
<V1+0k.

It can be shown that for every vector z € S we have ||z||z < 1 and

| Pzl < V1+ 0k

We now define another convex body

= {a: xlle + \/—Hle < 1} c cV. (3.1.45)
We quickly verify the convexity property Let x,y € I'. Let
z=0x+ (1 —0)y wheref € 0,1].
Then

1]l + zlh

\/—H

= [0z + (1= 0)yll> + (1= 0)yllx

\/_||0x—|—
< Ollella + (1 — O)lylls + ﬁ\|x||1 . %Hyul

y {HxHQ + \/—HaﬁHl] (1-0) [”y”Q * \/_Hyul]
<O+ (1-0)=1.

Thus z € I'. This analysis shows that all convex combinations of
elements in I" belong to I'. Thus I' is convex. Further it can be verified
that I is a compact convex set with non-empty interior. Hence its a
convex body. For any 2 € CV one can find a y € I" by simply applying
an appropriate non-zero scale y = cx where the scale factor ¢ depends

on xr.
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For a moment suppose that I' C S. Then if y € I' the following are

true:
||?/||2 + ,_||y||1 <1

and

|Pyll2 < /14 0k

Now consider an arbitrary non-zero x € CV. Let

1
o= ||x|ls + —=||x
ol + =l
Define
1
y=—x
«Q
Then

Thus y € I and
[@yll2 < m
<V1+0k
2
— [ bally < /1 ¥ dra
— bl < I bx (nxuz + el

which is our intended result. Hence if we show that I' C S holds, we

1
— H@—x
«

(3.1.46)

>Vx€(CN

would have proven our theorem. We will achieve this by showing that

every vector x € I' can be shown to be a convex combination of vectors

in S.

We start with an arbitrary = € I'. Let I = supp(z). We partition [
into disjoint sets of size K. Let there be J + 1 such sets given by

J
=7

J=0
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Let Iy index the K largest entries in x (magnitude wise). Let I; be
next K largest entries and so on. Since |I| may not be a multiple of

K, hence the last index set I; may not have K indices. We define
, x(i) ife e [
U S
0 otherwise.

Thus we can write

J
T = Zl‘[j.
=0
Now let .
6, = ||:U[j||2 and y; = —x,.

0.

J
We can write

J
r=) 6y
=0

In this construction of  we can see that 1 >0y > 6; > --- > 6; > 0.

Also y; € S since y; is a unit norm K sparse vector eq. (3.1.44).

We will now show that ) ; ¢; < 1. This will imply that z is a convex
combination of vectors from S. But since S is convex hence = € S.
This will imply that K C S. The proof will be complete.

Pick any j € {1,...,J}. Since zj, is K-sparse hence due to lemma 2.16

we have
0; = llz1ll2 < VK|, l|o-

It is easy to see that I;_; identifies exactly K non-zero entries in x and
each of non-zero entries in zy, , is larger than the largest entry in z,

(magnitude wise). Thus we have
ez lhi= ) J2il > ) lleglls = Kllog |l
1€l i€lj_1
Thus
lzz;lleo < Sl [l

Combining the two inequalities we get

1
0; < \/—E||931j71||1-
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This lets us write

J J 1 1
0. < — |z, < —||lx
jzl J —;\/?H I]—1||1— \/?H ||1

since

J J
lzlh = Nzl 2 ) Nl
j=0 Jj=1

Finally
0o = ||lzpll2 < [z]]2.

This gives us the inequality

J

1
Y 0 <zl + —=lalh <1
j=0 K

since x € I'. Recalling our steps we can express = as

xr = ijj

where y; € S and ) 6; < 1 implies that = € S since S is convex. Thus

I' ¢ S. This completes the proof.

3.1.12. A general form of RIP

A more general restricted isometry bound can be for an arbitrary ma-

trix ® can be as follows

allzl3 < 1ozl < Bl (3.1.47)

where 0 < a < 8 < o0.
Its straightforward to scale ® to match the bounds in (3.1.1).
Let5K:§*Tg. Thenl_(;K:aQ—fﬁandl%—éK:a?_&'

Putting in (3.1.1) we get
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2 20
|3 < @23 < ——
a+ a+p

a+
= allzll; < [\ —5 =2l < Bll=ll;

Thus by multiplying ® with 1/2/(a + ) we can transform the more
general bound to the form of (3.1.1).

(13

3.1.13. Finding out RIP constants
Definition 3.3 The optimal value of RIP constant of K-th or-

der dx denoted as dj can be obtained by solving the following

optimization problem.

minimize g
0<dk<1

subject to (1 — (5K)HxH§ < HCIDxH% < (1+ (5K)H:UH§ Vazxelg.
(3.1.48)

Off course this problem isn’t easy to solve. In fact it has been shown

in [3] that this problem is NP-hard.

3.1.14. RIP and coherence

Here we establish a relationship between the RIP constants and coher-

ence of a dictionary.

Rather than a general matrix ®, we restrict our attention to a dic-
tionary D € CN*P. We assume that the dictionary is overcomplete
(D > N) and full rank rank(D) = N. Dictionary is assumed to satisfy

RIP of some order.

Theorem 3.29 Let D satisfy RIP of order K. Then
ok < (K —1)u(D). (3.1.49)



1463. MORE TOOLS FOR DICTIONARY AND RANDOM MATRIX ANALYSIS

PrROOF. We recall that dx is the smallest constant ¢ satisfying

(1= 9)lll3 < Dzl < X +9)|l23 V€ Zk.
Let A be any index set with |A| = K. Then
1Dzl = [Dazall3 ¥ @ € C*.
Since D satisfies RIP of order K, hence D, is a sub dictionary.
We recall that
(1= (K = D)ol < [IDavll} < (1 + (K = D) Joll3.

Since dx is smallest possible constant, hence

1+0x <1+ (K —-1)pu = dxg < (K —1)u(D).

3.2. Johnson Lindenstrauss theorem

Consider a high dimensional Euclidean space RY. We are talking about
thousands to millions of dimensions. For example, an HD image has
1080 x 1920 = 2073600 pixels. Consider a finite set of points S in this
space. Now consider another Euclidean space RM with much lower
dimensionality (i.e. M < N). Map the points in S into this subspace
through some mapping f : RY — RM. Is it possible to approximately
preserve the distances between the points in S while mapping to the

subspace?

More specifically, the objective is to find out a mapping f : RN — RM
such that for any x,y € S, the following holds

(1=l — 93 < 1F@) — FOIR< A+l —yl} (B2
where § € (0,1).
For example if § = 0.1 And let ||z — y||2 = d*>. Then we want
0.94% < || f(x) — f(y)3 < 1.1

for a suitably chosen M and f : RV — RM,
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We call such a map f a low distortion embedding of the data set

S from the ambient space RY to a lower dimensional space RM.

It may not be feasible to enforce this bound for all values of M < N
but if we can find a suitable M < N, then we can reduce our high-

dimensional data set S to a much lower dimensional data set f(.59).

Since such a mapping guarantees that distances between points in our
data set are approximately preserved, hence many of inferencing tasks
can still be computed with the embedded data set. Carrying out such
tasks with the original high-dimensional data set might be compu-
tationally infeasible, yet doing the same with the lower dimensional
dataset might be much more computationally tractable in specific ap-

plications.

The Johnson-Lindenstrauss theorem (JL theorem in short) provides us

In K
52

be found. In this section we will gradually develop the JL theorem.

specific guarantees that if M = (’)( ), then such a map f can indeed

The development in this section closely follows [16].

We first state the theorem.

Theorem 3.30 For any 0 < 6 < 1 and any integer K, let M be a

positive integer such that
52 o\

Then for any set S of K points in RN, there is a map f : RN — RM
such that for all z,y € S, the following holds:

A=)z —ylz < If(@) = fWIE < @ +0)llz -yl (3.2.3)

Furthermore, such a map can be found in randomized polynomial

time.

The theorem doesn’t specifically require M < N. Rather, it doesn’t

even care much about the dimension of ambient space N. The bound



1483. MORE TOOLS FOR DICTIONARY AND RANDOM MATRIX ANALYSIS

on M depends on the required ¢ and number of points in the set S
given by K = |S].

fig. 3.1 shows how the required dimension of subspace R varies w.r.t.

the number of points in S given by K = |5].

Required subspace dimension w.rt number of points
R i L T HE

10000

4000

anon

7000

6000

= S000F---

4000

anon

2000

1000

FiGure 3.1. Required subspace dimension M for K

points for restricted isometry constant ¢

Let us more closely look at specific set of numbers for 6 = 0.1.

= 2, M=595
= 5, M=1380
= 10, M=1974
= 20, M=2568
= 50, M=3354
= 100, M=3948
= 200, M=4542
= 500, M=b327

~ XN )N "X )" " =X
|



3.2. JOHNSON LINDENSTRAUSS THEOREM 149

= 1000, M=5921
= 2000, M=6516
= 5000, M=7301

10000, M=7895
= 20000, M=8489
= 50000, M=9275
= 100000, M=9869

N X )N "X )" X
I

As we can see for 6 = 0.1, when the number of points is small, required
M tends to be quite high. But as K increases, M increases only loga-
rithmically. So if we have 100 thousand images in the ambient space of
2 million pixels, we can map it to a Fuclidean subspace of dimension
M = 10000 while still preserving distances (squared) between those
images within 10% variation. Such a dimensionality reduction could

be a huge time and space saver in applications like face recognition.

In the sequel we will develop the proof of this theorem through fairly

standard line of reasoning based on concentration of measures.

Let X1,..., Xy be N independent Gaussian N(0, 1) random variables

constituting a random vector
X =(Xy,..., XnN). (3.2.4)

Let
X

112

= (Y1,...,Yn). (3.2.5)

Clearly ||Y|l2 = 1. Thus Y is a point on the surface of the unit hyper-
sphere in RY. It can be shown that Y follows a uniform distribution

over the surface of unit hypersphere.

We note that by symmetry of design Y; are identically distributed.
Thus we have
E(Y?) = E(Yy) = - = E(Yy).

But Y ¥;? = 1. Hence we have

1
E(Y?) = N
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Let Z € RM be the projection of Y onto its first M coordinates. i.e.

Z=M,...,Yu). (3.2.6)
Let
L=|Z|3=Y 4+ - +Yy. (3.2.7)
Clearly
pw=E(L) = % (3.2.8)

The following lemma shows that L is also fairly tightly concentrated

around /.
Lemma 3.31 Let M < N. Then

(1) If < 1, then

(1= g)M N7z
N-M )

P[Léﬂj\]\{]ﬁﬂjg(ﬂr SeXp(]‘j(l_ﬁHnm)
(2) If B> 1, then (3.2.9)
(1_/3)]\4>(N—M)/2

P[Lz#‘]ﬂ < B <1+ - < exp (1‘24(1—/3+1n6>)

(3.2.10)

Above we have shown that when a random unit norm vector has been
projected to a fixed M dimensional subspace, its length concentrates
M

strongly around its mean .

Now consider the problem of projecting a given unit norm vector = to
a random M-dimensional subspace V. Choose an orthonormal basis
for RY such that each point in the subspace V can be expressed as
(v1,...,0p,0,...,0). Since the subspace V is randomly chosen, hence
the corresponding orthonormal basis is also randomly chosen, thus in
this basis the original vector x can be expressed as a random unit
norm vector and the projection into V' is same as picking up the first
M elements of representation of x in this basis. Thus the two problems

above are equivalent.
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Hence, if a unit norm vector z € R¥ is projected to an arbitrary M-

dimensional subspace then the squared length of its projection has a

mean p = % and it strongly concentrates around its mean.

We are now ready to complete the proof of JL. theorem.

ProoFr. We are given that

e )c(0,1)
e M satisfies the following inequality

2 3\ —1
M24(5——6—) In K.
2 3

We need to find a map f : RY — RM and show that with this map
1=z =yl < lIf(x) = fFWIE <A +)lz -yl (3.2.11)
holds for every x,y € S.

We note that if = gy, then this bound holds trivially. Thus we need

to consider only those cases where x # .
We will construct f as a linear mapping.

If M > N, then the theorem is trivial. For any point x € S, let x be
given by
r=(x1,...,TN).

We define v = f(x) by the rule

v=(x1,...,2n,0,...,0).

This mapping trivially preserves all distances with 6 = 0.

For M < N, we consider a randomly chosen M-dimensional subspace

V of RY.
Let elements of S be given as

S:{Sl,...,SK}.



1523. MORE TOOLS FOR DICTIONARY AND RANDOM MATRIX ANALYSIS

The required bounds on length in this theorem can be restated as
2

< (1+49)
2

R e

which should hold for every pair (s; € S,s; € S) with ¢ # j.

Let
T = 8; — ;.
and
_ oz (si—s))
lzlla  [lsi — sjlle

We can rewrite the required bounds as
(1=0) <Ilfyl; <1 +9)
for some fixed unit norm vector y as defined above.

Thus we are considering the problem of distribution of the length
squared of projection of a fixed unit norm vector on to a randomly

chosen M-dimensional subspace.
Let Py be the orthonormal projection matrix for the subspace V.

Let v; € V' be the projection of s; € S. i.e.

V; = PvSi.
We define
L = |lv; = v;ll3 = || Pvs; — Pysjll; = | Prll3
and \ \
p= g llsi = sl = Sl
Let

Z:PVy

be a random vector.

Let
f=(1-¢)<1.
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M
JEEES

Now

M
P (IlalazI? < 63 o12)

(I1Pval3 < Bu)
(L<(—=0)u).

P
P

Applying previous lemma we have:

P[L < (1 — 6)u] < exp (%(1 — (1—6)+In(1— 5)))

son (3o (1+5))) (4

1
<exp(—2InK) = e

In 2nd line we use the property that

In third line we go as follows

2 -1
Mo > (1—§) In K

4 2 3
where
0<(5<1:>1 5<1:> ! 5_1>2
2 3 2 2 3
Thus
M2
5>21nK
4
hence
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Again
M N
PllZI2<B— ) =P —||Z|2 <
(1218 < 5% ) =2 (570218 < )
¥ 2
=P —7Z|| <
2| =P
2
¥ 2
=P —Z|| <
2| =5
2
¥ 2
=P — P <
M vyl <P
2
¥ 2
=P MPVZE < 5”95”3
2
~ 2
=P (|l 57 P (s = s)|| < A= 0)llsi— 55l
2
So we choose
N
_JNp 3.2.12
f Y ( )

and establish that

1

P(lf(s:) = F(s5)ll3 < (1= 0)llsi = s55) < 7

Similarly we apply 2nd part of previous lemma for § = 1 + ¢ and use
the inequality

5(,‘2 Ig
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P(L>(146)u) <exp (%(1 —(1+0)+In(1+ 5)))

(3 (o (-5-9))

e <_M(52 /22— 5 /3))

1
<exp(—2InK) = 7ol

Thus the probability that the constraint

(1= 0)llsi — 5515 < 1F(si) = f(s)]13 < (1 + ) |lsi — 513
is not satisfied is at most %
Number of possible pairs (s;, s;) is (12()

Thus the probability that one or more pairs suffer a large distortion is

K><2—1 1
2 K2 K

Hence the probability that f has the desired properties for approximate

at most

distance preservation is at least %

Randomly choosing the M-dimensional subspace O(K) times can boost
the probability of finding the right f with the desired properties to
the desired constant, giving the claimed randomized polynomial time

algorithm for finding the map f. U

In the following we present a simple randomized algorithm for finding

the desired mapping.

(1) Compute M based on given ¢ and K.
(2) Construct a Gaussian random matrix G of size N x M.
(3) Using Gauss-Schmidt orthonormalization, orthonormalize the

columns of G to construct P.

(4) Define f = \/gp’_
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(5) Compute f(s;).

(6) Verify that approximate distance preservation constraints are
met.

(7) If yes, then return f as the desired mapping.

(8) Otherwise go back to step 2.

3.3. Stable embeddings

Stable embeddings are a generalization of the idea of restricted isometry

property. The discussion in this section is largely based on [18].

Definition 3.4 Let § € (0,1) and U,V C C¥ be any two arbi-
trary sets. We say that a mapping ® : CV — CM is a -stable
embedding of (U, V) if

(1—0)|lu—v]5 < |®u— Pvfl3 < (14 6)[lu— |3 (3.3.1)
holds for all w € U and for all v € V.

A mapping satisfying this property is also called bi-Lipschitz.

Example 3.2: RIP as stable embedding A matrix satisfying RIP
of order 2K is equivalent to being a dyx-stable embedding of (X k, X k)

or of (3ag,{0}).
Let & satisfy RIP of order 2K. Then we have

(1= darc)l|2ll3 < 1023 < (1 + darc) |12
for every x € Yok with doie € (0,1).

Now let U = ¥ and V = Y. Clearly for every u € U and every
v €V, we have (u—v) € Xag.

Thus we have
(1= 0ap)Ju — 0|3 < |Pu — Do|5 < (14 o) lu — vlf3

for all w € U and for all v € V.
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Thus ® is a dyi-stable embedding of (X, Xk).

Similarly if U = Y9k and V' = {0}, then for every uw € U and every
v € V, we have (u—v) = u € ¥oi. Following the logic above, ¢ is a
darc-stable embedding of (Xof, {0}). O

Example 3.3: Stable embedding of sparse signals in an or-
thonormal basis Let U be some orthonormal basis in CV. We define

the set of K-sparse signals in U as
U(Yk) ={z:2 = Va with ||a|s < K}. (3.3.2)

The set of 2K-sparse signals in ¥ will naturally be

U(3ak) ={x: 2 = VYa with ||afy < 2K}. (3.3.3)
Now let X = ®¥ be a matrix which satisfies RIP of order 2K. Then
® is a dgx-stable embedding of (V(Xk), ¥(Xk)) or (V(Xak), {0}).

PROOF. Let U = VU (Xg) and V = U (Zg).
Let w € U and v € V be some arbitrary vectors. Then there exist
a, B € Y such that
u=VYa, v="Ug.

With this a — /B S ZQK.
Since X satisfies RIP of order 2K, hence

(1= dar) o = BlIz < X (e = B3 < (1 + Gar) o = B3

Since an orthonormal basis preserves [y norms and distances hence
lu =[5 = lla = B]l3.
Also
Xa—=p)=dV(a—p)=d(Va—TS) =P(u—0).
Putting these back we get

(1= ax)|lu = vlf5 < ||Pu— Pv||3 < (1 + bor)||u — v]]3.
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This establishes that ® is a dyx-stable embedding of (V(X k), ¥(Xk)).

Similar exercise establishes that @ is a do-stable embedding of (¥(X2x), {0}).
U

O

We now provide a number of results related to stable embeddings.

3.3.1. Stable embeddings of finite sets of points

Consider the simple case where U and V are finite set of points in CV.

Let a = |U| and b = |V| be the number of elements in U and V

respectively.

Thus

U={uy,...,u.}
and

V ={v,...,u}.

Lemma 3.32 Let U and V be finite sets of points in CN. Fix
5,6 €(0,1).

Let ® be an M x N random matriz with i.i.d. entries chosen from

a subgaussian distribution.

If
WUV +1n (2) -
- c? (3:34)
then with probability exceeding 1 — B, ® is a d-stable embedding of

(U, V).

3.3.2. Stable embeddings of K dimensional subspaces

We now consider the case where U = X is a K-dimensional subspace
of CN and V = {0}.
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Thus we wish to obtain a ® that nearly preserves the norm of any

vector x € X.

So rather than working with a finite set, here we have an uncountable

set in hand.

Following lemma states the conditions under which this can be achieved.

Lemma 3.33 Suppose that X is a K -dimensional subspace of C.

Fiz §,5 € (0,1).

Let ® be an M x N random matriz with i.1.d. entries chosen from

a subgaussian distribution.

If
Kln (45—2) + In <%>

M > 2
- cH?

(3.3.5)

then with probability exceeding 1 — B, ® is a §-stable embedding of

(X, {0}).

We can extend this result beyond a single K-dimensional subspace

to all possible K dimensional subspaces that are defined w.r.t.

orthonormal basis W.

Lemma 3.34 Let ¥ be an orthonormal basis for CV. Fiz 6, €

0,1).

an

Let ® be an M x N random matrix with i.i.d. entries chosen from

a subgaussian distribution.

If

Kln (‘%;N) +In (%)

M > 2
cH?

(3.3.6)

then with probability exceeding 1 — 3, ® is a d-stable embedding of

(¥ (Xk),{0}).
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3.4. Spark

We present some advanced results on spark of a dictionary.

3.4.1. Upper bounds for spark

Whenever a set of atoms in a dictionary are linearly dependent, the
dependence corresponds to some vector in its null space. Thus, iden-
tifying the spark of a dictionary essentially amounts of sifting through
the vectors in its null space and finding one with smallest - “norm”.
This can be cast as an optimization problem:
minimize lvllo

(3.4.1)
subject to Dv = 0.

Note that the solution v* of this problem is not unique. If v* is a
solution that cv* for any ¢ # 0 is also a solution. Spark is the optimum

value of the objective function ||v||o.

We now define a sequence of optimization problems for £k =1,...,D

minimize  ||vo

§ (Rx)
subject to Dv =0,v, = 1.

The k-th problem constrains the solution to choose atom d;, from the

dictionary. Since the minimal set of linearly dependent atoms in D will

contain at least two vectors, hence spark(D) would correspond to the

optimal value of one (or more) of the problems (Ry).

Formally, if we denote vg’* as an optimal vector for the problem (Ry),
then

o o . . 0,%
spark(D) = m%gk?zl)ze”% llo- (3.4.2)
Thus, solving (3.4.1) is equivalent to solving all D problems specified
by (Rj) and then finding the minimum [y- “norm” amongst them. The

problems (?;) are still computationally intractable.
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We now change each of the lp-“norm” (R;) minimization problems to
[1-“norm” minimization problems.
minimize ||v||;
v

. (Qk)
subject to Dv = 0,v; = 1.

Let us indicate an optimal solution of (@) as v,i’*. Since Dv;’* = 0,

hence v,* is feasible for (Rj). Thus,

o llo < Ifvy”

0-
This gives us the relationship

< minimize||v:™|[o. A.
spark(D) < mllgllcrél})zeﬂvk llo (3.4.3)
We formally state the upper bound on spark(D) in the following theo-
rem [20].

Theorem 3.35 Let D be a dictionary. Then

< o o 0 17* 4.
spark(D) < mlzglig%zeﬂvk llo (3.4.4)

where v,i’* is a solution of the problem (Qy).

3.5. Coherence

In this section we develop some advanced bounds using coherence of a

dictionary.

As usual, we will be considering an overcomplete dictionary D € CNV*P
consisting of D atoms. The coherence of D is denoted by (D). In short
we will simply write it as p. A sub-dictionary will be indexed by an

index set A consisting of linearly independent atoms.

Theorem 3.36 Suppose that (K —1)u < 1 and assume that |A| <

K. Then ]
1D} ll2-s00 < | (3.5.1)
1—(K—-1)p
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g T 1
Equivalently, the rows of D) have ly norms no greater than Tk

PROOF. We recall that the operator norm || D} ||o—,s computes the
maximum J, norm among the rows of Di. TODO COMPLETE ITS
PROOF. O

Definition 3.5 [20, 13] Let G = DD be the Gram matrix for
dictionary D. We define ji1/2(G) as the smallest number m such
that the sum of magnitudes of a collection of m off-diagonal entries

in a single row or column of the Gram matrix G is at least %

This quantity was introduced in [20] for developing more accurate
bounds compared to bounds based on coherence. At that time the
idea of Babel function was not available. A careful examination re-

veals that ju;/2(G) can be related to Babel function.

Theorem 3.37 [20]

pi12(G) > o (3.5.2)

PROOF. Since p is the maximum absolute value of any off diagonal

term in G = DD, hence sum of any m terms, say T, is bounded by
T < mpu.

Thus
T > = - > L = m > !
= m = m > —.
=2 H=3 =24
Since fi1/2(G) is the minimum number of off diagonal terms whose sum

exceeds 1/2, hence
1
G)>—.
Ml/z( ) > 2
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Theorem 3.38 [20]
spark(D) > 2p12(G) + 1. (3.5.3)

PRrROOF. Let h € N (D). Then
Dh=0 = Gh=D"Dh=0.
Subtracting both sides with h we get
Gh—h= (G —1)h=—h. (3.5.4)

Let A = supp(h). By taking columns indexed by A from G — I and

corresponding entries in h, we can write:
(G — I)phy = —h.
Taking [, norm on both sides we get
[h]lsc = (G = T)ahall-
We know that
(G = Dahallee < (G = D)alloollhialloc
and it is easy to see that:
1A lloe = {172l

Thus
[Alloo < (G = Dalloo P/l o

This gives us
(G = Dalls = 1.

But ||[(G — I)a||s is nothing but the maximum sum of magnitudes of

off diagonal entries in GG along a row in Gj.

Consider any row in (G — I),. One of the entries in the row (on the
main diagonal of G — I) is 0. Thus, there are a maximum of |[A| — 1

non zero entries in the row.
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A is smallest when |A| = spark(D). For such a A, there exists a row
in G such that the sum of spark(D) — 1 off diagonal entries in the row

exceeds 1.

Let n denote the minimum number of off diagonal elements on a row
or a column of GG such that the sum of their magnitudes exceeds one.
Clearly
spark(D) — 1 > n.
It is easy to see that
n > 2415(G)

i.e. minimum number of off diagonal elements summing up to 1 or
more is at least twice the minimum number of off diagonal elements
summing up to % or more on any row (or column due to Hermitian
property). Thus

spark(D) — 1 > 241 2(G).
Rewriting, we get

spark(D) > 2u1/2(G) + 1.

3.6. Babel function

In this section we develop further results on Babel function.

We start with a more general development of Babel function for a pair

of dictionaries.
When we consider a single dictionary, we will use D as the dictionary.

When considering a pair of dictionaries of equal size, we would typically
label them as ® and ¥ with both ®, ¥ € CY*P. We will assume that

the dictionaries are full rank as they span the signal space C.

Why a pair of dictionaries? We consider ® as a modeling dictionary

from which the sparse signals

T~ da
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are built.

U on the other hand is the sensing dictionary which will be used to
compute correlations with the signal x and try to estimate the approx-

1mation c.

Ideally, ® and ¥ should be same. But in real life, we may not know ®

correctly. Hence, ¥ would be a dictionary slightly different from &.

3.6.1. p-Babel functions
See [25] for reference.

Definition 3.6 Consider an index set A C {1,..., D} indexing a
subset of atoms in ® and W. The p-Babel function over A is
defined as

/‘LP(CI)7\I/aA) = sup (Z |<¢ja¢l>|p) 0 (361)
l¢A jeh
What is going on here?

Consider the row vector
vl =D,

This vector contains inner products of modeling atoms in ® indexed

by A with the sensing atom 1/;.

Now

LA
[un

o', = <2i:|vﬁ-!p> = <Z|<¢j,wz>lp>p

jeA
This is the term in (3.6.1). Thus
1, 0, A) = supll
I¢A

[0']|, is a measure of correlation of the sensing atom v; with a group

of modeling atoms in ® indexed by A.
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(@, W, A) attempts to find out a sensing atom from ¥ outside the
index set A which is most correlated to the group of modeling atoms

in ® indexed by A and returns the maximum correlation value.
Different choices of p-norm lead to different correlation values.

We can also measure a correlation of sensing and modeling atoms inside
the index set A.

Definition 3.7 A complement to the p-Babel function measures

the amount of correlation between atoms inside the support A:

i (@, W, A) 2 sup gy (P, T, AN {3}) (3.6.2)
1€

pp(Pa, WA, A\ {i}) computes the correlation of i-th sensing atom in
U with the modeling atoms in ® indexed by A\ {i} i.e. all modeling
atoms in A except the i-th modeling atom.

;n
inside A with modeling atoms inside A (leaving the corresponding mod-

Finally p*(®, ¥, A) finds the maximum correlation of any sensing atom

eling atom).

So far, we have focused our attention to a specific index set A. We now
consider all index sets with |A| < K.

Definition 3.8 The Babel function for a pair of dictionaries ®

and ¥ as a function of the sparsity level K is defined as

IUP(CD>\117K) = sup Mp(q)vqj7A) (363)
IAl<K

Correspondingly, the complement of Babel function is defined as

(@, 0, K) £ sup pi*(®, T, A). (3.6.4)
IAI<K

REMARK. It is straightforward to see that

(9,0, K) < 11, (®, 0, K — 1), (3.6.5)
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Now consider the special case where D = & = V. i.e. the sensing and

modeling dictionaries are same.

We obtain

B =

11,(D, A) = sup <Z| ) . (3.6.6)

A \Sea

1, (D, A) = sup jip (Do, A\ {i}). (3.6.7)
pp(D, K) = jﬁ%’“‘?’(p’/\)' (3.6.8)
(D, K) = ‘Zug(u (D, A). (3.6.9)

Further by choosing p = 1, we get

1(D, A) = sup <Z| d;, dy) ) . (3.6.10)

IEA JEA

WD, A) = su}\) p1Da, AN\ {i}. (3.6.11)
1€
w1 (D, K) = sup ui(D,A). (3.6.12)
[AI<K
(D, K) = sup pi"(D,A). (3.6.13)
IA|<K

Finally compare this definition of p (D, K') with the standard definition

of Babel function as

w1 (K) = max maXZ| W, dy)], (3.6.14)

IAl=K

where the vector 1 ranges over the atoms indexed by € \ A.
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We also know that p;(K) is an increasing function of K. Thus, replac-
ing |A| = K with |A| < K doesn’t make any difference to the value of

i1 (K).

Careful observation shows that the definitions of y; (K) in (3.6.14) and
p1(D, K) in (3.6.12) are exactly the same.

3.7. Exact recovery coefficient

In this section we will develop a measure of similarity between a sub-

dictionary and the remaining atoms from the dictionary.

As usual, D is our dictionary A indexes a linearly independent set of

atoms giving a subdictionary Dj.

Definition 3.9 The Exact Recovery Coefficient [34, 35, 37]

for a subdictionary D, is defined as
ERC(Dy) =1 — m¢a/i<||Dj\de1. (3.7.1)

We will also use the notation ERC(A) when the dictionary is clear

from context.

The quantity is called exact recovery coefficient since for a number of
algorithms the criteria ERC(A) > 0 is a sufficient condition for exact

recovery of sparse representations.

3.7.1. ERC and Babel function
We present a lower bound on ERC(A) in terms of Babel function.

Theorem 3.39 Suppose that |A| = k < K. A lower bound on
Ezact Recovery Coefficient is
1= (K = 1) = m(K)

ERC(A) > —1 =~ 3

(3.7.2)
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It follows that ERC(A) > 0 whenever
(K = 1) + p(K) < 1. (3.7.3)

PROOF. Let us expand the pseudo-inverse Dj\.

‘ (DHD,) ' DHd,

Dhd,ll, =
glgfll Aot max X

—1
< || (PD2) " lhosimax D .

For the Gram matrix G = D¥D, we recall that:

1 1
G Y < < :
| ||1—1—u1(/<—1)—1—u1(K—1)

For the other term we have
max|[ Dy dufly = max d  [(du, )| < (k) < (K.
AEA

Thus, we get

p1 (K)
(K —1)

Did,|: <
glgf” Aol < 7=

Putting back in the definition of Exact Recovery Coefficient:

1 (K)
1= (K —1)

ERC(A) = 1 — max|[Dydufl = 1 -

This completes the bound on ERC. Now, we verify the condition for
ERC(A) > 0.

i (K) + (K —1) <1 <= ju(K) <1— (K —1)

i (K)
= 1— (K —1) <!
i (K)
<= 1_1—M1(K—1) > 0.

Thus, if py(K) + pi (K — 1) < 1, then the lower bound on ERC(A) is
positive leading to ERC(A) > 0. O
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3.7.2. ERC and coherence
On the same lines we develop a coherence bound for ERC.

Theorem 3.40 Suppose that |A| = k < K. A lower bound on
Exact Recovery Coefficient is
J1-QK-1p

E A . 7.4
It follows that ERC(A) > 0 whenever
1
Kp < 5 (3.7.5)

PRrROOF. Following the proof of theorem 3.39 for the Gram matrix
G = DD, have:
< < 1
T lem(K-1) T 1= (K=

For the other term we have

16—

mﬁ(”Dfdel < m(K) < Kp.

Thus, we get
Kp
Dld, |, < ——F——.
ISQK(H A ||1_1_(K_1)M
Putting back in the definition of Exact Recovery Coefficient:
K 1-(2K -1
ERC(A) > 1 po o 1=d Ju

11— (K—-Dp  1—(K—1Du’
This completes the bound on ERC. Now, we verify the condition for
ERC(A) > 0.

1
Ku§§ — 2Kkp<1l = 1-2Kp>0 = 1 —-2Ku+p>0.
And

1 1 1

Thus Kp < % ensures that both numerator and denominator for the

coherence lower bound on ERC(A) are positive leading to ERC(A) >
0. U
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A more accurate bound on K is presented in the next theorem.

Theorem 3.41 ERC(A) > 0 holds whenever

K < % (1 + %) (3.7.6)

where K = |A|.

PROOF. Assuming 1 — (K — 1)u > 0, we have

1—(2K Vi
(K=~
<:>1—(2K— w>0

)
—1>02K-1)u

1
—2K-1< —
ol

1 1
<:>K<—(1+—).
2 7

From theorem 3.40, we have

1— (2K — 1)p
ERC(A) 25— e

Thus under the given conditions, we have
ERC(A) >0
We also need to show that under these conditions

1—(K—-1)u>0.
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1
2K — 1< —
W
1
— 2K -2<——1
W
= 2K—-—Nu<l—p

= —(K—l)u>g—

DN | —

|
=¢L4K—Uu>§+g

— 1— (K —-1)u>0.

O
3.7.3. Geometrical interpretation of ERC
Definition 3.10 The antipodal convex hull [35] of a subdic-
tionary D, is defined as the set of signals given by
A1(A) = {Daz : 2 € C* and ||z|; < 1}. (3.7.7)

It is the smallest convex set that contains every unit multiple of every

atom.

We recall that Py, = DAD/T\ is the orthogonal projector on to the column
space of Dy. Therefore ¢, = Dkdw € CA is a coefficient vector which

can be used to synthesize this projection. In other words:
Ppd,, = Dy\Dld, = Dyc,.

Thus, the quantity 1 — HDj\dwﬂl measures how far the projected atom
Pyd,, lies from the boundary of A;(A).

If every projected atom lies well within the antipodal convex hull, then
it is possible to recover superpositions of atoms from A. This happens
because coefficient associated with an atom outside A must be quite
large to represent anything in the span of the subdictionary whenever
ERC(A) > 0.
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3.8. Digest

This section summarizes results in this chapter.

3.8.1. Restricted Isometry Property

Restricted isometry property and RIP constants:

(1 =03 < 1923 < (1 + 0x)l|2[l3 ¥ o € k.
where ® € CM*N K < M < N.
RIP constants are non-decreasing:

0r < 6; whenever k < [.

First restricted isometry constant:

1-61 <|ojl3<1+6 VI<j<N.
Sums and differences of signals:
(1 = de)lle £ yl3 < [Pz + yl3 < (1 + Spra) |l £ ylf3-

Approximate preservation of distances:

(1- 52K)d2(x,y) < d2(¢’x, Py) < (1 + bax)d*(z, ).

RIP using unit length K-sparse vectors:
(1—0k) < [[®z]l5 < (1+ k)
We now consider sub-matrices of ® identified by and index set J C {1,
|J| =k < K.
Eigen values of Gram matrices: Let A be an eigen value of @7 ®;

1—0g < A<1+6k.

Singular values: Let o be singular value of ®;. Then

V16 <o <\/1+ k.

Spectral norm:

@Y ®; —I|lz =] — 2T P 2 < bk.

173

..., N} with
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Sufficient condition for verifying RIP: The eigen value bounds of Gram matrices
are also sufficient conditions for verifying RIP of a matrix ®.

‘noular values t.
Singular values of ®: . )

Vitor S ik
Upper bound on norm of mappings for ®; and @If:
[@zlls < V/1+6kllz]> Vo e C.
1@Hylls < V1+0kllyle Yy e CM.

- JRNCHE T,
Upper bound on norm of mappings for ®:

1
||‘1)TJZ/||2 < P lyll2 Vy e CM.

V1-dK
Bounds on mappings using Gram matrix:
(1= dx)lellz < |@F @ yll2 < (1+ 0k )l|z]l2 ¥ 2 € C~.
1 1
1460k — 0K
Upper bound for mapping using (135[ P;—1I:

-1
lzllz < [ (@7 @) all2 < T——llll2 V= € C*.
[(@F @ — Dalls < 6xcllall2 V x € C~.

Approximate orthogonality: S and T are disjoint index sets with |[SUT| < K.
Spectral norm bound
|5 Prll2 < 0k

Application:
|25 Prall2 < dxl|zlo-

Columns of @ disjoint with support of z: R = supp(x) \ T.

|97 Pxrll2 < dxl|rll2

RIP and inner product. Inner product of signals with disjoint support:

(@, Dz")| < Sprp [l ]|2]|2" |12

Inner product of sparse real signals not necessarily disjoint support:

u,v € RN, K = max([[u+ vlo, [u —vo)-

[(Pu, Pv) — (u,v)| < 6k ||ull2][v]2.

Complex space with bilinear inner product

[(®u, Pv)p — (u, v) B| < drcl[ull2][v]|2-
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RIP and orthogonal projection. Py = ®,®. and W, = (I — P,)® with |A| <
K. Modified RIP for Uy

0K
l—— )13 < [Wazll3 < 1+ 0k)|zl3
1—-90g

whenever ||z]o < K —|A] and supp(z) NA = @.
Higher order RIP. Upper bound on the RIP constant for higher order:
der < clop,.

Bound on energy of embedding of arbitrary signal:

1
[Pz < V1405 |[lzfla + \/?Hxlll

Coherence bound for RIP constant of a dictionary

5 < (K — (D).
3.8.2. Stable embeddings

3.8.3. Spark

Upper bound on spark

k(D) < minimize|v""
spark(D) < minimize(|v;”[|o

where v,* is a solution of the problem (Qy).

3.8.4. Coherence

Upper bound on the (2 — oo) norm of the pseudo-inverse of the sub-
dictionary: when (K —1)u <1 and |A] < K
1

Dl loe < :
[DAll2—00 < T

f11/2(G) Smallest number m such that the sum of magnitudes of a
collection of m off-diagonal entries in a single row or column of the

Gram matrix G is at least %

Coherence and fi1/2(G):

1
> —.
Ml/z(G) =2
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Lower bound on spark in terms of 1i/5(G)

spark(D) > 2u12(G) + 1.

3.8.5. Babel function

Modeling dictionary ®, sensing dictionary W.

p-Babel function for an index set

:Up(q)? qja A) = sup (Z ‘<¢j7 ¢z>\p>

A\ e

D=

Complementary p-Babel function for an index set

,u;n(CI), U, A) £ Su/[\> tp (Pa, WA, AN {i}).
1€

p Babel function for a sparsity level

(@, 0, K) & sup p, (@, ¥, A).
[AI<K

,u;n(CID,\IJ,K) £ sup ,u;n(CI),\IJ,A).
[Al<K

' (®, 0, K) < 11, (9,0, K — 1),

For the case where D = & = U:

fp(D, A) = sup (Z (dj, dl>|p) N

A\ jen

piy (D, A) = sup jip (Do, A\ {i}).

(D, K) = sup (D, A).
[AI<K

M;H(D, K) = sup p;n(D,A).
[AlI<K
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Forp=1
(D, A) = sup (Z |<dj,dz>\) :
igA \ S2x
(D, A) = S'u}\) 1Dy, AN\ {i}.
1€
:ul(D7 K) = Ssup NI(DJA)
[AI<K
(D, K) = sup pi*(D,A).
AI<K
3.8.6. Exact recovery coefficient
ERC

ERC(D,) =1 — mgicnpgdwnl.

ERC and Babel function
1— (K —1) — u(K)

ERC(A) >
A2 1— (K —1)
ERC and coherence
1- (2K —1)p
E A) > )
RON = T

Coherence based sufficient condition for ERC to be positive

K<1(1+1>.
2 Iz



CHAPTER 4

Sensing Matrices

4.1. Introduction

We will focus our attention to finite length signals.

Let 2 € RY be our signal of interest where N is the number of signal

components or dimension of the signal space (RY).

Let us make M linear measurements of the signal. The measurements

are given by

y = bz (4.1.1)
y € RM is our measurement vector in the measurement space (RY)
and M is the dimension of our measurement space.
® is an M x N matrix known as the sensing matriz.
M < N, hence ¢ achieves a dimensionality reduction over x.

We assume that measurements are non-adaptive. i.e. the matrix ® is

predefined and doesn’t depend on .

The recovery process is denoted by

¥ = Ay = A(dzx) (4.1.2)

where A : R® — RY is a (usually nonlinear) recovery algorithm.

Fundamental questions

178
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e How should ® be designed so that information in x is preserved

in y?

How do we recover x from y?

We will look at three kinds of situations:

(1)

Signals are truly sparse. A signal has up to K (K < N) non-
zero values only where K is known in advance. Measurement
process is ideal and no noise is introduced during measure-
ment. We will look for guarantees which can ensure exact re-
covery of signal from M (K < M < N) linear measurements.
Signals are not truly sparse but they have few K(K < N)
values which dominate the signal. Thus if we approximate
the signal by these K values, then approximation error is not
noticeable. We again assume that there is no measurement
noise being introduced. When we recover the signal, it will
in general not be exact recovery. We expect the recovery er-
ror to be bounded (by approximation error). Also in special
cases where the signal turns out to be K-sparse, we expect
the recovery algorithm to recover the signal exactly. Such an
algorithm with bounded recovery error will be called robust.

Signals are not sparse. Also there is measurement noise being
introduced. We expect recovery algorithm to minimize error
and thus perform stable recovery in the presence of measure-

ment noise.

4.2. Recovery of exactly sparse signals

The null space of a matrix ® is denoted as

N(®) = {veRY: dv =0} (4.2.1)

The set of K-sparse signals is defined as
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Yk ={r e RY |zl < K}. (4.2.2)
Example 4.1: K sparse signals Let N = 10.

o r=(1,2,1,-1,2,-3,4,-2,2, —2) € R'Y is not a sparse signal.
ez = (0,0,0,0,1,0,0,—1,0,0) € R? is a 2-sparse signal. Its

also a 4 sparse signal.
O

Lemma 4.1 If a and b are two K sparse signals then a — b is a

2K sparse signal.

PROOF. (a — b); is non zero only if at least one of a; and b; is non-
zero. Hence number of non-zero components of a — b cannot exceed

2K. Hence a — b is a 2K -sparse signal. U
Example 4.2: Difference of K sparse signals Let N = 5.

e Let a = (0,1,—1,0,0) and b = (0,2,0,—1,0). Then a — b =
(0,—1,—1,1,0) is a 3 sparse hence 4 sparse signal.

e Let a =(0,1,—-1,0,0) and b = (0,2,—1,0,0). Then a —b =
(0,—1,—2,0,0) is a 2 sparse hence 4 sparse signal.

e Let a = (0,1,-1,0,0) and b = (0,0,0,1,—1). Then a —b =
(0,1,—1,—1,1) is a 4 sparse signal.

O

Lemma 4.2 A sensing matriz ® uniquely represents all x € Yk
if and only if N(®) N Xox = ¢. i.e. N(®) contains no vectors in
EQK.

PROOF. Let a and b be two K sparse signals. Then ®a and ®b are

corresponding measurements. Now if ® allows recovery of all K sparse
signals, then ®a # ®b. Thus ®(a — b) # 0. Thus a — b ¢ N ().
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Let © € N(®) N Yyk. Thus ®x = 0 and #x < 2K. Then we can find
Y,z € Y such that ¢ = z —y. Thus m = &z = dy. But then, ¢

doesn’t uniquely represent y, z € Y. O

There are many equivalent ways of characterizing above condition.

4.2.1. The spark

We recall from definition 2.16, that spark of a matrix ® is defined as

the minimum number of columns which are linearly dependent.

Definition 4.1 A signal 2 € R” is called an explanation of a

measurement y € RM w.r.t. sensing matrix ® if y = ®x.

Theorem 4.3 For any measurement y € RM | there exists at most
one signal x € X such that y = @z if and only if spark(®) > 2K.

PRrROOF. We need to show

e If for every measurement, there is only one K-sparse explana-
tion, then spark(®) > 2K.
o If spark(®) > 2K then for every measurement, there is only

one K-sparse explanation.

Assume that for every y € RM there exists at most one signal € RY
such that y = dx.

Now assume that spark(®) < 2K. Thus there exists a set of at most

2K columns which are linearly dependent.
Thus there exists v € Yok such that ®v = 0. Thus v € V(D).
Thus Yox NN (D) # ¢.

Hence ® doesn’t uniquely represent each signal = € Y. A contradic-

tion.
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Hence spark(®) > 2K.
Now suppose that spark(®) > 2K.

Assume that for some y there exist two different K-sparse explanations

x,x’ such that y = dx = da’.
Thus ®(z — 2') = 0. Thus 2 — 2’ € N(®) and = — 2’ € Ygg.
Thus spark(®) < 2K. A contradiction.

n

Since spark(®) € [2, M + 1] and we require that spark(®) > 2K hence
we require that M > 2K.

4.3. Recovery of approximately sparse signals

Spark is a useful criteria for characterization of sensing matrices for
truly sparse signals. But this doesn’t work well for approzimately sparse
signals. We need to have more restrictive criteria on ® for ensuring re-

covery of approximately sparse signals from compressed measurements.

In this context we will deal with two types of errors:

Approximation error: Let us approximate a signal x using only K
coefficients. Let us call the approximation as z. Thus e, =
(x — T) is approximation error.

Recovery error: Let ® be a sensing matrix. Let A be a recovery
algorithm. Then 2/ = A(®Pz) is the recovered signal vector.

The error e, = (x — 2’) is recovery error.
In this section we will

e Formalize the notion of null space property (NSP) of a matrix
P.
e Describe a measure for performance of an arbitrary recovery

algorithm A.
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e Establish the connection between NSP and performance guar-

antee for recovery algorithms.

Suppose we approximate x by a K-sparse signal ¥ € X, then the

minimum error for /, norm is given by

ok(x), = min ||z —Z|,. (4.3.1)
TEX K

Specific T € X g for which this minimum is achieved is the best K-term

approximation.

In the following, we will need some new notation.

Let I = {1,2,..., N} be the set of indices for signal z € R".
Let A C I be a subset of indices.

Let A°=1T\A.

xp will denote a signal vector obtained by setting the entries of x

indexed by A¢ to zero.

Example 4.3: z,
Let N = 4. Then [ = {1,2,3,4}. Let A = {1,3}. Then A° = {2,4}.
Now let x = (—1,1,2,—4). Then z, = (—1,0,2,0).

U

®, will denote a M x N matrix obtained by setting the columns of ®
indexed by A¢ to zero.

Example 4.4: o,
Let N = 4. Then I ={1,2,3,4}. Let A ={1,3}. Then A° = {2,4}.

Now let © = (—1,1,2,—4). Then x, = (—1,0,2, —4).
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<I>:10_11
-1 -2 2 3

Now let

Then

O

Definition 4.2 A matrix ® satisfies the null space property
(NSP) of order K if there exists a constant C' > 0 such that,

[[haells
h < (C— 4.3.2
|| A||2 = \/F ( )

holds Vh € N(®) and VA such that |A| < K.

e Let h be K sparse. Thus choosing the indices on which h is
non-zero, I can construct a A such that |A] < K and hye = 0.
Thus ||hac|[; = 0. Hence above condition is not satisfied. Thus
such a vector h should not belong to N'(®) if ® satisfies NSP.

e Essentially vectors in N(®) shouldn’t be concentrated in a

small subset of indices.
e If ® satisfies NSP then the only K-sparse vector in N(®) is
h =0.

4.3.0.1. Measuring the performance of a recovery algo-
rithm. Let A : R® — RY represent a recovery method to recover

approximately sparse x from y.

ly recovery error is given by

|A (@) — |2

l; error for K-term approximation is given by ok (z);.
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We will be interested in guarantees of the form

ok ()

|A(@z) — 2] < C Nize

(4.3.3)

Why, this recovery guarantee formulation?

e Exact recovery of K-sparse signals. ox(z); =0 if z € Y.

e Robust recovery of non-sparse signals

e Recovery dependent on how well the signals are approximated
by K-sparse vectors.

e Such guarantees are known as instance optimal guarantees.

e Also known as uniform guarantees.
Why the specific choice of norms?

e Different choices of [, norms lead to different guarantees.

e [, norm on the LHS is a typical least squares error.

e /5 norm on the RHS will require prohibitively large numberof
measurements.

e [, norm on the RHS helps us keep the number of measurements

less.

If an algorithm A provides instance optimal guarantees as defined

above, what kind of requirements does it place on the sensing matrix

oy

We show that NSP of order 2K is a necessary condition for providing

uniform guarantees.

Theorem 4.4 Let ® : RY — RM denote a sensing matriz and
A RM — RN denote an arbitrary recovery algorithm. If the pair
(®, A) satisfies instance optimal guarantee (4.3.3), then ® satisfies
NSP of the order 2K.

ProoF. We are given that

e (,A) form an encoder-decoder pair.
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e Together, they satisfy instance optimal guarantee (4.3.3).
e Thus they are able to recover all sparse signals exactly.
e For non-sparse signals, they are able to recover their K-sparse ap-

proximation with bounded recovery error.

We need to show that if h € N (®), then h satisfies

Ihalls < c1aclly

V2K

where A corresponds to 2K largest magnitude entries in h.

Note that we have used 2K in this expression, since we need to show
that ® satisfies NSP of order 2K.

Let h € N (D).
Let A be the indices corresponding to the 2K largest entries of h.
Thus

Split A into Ag and A; such that |Ag| = |A4] = K.

Now
ha = hAO + hA1-
Let
r = hAO + hAc
Let
l’/ = _hAl
Then
h=z—2.

By assumption h € N'(®)

Thus
Ph=d(x —2') =0 = Pz = d2'.
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But since 2’ € ¥k (recall that A; indexes only K entries) and A is able

to recover all K-sparse signals exactly, hence

v = A(®)

Thus
A(Pz) = A(®2') = 2.

i.e. the recovery algorithm A recovers x’ for the signal x. Certainly z’

is not K-sparse.

Finally we also have (since h contains some additional non-zero entries)

1hallz < Al = [l = 2'll2 = [lo = A(Pz)]|2.

But as per instance optimal recovery guarantee (4.3.3) for (®, A) pair,

we have
HA@m)-ﬂbgcfigﬁ.
Thus ()
Orl\T)1
h <C )
H A||2 = \/E
But

ox(z)1 = min [|lz — 7]

Recall that © = hy, + hae where Ag indexes K entries of h which are
(magnitude wise) larger than all entries indexed by A°. Thus the best

[;-norm K term approximation of z is given by hp,.

Hence

O'K(ZL‘)l = ||hAc 1-

Thus we finally have

”3%1:v@ﬂg%% Vh e N(®).

Thus & satisfies the NSP of order 2K. O

[hall2 < C
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It turns out that NSP of order 2K is also sufficient to establish a

guarantee of the form above for a practical recovery algorithm.

4.4. Recovery in presence of measurement noise

Measurement vector in the presence of noise is given by
y=>oxr+e (4.4.1)

where e is the measurement noise or error. |le||z is the [y size of mea-

surement error.

Recovery error as usual is given by

[1A(y) — zll2 = [|A(Pz +€) — 2] (4.4.2)

Stability of a recovery algorithm is characterized by comparing vari-

ation of recovery error w.r.t. measurement error.

NSP is both necessary and sufficient for establishing guarantees of the
form:
O'K(ZL‘) 1

VK

|A(@z) — 2] < C

These guarantees do not account for presence of noise during measure-

ment.
We need stronger conditions for handling noise.
The restricted isometry property for sensing matrices comes to our

rescue.

4.4.1. Restricted isometry property

We recall from definition 3.1 that a matrix ® satisfies the restricted
isometry property (RIP) of order K if there exists dx € (0,1) such
that

(L =dx)llzlz < @]z < (1+ dx)[l]l3 (4.4.3)
holds for all z € X = {z : ||z||o < K}.
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e If a matrix satisfies RIP of order K, then we can see that it
approximately preserves the size of a K-sparse vector.

e If a matrix satisfies RIP of order 2K, then we can see that
it approximately preserves the distance between any two K-
sparse vectors since difference vectors would be 2K sparse (see
theorem 3.6) .

e We say that the matrix is nearly orthonormal for sparse vec-
tors.

e If a matrix satisfies RIP of order K with a constant g, it au-
tomatically satisfies RIP of any order K’ < K with a constant
O < Ok

4.4.2. Stability

Informally a recovery algorithm is stable if recovery error is small in

the presence of small measurement error.

Is RIP necessary and sufficient for sparse signal recovery from noisy

measurements?
Let us look at the necessary part.

We will define a notion of stability of the recovery algorithm.

Definition 4.3 Let ® : RN — RM be a sensing matrix and A :
RM — RY be a recovery algorithm. We say that the pair (®, A)
is C-stable if for any z € Y and any e € RM we have that

|A(Px + €) — z||2 < C|le]|2- (4.4.4)

Error is added to the measurements.

LHS is I, norm of recovery error.

RHS consists of scaling of the I norm of measurement error.

The definition says that recovery error is bounded by a multi-

ple of the measurement error.
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e Thus adding a small amount of measurement noise shouldn’t

be causing arbitrarily large recovery error.
It turns out that C-stability requires ® to satisfy RIP.
Theorem 4.5 If a pair (P, A) is C-stable then

1
el < 12l (4.4.5)

for all x € Yok

PROOF. Remember that any x € ¥k can be written in the form

of =y — z where y, 2z € Y.

So let © € Xoi. Split it in the form of z = y — 2z with y, 2z € Y.

Define
d(z — Dy —
¢ = (Z2 Yoand e — (y2 2)
Thus
ey—€,=0(z2—y) = Py+e, =Dz +e,
We have
o
@y+ey:®z+ezzw.

Also we have

| — )l _ [ Bl
leglls = fleslls = I = 22

Let
Y =A(Py +e,) = APz +e,)

Since (®, A) is C-stable, hence we have

1y = ylla < Clleyll2.

also
ly" = 2ll2 < Cle |2
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Using the triangle inequality

lzlle=lly —zlla=lly =4 + 4 — 22
<lly=vll2+ Iy — 22
< Clleyllz + Cllezlla = C(lleyll2 + llezll2) = C| x|l

Thus we have Vx € Yox

1
clelz < |z
0

This theorem gives us the lower bound for RIP property of order 2K in
(4.4.3) with dox = 1— &7 as a necessary condition for C-stable recovery

algorithms.

Note that smaller the constant C', lower is the bound on recovery error
(w.r.t. measurement error). But as C' — 1, dox — 0, thus reducing the
impact of measurement noise requires sensing matrix ® to be designed
with tighter RIP constraints.

This result doesn’t require an upper bound on the RIP property in
(4.4.3).

It turns out that If ¢ satisfies RIP, then this is also sufficient for a
variety of algorithms to be able to successfully recover a sparse signal

from noisy measurements. We will discuss this later.

4.4.3. Measurement bounds

As stated in previous section, for a (®, A) pair to be C-stable we require
that ® satisfies RIP of order 2K with a constant dqf .

Let us ignore o for the time being and look at relationship between
M, N and K.
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We have a sensing matrix ® of size M x N and expect it to provide
RIP of order 2K.

How many measurements M are necessary?

We will assume that K < N/2. This assumption is valid for approxi-

mately sparse signals.

Before we start figuring out the bounds, let us develop a special subset

of Y sets.
Consider the set

U={ze{0,+1, -1} :|z]lo = K} (4.4.6)

Some explanation: By AY we mean A x A x --- x A i.e. N times

Cartesian product of A.

When we say ||z]|o = K, we mean that only K terms in each member

of U can be non-zero (i.e. —1 or +1).

So U is a set of signal vectors = of length N where each sample takes

values from {0,+1, —1} and number of allowed non-zero samples is

fixed at K.

An example below explains it further.

Example 4.5: U for N =6 and K =2

Each vector in U will have 6 elements out of which 2 can be non zero.

There are (g) ways of choosing the non-zero elements. Some of those

sets are listed below as examples:

+1,+1,0,0,0,0
+1,-1,0,0,0,0
—1,0,41,0,0
0,-1,0,41,0,0
,0,0,0,—1,+1

(
(
0,
(
(0
(0,0,~1,-1,0,0

)
)
)
)
)
)
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Revisiting
U={ze{0,+1, -1} : |z]o = K}
Its now obvious that

|z||5=K VxeU. (4.4.7)

Since there are (N) ways of choosing K non-zero elements and each

K
non zero element can take either of the two values +1 or —1, hence the

cardinality of set U is given by:

U] = (I]\(]) 2K (4.4.8)

By definition
UCXk. (4.4.9)

Further Let x,y € U.

Then x — y will have a maximum of 2K non-zero elements. The non-

zero elements would have values € {—2, —1,1,2}.
Thus [z — yllo = R < 2K.
Further ||z — y||3 > R. Explain!

Hence

|z —yllo < ||z —yll3 Va,yeU. (4.4.10)
We now state a lemma which will help us in getting to the bounds.

Lemma 4.6 Let K and N satisfying K < % be given. There exists
a set X C Xk such that for any x € X we have ||z|ls < VK and
for any x,y € X with v # vy,

[K
lz = ylla 2 4/ 5 (4.4.11)
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and

K N
> — — . 4.
In|X|> 21n<K) (4.4.12)

PrROOF. We just need to find one set X which satisfies the require-

ments of this lemma. We have to construct a set X such that

o ||z]l; < VK VzeX.
° ||x—y||22\/E Vo,y € X.

vl x

2
e In|X| > &1n (%) or equivalently | X| > (&)

We will construct X by picking vectors from U. Thus X C U.
Since £ € X C U hence ||z|, = VK < VK VreX.

Consider any fixed z € U.

How many elements y are there in U such that ||z — y||3 < & 7

Define

K
U2 = {y eU:|z—yl;< 5} (4.4.13)

Clearly by requirements in the lemma, if z € X then U2 N X = ¢. i.e.

no vector in U? belongs to X.
How many elements are there in U2? Let us find an upper bound.

Va,y € U we have ||z — yllo < ||z — 3.

If z and y differ in & or more places, then naturally ||z — y[3 > £-.

Hence if ||z — y||3 < & then ||z — y|jo < & hence ||z —y|lo < & for any
x,y € U2

So define

K
Ul = {y eU:|lz—ylo< 3} (4.4.14)
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We have

Uz cu? (4.4.15)

Thus we have an upper bound given by

U2 < |U2). (4.4.16)

Let us look at UY carefully.
We can choose % indices where x and y may differ in (g ) ways.
At each of these % indices, y; can take value as one of (0,41, —1).

Thus We have an upper bound

N
U2 < |U°) < (K)sé‘. (4.4.17)
5

We now describe an iterative process for building X from vectors in U.

Say we have added j vectors to X namely z1, 2o, ..., z;.

Then
(U7, VUL U---UU)NX =¢

K
2

Number of vectors in U2 UUZ, U ---UUZ is bounded by j(g)?)
J 2

(g) oK _J(g) x (4.4.18)

vectors left in U to choose from for adding in X.

Thus we have at least

We can keep adding vectors to X till there are no more suitable vectors
left.

So we can construct a set of size | X| provided

|X|(]KV> 3% < (g) 2K (4.4.19)

2
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Note that =K+ i a decreasing function of .

K/2+i
Its minimum value is achieved for i = £ as (£ — 1)
So we have
N-K+i:_ N 1
> _ =
K/2+i — K 2
% K
N-K+: N 1\?2
— > —_
H K/2+i — <K 2)
G) o (N _1\*
E AKJ > — — -
=5 2)
2
Rephrasing (4.4.19) we have
K
3Y? - ()
X| (- < KL 4.4.20
x1(3) < 0 (1.4.20)
So if
K K
2 2

()

then (4.4.19) will be satisfied.

Now it is given that K < % So we have:
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N
K< —
2
:>N>2
K
:>N>1
4K = 2
:>N N<N 1
K 4K K 2
:>3N<N 1
4K K 2
K K
N 3N7<N 1\ 2
4K K 2

Thus we have

(%) : G)g < % (4.4.21)
Choose
| X] = (%) : (4.4.22)

Clearly this value of | X| satisfies (4.4.19). Hence X can have at least

these many elements. Thus

| X| > (%)

K N
= ln|X|2?ln(—>

lx

K

which completes the proof.

O

We can now establish following bound on the required number of mea-

surements to satisfy RIP.
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At this moment, we won’t worry about exact value of do. We will just

assume that dox is small in range (0, 3].

Theorem 4.7 Let ® be an M x N matriz that satisfies RIP of
order 2K with constant dac € (0, %] Then

M >CKn (%) (4.4.23)

_ 1 ~
where C = m ~ 028173
PROOF. Since @ satisfies RIP of order 2K we have
(1= Gap)l|ll3 < [[@]f5 < (1+ Gop)lll; V€ Box.

= (1= dax)llx — yll3 < | P2 = Qylf; < (1 + dax)llw —yl3 Va,y € Bk

Also

1 1 3
52KS§ — 1—52K>§and1+52K§§

Consider the set X C U C X developed in lemma 4.6.

We have
K
e~ 93>3 VmyeX
K
— (-ale—sl3z T
K
— far - eyl > 1
K
— @~ byl > /5 veyeX
Also

3
@3 < (14 8us0)lall3 < 2|

3 3K
= @z < \@quz <\[5 wex

since ||z]j; < VK Vz e X.

lz]|5 Vo € X C Tk C Do
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So we have a lower bound:

K
|@ — @yl = /5 Veyex. (4.4.24)

3K
Jecls < /5 VreX. (4.4.25)

What do these bounds mean? Let us start with the lower bound.

and an upper bound:

®z and Py are projections of z and y in RM (measurement space).

Construct lp balls of radius \/> /2 =/E in RM around ®z and ®y.

Lower bound says that these balls are disjoint. Since x,y are arbitrary,

this applies to every x € X.

Upper bound tells us that all vectors ®x lie in a ball of radius 1/%

around origin in R,

Thus the set of all balls lies within a larger ball of radius \/% + \/1—[2

around origin in RM.

So we require that the volume of the larger ball MUST be greater than

the sum of volumes of | X| individual balls.

Since volume of an Iy ball of radius r is proportional to 7, we have:

(% ) (Vi)

(V24 + )M > |X]
X[
In(v24+1)

== M >

Again from lemma 4.6 we have

K N
In|lX|>—In(—=—]).
= 50 ()



200 4. SENSING MATRICES

Putting back we get

o Em)

T In(V24+1)

NIZ

which establishes a lower bound on the number of measurements M.

O
Example 4.6: Lower bounds on M for RIP of order 2K
(1) N =1000, K =100 = M > 65.
(2) N =1000, K =200 = M > 91.
(3) N =1000, K =400 — M > 104.
O

Some remarks are in order:

e The theorem only establishes a necessary lower bound on M.
It doesn’t mean that if we choose an M larger than the lower
bound then & will have RIP of order 2K with any constant
doxc € (0, 3].

e The restriction o < % is arbitrary and is made for conve-
nience. In general, we can work with 0 < dsxr < dpax < 1 and
develop the bounds accordingly.

e This result fails to capture dependence of M on the RIP con-
stant o directly. Johnson-Lindenstrauss lemma helps us re-
solve this which concerns embeddings of finite sets of points in
low-dimensional spaces.

e We haven’t made significant efforts to optimize the constants.

Still they are quite reasonable.

4.5. The RIP and the NSP

RIP and NSP are connected. If a matrix ® satisfies RIP then it also

satisfies NSP (under certain conditions).
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Thus RIP is strictly stronger than NSP (under certain conditions).

We will need following lemma which applies to any arbitrary h € RY.

The lemma will be proved later.

Lemma 4.8 Suppose that ® satisfies RIP of order 2K, and let
h € RN h # 0 be arbitrary. Let Ao be any subset of {1,2,..., N}
such that |Ag| < K.

Define Ay as the index set corresponding to the K entries of hae
with largest magnitude, and set A = Ag U Ay. Then

[haglli | 1(Pha, Ph)]
h <a———+ , 4.5.1
|| A||2 = \/? 6 ||hA||2 ( )
where
\/562[( 1
= = . 4.5.2
=T o’ T T oo (452)

Let us understand this lemma a bit. If h € N(®), then the lemma

simplifies to

hae
||hAH2§ozH aglh

(4.5.3)

e Ay maps to the initial few (K or less) elements we chose.
e A§ maps to all other elements.

e A; maps to largest (in magnitude) K elements of A§.

e h, contains a maximum of 2K non-zero elements.

® satisfies RIP of order 2K.

Thus (1 = d2r0) [|hall2 < [[Rhallz < (1 + d2r)[|alf2-

We now state the connection between RIP and NSP.

Theorem 4.9 Suppose that ® satisfies RIP of order 2K with
S < V/2—1. Then ® satisfies the NSP of order 2K with constant

B V20
1= (14 V2)bak

(4.5.4)
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Proor. We are given

(1= darc)l|2ll3 < 123 < (1 + darc) |12

holds for all z € Yqjc where dorr < V2 — 1.
We have to show that:

Ialls < Ml

VK
holds Vh € N(®) and VA such that |A| < 2K.

Let h € N(®). Then ®h = 0.
Let A,, denote the 2K largest entries of h. Then
[Pallz < [, ll2 - VA |A] < 2K,

Similarly
[nelly = NI,

Thus if we show that ® satisfies NSP of order 2K for A,,, i.e.
[1Pamel s
VK
then we would have shown it for all A such that |A] < 2K. So let
A=A,

[PAll2 < C

We can divide A into two components Ay and Ay of size K each.

Since A maps to the largest 2K entries in h hence whatever entries we

choose in Ay, the largest K entries in A§ will be A;.

Hence as per lemma 4.8 above, we have

[hac iy
VK

[hall2 < a (4.5.5)

Also

A:AOUA1 — AOZA\AleﬂA({ — A8:A1UAC
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Thus we have

gl = sl + el (156)

We have to get rid of A;.

Since hy, € Yk, by applying lemma 2.16 we get
hasll < VE (a2

Hence
halls < a (HhAIHQ n M) (15.7)
VK
But since Ay C A, hence ||hy,||2 < ||hal|2, hence
he
lialls < o (sl + 12502 ) (458)
[[Fene]|x
= (1 —a)||h <a 4.5.9
(1= a)flhall2 < NI (4.5.9)
a  |haelly .
< fa<l. 4.5.1
:>HhAH2_1_a\/E if o < (4.5.10)

Note that the inequality is also satisfied for a = 1 in which case, we

don’t need to bring 1 — « to denominator.

Now
a<l

V20 _
1 —dox —
— V20, <1 - 0yx

— Gox < V2 -1

. 1

Putting

« \/5521(

C: p—
l—a  1—(1+V2)dx

(4.5.11)
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we see that ® satisfies NSP of order 2K whenever ® satisfies RIP of
order 2K with dyrr < V2 — 1.

Note that for dy = V2 — 1, C' = 0.

4.6. Matrices satisfying RIP

The natural question at this moment is how to construct matrices which
satisfy RIP.

There are two different approaches

e Deterministic approach

e Randomized approach

Known deterministic approaches so far tend to require M to be very
large (O(K?In N) or O(KN®).

We can overcome this limitation by randomizing matrix construction.

Construction process:

e Input M and N.
e Generate ® by choosing ®;; as independent realizations from

some probability distribution.

Suppose that ® is drawn from normal distribution.

It can be shown that the rank of ® is M with probability 1.

Example 4.7: Random matrices are full rank. We can verify

this fact by doing a small computer simulation.

M = 6;

N = 20;

trials = 10000;
numFullRankMatrices = 0;
for i=l:trials

% Create a random matrix of size M x N
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A = rand (M,N) ;
% Obtain its rank

R = rank(A);
% Check whether the rank equals M or not
if R=M
numFullRankMatrices = numFullRankMatrices + 1;
end

end
fprintf (’Number of trials: %d\n’,trials);
fprintf (’Number of full rank matrices: %d\n’ ,numFullRankMatrices);

7| percentage = numFullRankMatrices*100/trials;

fprintf(’Percentage of full rank matrices: %.2f %%\n’, percentage);

LisTING 4.1. demoRandomMatrixRank.m

Above program generates a number of random matrices and measures

their ranks. It verifies whether they are full rank or not.

Here is a sample output:

>> demoRandomMatrixRank

Number of trials: 10000

Number of full rank matrices: 10000
Percentage of full rank matrices: 100.00 %

O

Thus if we choose M = 2K, any subset of 2K columns will be linearly

independent.
Thus the matrix with satisfy RIP with some o5 > 0.
But this construction doesn’t tell us exact value of dox.

In order to find out dax, we must consider all possible K — dimensional

subspaces of RV.
This is computationally impossible for reasonably large N and K.
What is the alternative?

We can start with a chosen value of ds5 and try to construct a matrix

which matches it.
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Before we proceed further, we should take a detour and review sub-

Gaussian distributions in 77.
We now state the main theorem of this section.

Theorem 4.10 Suppose that X = [X1, Xs, ..., Xy| where each
X; is i.d.d. with X; ~ Sub(c?) and E(X?) = o%. Then

E(|X|2) = Mo? (461)
Moreover, for any a € (0,1) and for any B € [c®/0?, Bmas, there

exists a constant K* > 4 depending only on B and the ratio o2 /c?
such that

P(|X|2 < aMo?) < exp (——M“F; O‘)Q) (4.6.2)
and
P(IX2 > fMo?) < exp (—M) (46.3)
PROOF. 0

4.6.1. Conditions on random distribution for RIP

Let us get back to our business of constructing a matrix ® using random

distributions which satisfies RIP with a given 9.

We will impose some conditions on the random distribution.

(1) We require that the distribution will yield a matrix that is
norm-preserving. This requires that
1
E(®F) = Wi (4.6.4)
Hence variance of distribution should be ﬁ
(2) We require that distribution is a sub-Gaussian distribution i.e.

there exists a constant ¢ > 0 such that

E(exp(®;;t)) < exp (?) (4.6.5)
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This says that the moment generating function of the distri-
bution is dominated by a Gaussian distribution.
In other words, tails of the distribution decay at least as fast

as the tails of a Gaussian distribution.

We will further assume that entries of ® are strictly sub-Gaussian. i.e.
they must satisfy (4.6.5) with
1
¢ = E<(I)12j) = 5V
Under these conditions we have the following result. This is proven

later.

Corollary 4.11. Suppose that ® is an M x N matriz whose entries
®,; are i.0.d. with ®;; drawn according to a strictly sub-Gaussian dis-
tribution with ¢ = 55

Let Y = ®x for x € RN. Then for any € > 0 and any © € RY,

E(1Y13) = [l=Il3 (4.6.6)

and
2

Me
POV I ol 2 eloff) < 20w (-20) o)

where K* = #n(z) ~ 6.5178.

This means that the norm of a sub-Gaussian random vector strongly

concentrates about its mean.

4.6.2. Sub Gaussian random matrices satisfy the RIP

Using this result we now state that sub-Gaussian matrices satisfy the
RIP.

Theorem 4.12 Fiz 6 € (0,1). Let ® be an M x N random matrix

whose entries ®;; are i.i.d. with ®;; drawn according to a strictly
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sub-Gaussian distribution with c¢® = ﬁ If

N
M Z /ﬁleln (E) 5 (468)

then ® satisfies the RIP of order K with the prescribed 6 with

probability exceeding 1 — 2e~"2™  where r1 is arbitrary and

2 1 42
Ko = o _ —In (—6) (4.6.9)

2k* Ky 0

We note that this theorem achieves M of the same order as the lower

bound obtained in theorem 4.7 up to a constant.

This is much better than deterministic approaches.

4.6.3. Advantages of random construction

There are a number of advantages of the random sensing matrix con-

struction approach:

e One can show that for random construction, the measurements

are democratic. This means that all measurements are equal
in importance and it is possible to recover the signal from any
sufficiently large subset of the measurements.

Thus by using random ® one can be robust to the loss of loss
or corruption of a small fraction of measurements.

In general we are more interested in x which is sparse in some
basis V. In this setting, we require that ®W¥ satisfy the RIP.
Deterministic construction would explicitly require taking W
into account.

But if ® is random, we can avoid this issue.

If ® is Gaussian and V¥ is an orthonormal basis, then one can
easily show that ®¥ will also have a Gaussian distribution.
Thus if M is high, ¥ will also satisfty RIP with very high
probability.

Similar results hold for other sub-Gaussian distributions as

well.



CHAPTER 5

Dictionaries and Sensing Matrices

This chapter covers various results for popularly used dictionaries and

sensing matrices.

5.1. Dirac-DCT dictionary

Definition 5.1 The Dirac-DCT dictionary is a two-ortho dictio-

nary consisting of the union of the Dirac and the DCT bases.

This dictionary is suitable for real signals since both Dirac and DCT

are totally real bases € RVXV,

The dictionary is obtained by combining the N x N identity matrix
(Dirac basis) with the N x N DCT matrix for signals in RY.

Let Upor n denote the DCT matrix for RY. Let Iy denote the identity

matrix for RY. Then
Dpcr = |:]N \I/DCT,N} : (5.1.1)

Let
Uper, Ny = [1/)1 Py ... ¢N]

The k-th column of ¥per x is given by

2 T
Yn(n) = || - cos (W(Qn— 1)(k — 1)) m=1,...,N, (512
Witth:\/Lifork:zlankozlforQSkSN.

Note that for £ = 1, the entries become

21 o1
NﬂCOS— N

209
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Thus, the I norm of ¢y is 1. We can similarly verify the /5 norm of

other columns also. They are all one.

Theorem 5.1 [25] The Dirac-DCT dictionary has coherence \/%

PrROOF. The coherence of a two ortho basis where one basis is Dirac
basis is given by the magnitude of the largest entry in the other basis.
For Wpcr v, the largest value is obtained when 2, = 1 and the cos

term evaluates to 1. Clearly,

2
#(Dper) = N

O

Theorem 5.2 [25] The p Babel function for Dirac-DCT dictionary

s given by

1
pp(k) =krpV1<k<N. (5.1.3)
In particular, the standard Babel function is given by
(k) = kp (5.1.4)
Proor. TODO prove it. 0

5.2. Grassmannian frames
5.3. Rademacher sensing matrices

In this section we collect several results related to Rademacher sensing

matrices.

Definition 5.2 A Rademacher sensing matrix ® € R™*V with

M < N is constructed by drawing each entry ¢;; independently
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from a Radamacher random distribution given by

Py (z) = %5 (x _ ﬁ) 4 %5 (x + ﬁ) | (5.3.1)

Thus ¢;; takes a value i\/LM with equal probability.

We can remove the scale factor \/LM out of the matrix ® writing

1
¢ =—X
v M

With that we can draw individual entries of X’ from a simpler Rademacher

distribution given by

Px(x) = %(5(1‘ -1+ %5(16 +1). (5.3.2)

Thus entries in X take values of +1 with equal probability.

This construction is useful since it allows us to implement the multipli-
cation with ® in terms of just additions and subtractions. The scaling

can be implemented towards the end in the signal processing chain.

We note that

E(¢;;) = 0. (5.3.3)
E(67) = % (5.3.4)

Actually we have a better result with

1
07 = 7 (5.3.5)
We can write
o=[o . 0]

where ¢; € RM is a Rademacher random vector with independent

entries.
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We note that

M

E(llg;l13) = E (Z ¢?j) — S E@E) =My =1 (530

i=1
Actually in this case we also have

512 = 1. (5.3.7)

Thus the squared length of each of the columns in ® is 1.

Lemma 5.3 [A tail bound for Rademacher random vectors| Let
2z € RM be a Rademacher random vector with i.i.d entries z; that
take a value :i:\/LM with equal probability. Let u € RM be an arbi-
trary unit norm vector. Then

P(|(z,u)| > €) < 2exp (—62¥> : (5.3.8)

PRrOOF. This can be proven using Hoeffding inequality. To be elab-
orated later. O

A particular application of this lemma is when wu itself is another (in-

dependently chosen) unit norm Rademacher random vector.

The lemma establishes that the probability of inner product of two
independent unit norm Rademacher random vectors being large is
very very small. In other words, independently chosen unit norm
Rademacher random vectors are incoherent with high probability. This
is a very useful result as we will see later in measurement of coherence

of Rademacher sensing matrices.

5.3.1. Joint correlation

Columns of ® satisfy a joint correlation property ([38]) which is de-

scribed in following lemma.
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Lemma 5.4 Let {uy} be a sequence of K vectors (where uy € RM)

whose lo norms do not exceed one. Independently choose z € RM

to be a random vector with i.i.d. entries z; that take a value ﬂ:\/LM

with equal probability. Then

M
P (m]?x (2, up)| < e) >1—2Kexp (—627) . (5.3.9)

PROOF. Let us call v = maxy, [(z, ug)|.

We note that if for any uy, ||ugl|2 < 1 and we increase the length of uy by
scaling it, then v will not decrease and hence P(y < ¢) will not increase.
Thus if we prove the bound for vectors uy with ||uglle =1V 1 <k < K,
it will be applicable for all u; whose [, norms do not exceed one. Hence

we will assume that ||ug||; = 1.

From lemma 5.3 we have

Pﬂ@wmw>asz@m(—8%).

Now the event
K
{max|(z,u)] > e} = Iz, u)| > ¢}
k=1

i.e. if any of the inner products (absolute value) is greater than e then

the maximum is greater.

We recall Boole’s inequality which states that
P (U Ai> <> P(4).

Thus

M
P <mlsxx |(z, ug)| > e) < 2K exp (—627) :
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This gives us
P <mkaxl<z,uk>| < e) =1-P (mkax\(z,ukﬂ > e)

(
( )

5.3.2. Coherence of Rademacher sensing matrix

We show that coherence of Rademacher sensing matrix is fairly small
with high probability (adapted from [38]).

Lemma 5.5 [Coherence of Rademacher sensing matrix| Fiz § €
(0,1). For an M x N Rademacher sensing matriz ® as defined in

definition 5.2, the coherence statistic

< %ln <%> (5.3.11)

with probability exceeding 1 — 9.

PRrROOF. We recall the definition of coherence as

p=max|(@;, on)| = max|(¢;, ).

Since @ is a Rademacher sensing matrix hence each column of ¢ is unit
norm column. Consider some 1 < j < k£ < N identifying columns ¢,
and ¢. We note that they are independent of each other. Thus from
lemma 5.3 we have

P ([{¢j, pr)| > €) < 2exp (—62%) .

N(N-1)
2

Now there are such pairs of (j, k). Hence by applying Boole’s

inequality

P (I?g’g(Kgb]v ¢k>’ > E) S 2% exp (—62%) S N2 exp <—62%> .
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Thus we have
M

P(p>€) < N?exp (—627> .

What we need to do now is to choose a suitable value of € so that the

R.H.S. of this inequality is simplified.

We choose

This gives us

M N M 5\?2
2—: _— —2— = e
€3 21n<6):>exp<e 2) (N) .

Putting back we get
5 2
P(u>e) <N? (—) <%

This justifies why we need ¢ € (0, 1).

Finally

4 N
</ — —)] = <e)=1- — 52
IP(,u_ Mln<5)> Pu<e)=1-Ppu>e) >1—-96
and
1—6>1-9§
which completes the proof. O

5.4. Gaussian sensing matrices

In this section we collect several results related to Gaussian sensing

matrices.

Definition 5.3 A Gaussian sensing matrix ® € R™*V with M <
N is constructed by drawing each entry ¢;; independently from a

Gaussian random distribution N (0, %)
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We note that

E(¢;;) = 0. (5.4.1)
9 1
E(¢3;) = e (5.4.2)
We can write
= [¢1 QSN}

where ¢; € RM is a Gaussian random vector with independent entries.

We note that

E(16,13) (Z%)—Z @) =My =1 (543)

=1

Thus the expected value of squared length of each of the columns in &

1s 1.

5.4.1. Joint correlation

Columns of ® satisfy a joint correlation property ([38]) which is de-

scribed in following lemma.

Lemma 5.6 Let {uy} be a sequence of K vectors (where uy € RM)
whose lo norms do not exceed one. Independently choose z € RM

to be a random vector with i.i.d. N'(0, 5;) entries. Then

M
P <m]?X |{(z, up)| < e> >1— Kexp (—627) : (5.4.4)

PROOF. Let us call v = maxy [(z, ug)|.

We note that if for any wug, ||ugl|2 < 1 and we increase the length of u;, by
scaling it, then 7 will not decrease and hence P(y < ¢) will not increase.
Thus if we prove the bound for vectors uy with ||uglle =1V 1 <k < K,
it will be applicable for all u; whose [, norms do not exceed one. Hence

we will assume that ||ug|]2 = 1.
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Now consider (z, ux). Since z is a Gaussian random vector, hence (z, uy)

is also a Gaussian random vector. Since |Jug|| = 1 hence

(o) ~ N (0, %) |

We recall a well known tail bound for Gaussian random variables which
states that

2 [ 2 M
Px(|z] >€) = \/;/\/Nexp (—%) dr < exp (—627) :

Now the event
K
{max|(z,up)| > e} = [ J11(z, el > ¢}
k=1
i.e. if any of the inner products (absolute value) is greater than e then

the maximum is greater.

We recall Boole’s inequality which states that
P (U AZ-) <> P(A).

Thus
o M
P(mgx“z,ukﬂ > e) < Kexp | —e¢ 5 )

This gives us
P (max | (2 un)| < €) =1 - P (max| (2 w)| > ¢)

<;4<;)
M (

> 1 - K(}X[) € .

( )

0

5.5. Partial Fourier sensing matrices

In this section we collect several results related to partial Fourier sens-

ing matrices.
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5.6. Digest



CHAPTER 6

Basis Pursuit for Sparse Recovery

6.1. Introduction

We recall following sparse approximation and CS recovery problems.

6.1.1. Sparse representation formulations

Given a signal & € CV which is known to have a sparse representation

in a dictionary D, the exact-sparse recovery problem is:

a = arg min ||allp subject to x = Da. (Po)
aeCPb

When z € CV doesn’t have a sparse representation in D, a K-sparse
approximation of x in D can be obtained by solving the following prob-
lem:

a = arg O{Igl(lc%H:L' — Da||5 subject to ||aflo < K. (PE)

Here x is modeled as x = Da + e where a denotes a sparse representa-

tion of z and e denotes the approximation error.

A different way to formulate the approximation problem is to provide
an upper bound to the acceptable approximation error ||ells < € and
try to find sparsest possible representation within this approximation

error bound as

a = arg fel}c%HaHO subject to ||z — Dalls < e. (Pg)

6.1.2. CS formulations

In the context of compressed sensing, for simplicity, we assume the
sparsifying dictionary to be the Dirac basis (i.e. D = [ and N =
219
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D). Further, we assume signal x to be K-sparse in CV. With the
sensing matrix ¢ and the measurement vector y, the CS sparse recovery
problem in the absence of measurement noise (i.e. y = ®x) is stated
as:

T =arg mg]lVHxHo subject to y = dx. (CSp)
xe

In the presence of measurement noise (i.e. y = ®x + e), the recovery

problem takes the form of
T = arg xrgg]lvﬂy — x|y subject to ||zl < K. (CSH)
when a bound on sparsity is provided, or alternatively:
T =arg xrgg}vuxﬂo subject to ||y — @y < e. (CS5)

when a bound on the measurement noise is provided.

6.1.3. Basis pursuit formulations

In this chapter, we look at the basis pursuit based methods to solve

these problems.

Basis Pursuit (BP) [14] suggests the convex relaxation of (Pj) by

replacing lp- “norm” with /;-norm.
a = arg min ||al|; subject to x = Da. (Py)
acCP

For real signals, it can be implemented as a linear program. For com-

plex signals, it can be implemented as a second order cone program.

In the presence of approximation error (Pf), where x = Da + e with «
being a K-sparse approximate representation of x in D we can formu-

late corresponding [/;-minimization problem as:
a = arg min ||«||; subject to ||z — Dalls < € (P9)
aeCP

where € > ||e||2 provides an upper bound on the approximation error.
This version is known as basis pursuit with inequality constraints

(BPIC). The dual problem constructed using Lagrange multipliers is

a = arg min ||all; + M|z — Dal3. (Pi‘)
aeCPh
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This is known as basis pursuit denoising(BPDN). With appropriate
choice of A, the two problems BPIC and BPDN are equivalent. This
formulation attempts to minimize the [;-norm subject to a penalty term
over the approximation error. The Lagrangian constant A controls how

large the penalty due to approximation error will be.

Note that the constraint ||x—Dall; < € is equivalent to ||x—Dal]3 < €2
We have used the squared version to construct the dual BPDN problem

since the term ||z — Da||? is easier to differentiate and work with.

Efficient solvers are available to solve BP, BPIC, BPDN problems using
convex optimization techniques. They are usually polynomial time and
involve sophisticated algorithms for implementation. The good part is
a guarantee that a globally unique solution can be found (since the
problem is convex). The not so good part is that convex optimization

methods are still quite computationally intensive.

An alternative formulation of BPDN is as follows.
& = arg min ~||z — Da2 + 7|l (P])
acCD 2 2 " L 1

The difference in the two formulations is essentially with which term
the Lagrangian constant (A or 7) is placed. By choosing A = 1/(27),
the two formulations are essentially the same (with a scale factor in
the objective function). This formulation attempts to minimize the
approximation error subject to an [;-norm penalty. Thus, the two
formulations differentiate w.r.t. which term is minimized and which

term is considered as penalty.

Basis pursuit is not an algorithm but a principle which says that for
most real life problems, the solution of /[j-minimization problem is same
as the solution of /;-minimization problem. Actual algorithms for solv-
ing the basis pursuit formulation of sparse recovery problem come from

convex optimization literature.
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6.2. Basis Pursuit

We start our discussion with the analysis of exact-sparse case.

As part of our theoretical analysis, we would like to explore conditions
under which the problems (P) and (P;) are equivalent i.e. there exists
a unique solution to both of them and the solution is identical. Under
such conditions, the NP-hard problem (P) can be easily replaced with
a tractable (P;) problem which is convex and solvable in polynomial

time.

6.2.1. Two-Ortho-Case

Further simplifying, we consider the case where the dictionary D is a
two-ortho-basis

D—|v 9
with ¥ and ® both being orthonormal bases for CV. Clearly, D €
CN*2N and D = 2N. We denote

Q={1,2,...,2N}
as the index set for the representation vectors a.

The representation « of a signal  in D can be written as

P
r=Da= [\I/ CID] = Vol + dal.
aq
We can assign
kp = lla’llo and kg = [[a[lo.

Total sparsity of « is given by
K = [lallo =k + k.

Whenever K < N, we have a sparse representation. Further, let .S, C
{1,...,N} be the support corresponding to o® part of a (i.e. S, =
supp(a?)) and S, C {1,..., N} be the support corresponding to a?
part of a (i.e. S; = supp(a?)). Clearly, |S,| = k, and |S,| = k,. Note
that S, and S; need not be disjoint. But, S, and S, + N are disjoint.
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In fact, supp(a) = S, U (S, + N). 1, € CV will denote the indicator
vector for S, ie. 1,(1) =0V i¢ S, and 1,(i) =1V ¢ € S,. Similarly,
1, € CV will denote the indicator vector for S,. 1 € C¥ will denote
the vector {1,...,1}. Also, 1 € CM*¥ will denote a square matrix of
all ones. Note that 1 =1 - 17.

We now state our main result for equivalence of solutions of (Py) and
(Py) for the two ortho-case. Going forward, we will simply use u to
refer to the coherence of D (i.e. u(D)).

Theorem 6.1 [Equivalence-Basis Pursuit-Two-Ortho Case] Let D
be a two-ortho-basis dictionary D = [\I/ (ID]. Let © = Do, where

x s known. If a K-sparse representation o exists with k, > k,
such that (k,, k,) obey

212 kyky + pik, —1 <0 (6.2.1)
, then « is the unique solution of both problems (Py) and (Py).

A weaker condition is: if

lallo =K = kp + kg <

V2-05
e (6.2.2)

, then « is a unique (K-sparse) solution to both (Py) and (Py).

PROOF. Let a be solution of (Pg). Clearly, « is a feasible vector
to (P;) though it need not be an optimal solution. We have to find

criteria under which « is optimal and no other solution 3 is optimal.

Towards this, we consider the set of alternative solutions to (P;) given

by

C={B16 # a. 1Bl < lleells, 18]l > [leello and D — ) = 0} .

This set contains all solutions to (P;) which are different from «, have
larger support, satisfy the linear system of equations x = Da and have

[y norm less than or equal to «. If this set is non-empty, then there
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exists a solution to basis pursuit which is not same as «. If this set is

empty, then the solutions of (Py) and (P;) coincide.
Towards the end of this proof, we show that (6.2.1) = (6.2.2). Due
to (6.2.2),

V205 0414 1
T

lallo = K = kp + kg <

Thus, if « satisfies (6.2.1), then it is necessarily the sparsest possible
representation. All other representations are denser (i.e. have more

non-zero entries). Thus, |||l > ||co for every 5 € C.

Writing e = f — a <= [ = e+ «, we have
1Bl < llally <= lle+ally = llafly <0.
Thus, we can rewrite C' as
Cs ={ele #0,|le+ al1 — |a|ls <0 and De = 0}.

In order to show that C' is empty, we will show that a larger set con-
taining CY is also empty. Essentially, we wish to consider a larger set
whose volume can be assessed. If that set is empty due to (6.2.1), then

C would also be empty and we would have completed the proof.

P
We start by the requirement |je + all; — [Ja|l; < 0. Let a = [&q]
a

ep

and e = [ . where p and ¢ refer to parts corresponding to the
e

orthonormal bases U and ® respectively (as described at the beginning
of this section). Note that even if o and a? are sparse, e? and e? need
not be. In fact, support of e” and e? could be very different from S,
and S,.
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We can now write
N
0>He—|—0zHl—HaHl—<Z\e +aof| — ) (Zle + o \)
= e[+ [ed

i2S, i¢S,
Z|e +aof| — Z]e +aod] = o]
1€Sp i€Sq

What is going on here? We are splitting the sums to the sums over
indices in the supports S, and S; and over indices outside the two
supports. i.e. the indices ¢ € S, and i ¢ S,, similarly ¢ € S, and
i ¢S,

For i ¢ S,, af = 0 leading to |ef + of| — |af| = |e¥|. Ditto for i ¢ S,.
We recall from triangle inequality that |a + b| > |b| — |a| V a,b € CV
which implies |a + b| — [b| > —|a|. Thus,

lef +ai| —loi| = —lef| Vie s,
and

lef + og| = laf| = —lef| Vi e S,
With this, the above condition can be relaxed as *

0> fle+ali—llalh =Y el + > lefl =D lefl =D lefl.
i¢Sp ¢S, i€5p €5,

Every e satisfying this inequality will also satisfy the requirements of

C. To simplify notation we can write
Dl =1]]e"| and Y [ed] = 17 ]e?].
€Sy i€Sq

Then we have

lePlly =) 1t lefl <= > lefl = lle?li= lef| = [le”lh—1;]e”].

i€Sp i¢Sp i¢Sp i€Sp

INote that the triangle inequality goes for the worst case condition
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Similarly,
> lefl = lletll — 17]e).
iSq
Thus,
DoleFHD el =Y lefl= > lefl = el =21y e + et — 2L |e?].
iSp i¢S, i€S, i€S,

We can now define the set
Co = {e|lle?|ls + [le?|l, — 21 |e?] — 21[]e?| < 0 and De = 0}. (6.2.3)

Clearly, Cy C C! and if C! is empty, then C, will also be empty. Note
that this formulation of C! is dependent only on the support of a and

not on values in «.

We now turn back to the requirement De = 0 and relax it further. We
note that,

De= v @ [Z

Multiplying by U we get

= Vel + Pe? = 0.

e +UPet! =0 = e = —UH Pet
since VHW¥ = [ (unitary matrix). Similarly multiplying with &%, we
obtain

PV el = () < e? = -0 el
Note that entries in ¥ ® and ®7 ¥ are inner products between columns

of D, hence their magnitudes are upper bounded by u (coherence).
Denote B = ¥#® and consider the product v = ¥H#de? = Bed. Then

N
— E q
v = Bz-jej.
=1

Thus,

N N
< 1Byl < p 0l = a7
j=1

Jj=1

|vi| =

N

Lt
E Bl]ej
Jj=1
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Applying this result on e? we get,
e?| = | det| < plled].

Similarly,
led| = |@H WeP| < pller|.

Note that since 1 = 1 - 17, it is a rank-1 matrix.

We now construct a set C? as

( 6#0\
o le?lly + [le? |l — 21, [e?| — 21 ]e?| <O (6.2.4)
=qe . 2.
) |e”] = pef]
\ and |e?] < plle?|

Clearly, C! C C? since for every e € C}, De =0 = e € C?.

We now define fP = |eP| and f? = |e?| as the absolute value vectors.
»

Correspondingly, let us define f = |e| = ;q . Clearly, ||e?|; = 17 f7

and ||e?]|; = 17f%. Further f? = 0 ie. every entry in f? is non-

negative. Similarly, f¢ = 0. We can then rewrite C? as

. F£0)
PP+ 21 P =217 f9 <0
Cr=1f fP2pdft s (6.2.5)
fE=2pdfr
| andfpio,fqi())

We note that if f € Cf, then for all ¢ > 0, ¢f € (. Thus, in order
to study (the emptiness of) CY, it is sufficient to study unit /;-norm
vectors f € Cy. Now

Iflh=1"f=1"fP+1"f9
since f = 0. This leads to:

Ifllh=1 <= 1T/ +17f1=1.
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We construct the new set of unit /;-norm vectors

( f%o\
1—21]f7 =217 f7 <0
JPr=2pfe
Cr=<f : (6.2.6)
fT=pf?
17171 =1
( and f* = 0, f* =0

Clearly C, # @ <= (} # 9. Note that the constraint 1 — 2]1ng —
2]qufq < 0 can be rewritten as

1
T T
]].pfp‘i_quq Z 5

The set C,. is much easier to analyze since

e If has no explicit dependency on D. D is represented only by
a single parameter, its coherence pu.

e All constraints are simple linear constraints. Thus finding the
elements of Cy can be formulated as a linear programming
problem.

e The order of non-zero entries inside fP and f¢ doesn’t have
any influence on the requirements for f to belong to C,.. Thus,
without loss of generality, we can focus on vectors for which
the first k, entries are non-zero in f? and first k, entries are

non-zero in f? respectively.

In order to find vectors in C,., we can solve following linear program.



6.2. BASIS PURSUIT 229

maﬁi?qlize ]l;‘ffp + ﬂgfq

subject to  f? < ulf?
1< plf? . (6.2.7)
(=1
fr=0,f1=0

f = 0 is a feasible vector for this linear program. Hence a solution
does exist for this program. What is interesting is the value of the
objective function for the optimal solution. Let fP* f7* be (an) optimal
solution for this linear program. If ]lgfp* + ILqqu* > %, then f* satisfies
all the requirements of C, and C, is indeed not empty. This doesn’t
guarantee that C' will also be non-empty though. On the contrary, if
]lg frr —I—]qu [ < %, then C, is indeed empty (as one of the requirements
cannot be met), hence C/ is also empty leading to C' C C'y being empty
too. Thus, a condition which leads to 17 f7* + 17 f7* < 1 is a sufficient

condition for equivalence of (Py) and (P;).

Consider a solution f to (6.2.7). Let ||f?||, = 17 f? = ¢. Since 17(f? +
%) =1, hence ||f1]|; =1Tf1=1—c.

We note that
1/7 =1-17f7 = || )11 = e1.

Similarly,
1f9=(1- ).
Thus, first two constraints change into
fP= (=)l
. (6.2.8)
1= cul

Since the objective is to maximize 1 f? + 1] f9, it is natural to max-
imize non-zero entries in f? and f? corresponding to S, and S,. A
straight-forward option is to choose first k, entries in f? to be (1 —c)u
and first k, entries in f? to be cu. Other entries can be chosen arbi-
trarily to meet the requirement that 17(fP+ f¢) = 1. With this choice,



230 6. BASIS PURSUIT FOR SPARSE RECOVERY
we have
]1pr + ]qufq = kp(1 — )pu + kgep = p(ky — c(ky — ky)).

We recall that we have chosen k, > k,. Thus, the expression is maxi-

mized if ¢ is chosen to be as small as possible.

The choice of ¢ must meet following conditions on /;-norms. (Basically
the sum of first k, terms of f, must not be more than the /; norm of
fP. Ditto for f9).

17l =17 f7 = ¢ > ky(1 = c)u

6.2.9
1 =177 =1 — e > yep. (0:29
Simplifying these inequalities we get
k.

c>hy(l—c)p = c> Hp,’jﬂ
) b (6.2.10)

l—c>k = ¢ < .

c > kqep c< 7 o

Since these two conditions must be satisfied, hence we require k,, k, to

meet

kpp 1 1
< = kyk, < —. 6.2.11
Lt kpp = 14 kgp T ( )
We will verify later that this condition is met if (6.2.1) holds. Assuming
the condition is met, obviously the smallest possible value of ¢ is given

kpp
by 1+kpp

. The maximum value of objective function then becomes

]lgfp + ]l?;fq = u(ky, — c(ky — kq))

_ kppt
= H (kp T 1+ kpﬁb(kp - kq)) (6.2.12)

Foptt + kpkqp?
L+kyp

Finally, for BP to succeed, we require this expression to be strictly less

than half. This gives us

kpp + kpkgu® 1 )
—— < = = 2k,k kop—1<0 6.2.13
1 +kp,u 2 P q:u + P/“L ( )
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which is the sufficient condition for BP to succeed in the theorem.

We now show that (6.2.1) = the weaker condition (6.2.2). From

(6.2.1) we can write k, as

L= Fkpp
2kpp?

2kpkght® + kpp — 1 <0 = 2kkop® <1 —kyp = k, <

Thus,
1—kpp
2kyp?
207k + 1 — pky
= 2k, (6.2.14)
1 2Pk A1 — ik
M 2tk .
We define u = pk, and rewrite above as

llallo = kp + kg < kp +

” || - 1202 —u—+1
Qo e ——
0 W 2u

The weaker condition can now be obtained by minimizing the upper
bound on R.H.S. of this equation. We define

2u? —u+1
Differentiating and equating with 0, we get
2u? — 1
/!
= =0.
Flwy =2

The optimal value is obtained when u = £+/0.5. Since both p and &,
are positive quantities, hence the negative value for u is rejected and
we get u = 1/0.5. This gives us

oo < 12-+1/05 v2-05
0 - .

p 2v/05  p

Lastly, the property that arithmetic mean is greater than or equal to

geometric mean gives us

(kp + kq>2 (\/_ B 0~5)
1S 4p

2 1
<E'

kyky <
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6.2.2. General Case

We now consider the case where D € CN*P

is an arbitrary (redundant)
dictionary. We will require that D is full row rank. If D is not a full
row rank matrix then some of its columns (atoms) can be removed to

make it so.

We develop sufficient conditions under which solutions of (Py) and (P;)

match for the general case [20, 21].

Theorem 6.2 [Equivalence-Basis Pursuit] Let D be an arbitrary
full rank redundant dictionary. Let x = Do, where x is known. If

a sparse representation o exists obeying

1 1
ladlo < 5 (1 + ;> : (6.2.15)

then « is the unique solution of both (Py) and (Py).

Proor. We start with defining the set of alternative feasible vec-
tors to (Py):
( B#a)
1811 < llevllx
C=1{p . (6.2.16)
1Bllo > llerllo
| | and D(B —a) =0

This set contains all possible representations that are different from «,

have larger support, satisfy D = = and have a better (or at least as
good) [;-norm. We need to show that if (6.2.15) holds, then the set C

will be empty. Otherwise, BP would choose a solution different than

1 1
|mm<—@+—)
2 I

it is necessarily the unique and sparsest solution. Thus any other (8

Q.

Since

which satisfies DS = x, is denser (i.e. ||5]lo > ||r||o). So this condition

in C' is redundant.
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Following the proof of theorem 6.1, we define
e=p0—a.
We can then rewrite C' as
Cs ={ele #0,|le + all; — ||a]i <0, and De = 0}. (6.2.17)

Again, we will enlarge the set Cs and show that even the larger set is
empty when (6.2.15) holds.

We start with the requirement |e + af|; — |lalli < 0. A simple per-
mutation of columns of D can bring the non-zero entries in « to the
beginning. Thus, without loss of generality, we assume that first K
entries in « are non-zero and the rest are zero. We can now rewrite the
requirement as

K
le +ally = llally = (lej + a;l = o) + D el <0. (6.2.18)

j=1 I>K

Using the inequality |a + b| — |b| > —|a|, we can relax above condition

as
K
=) el + > el <. (6.2.19)
j=1 J>K
Let 1 denote a vector with K ones at the beginning and rest Os. Then,

K

> lesl = 1klel.

J=1

Further,

K
D lesl=llels = lejl = 17 — 1% ]el.
=1

I>K J

Thus, we can rewrite above inequality as
17 |e| — 21%]e| < 0. (6.2.20)
We can now define

C! = {ele # 0,17 |e| — 21%|e| < 0, and De = 0}. (6.2.21)
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Clearly Cy C Csl. We will now relax the requirement of De = 0.
Multiplying by DY, we get

DHDe = 0. (6.2.22)

If e € C!, it will also satisfy above equation. Moreover, if e satisfies
above, then e belongs to the null space of D¥D. Since D is full rank,
hence e has to be in the null space of D also. Thus the two conditions
De = 0 and D¥De = 0 are equivalent. We note that off-diagonal
entries in D¥D are bounded by p while the main diagonal consists of

all ones. So, we can write

DHiDe=0 <= (D'D—-1+1)e=0 < —e=(D"D -1
(6.2.23)
Suppose v = Gu. Then v; = Zj Giju;. Thus

il = 1Y Gijugl <) 1Giusl =D 1Gijlug].
J J J
This gives us |v| < |G||v| where =< indicates component wise inequality.
Taking an entry-wise absolute value on both sides, we get
le| = (DD — Ie| = | DD — I|le| < (1 — I)le]. (6.2.24)

The last part is due to the fact that all entries in the vector |e| and the
matrix [D¥D — I| are non-negative and the entries in [DED — I| are
dominated by p. Further,

lef = p(1 = Dlel <= (14 ple] = plle] = pllefi1
rllells
1+ /J
In the above we used the fact that 1|e| = 117 |e| = 1]e||;. We can now

define a new set

e (6.2.25)

e# 0,17 e] —21%]e] <0

MHé’Hl
1+

Clearly, C! C C?%. We note that C? is unbounded since if e € C?, then
ce € C%2V ¢ # 0. Thus, in order to study its behavior, it is sufficient

C? =

s

o] < (6.2.26)
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to consider the set of vectors with unit norm vectors |le]|; = 1. We

construct the new set as

C’r:{e

Note that we replaced 17]e| = ||e/l; = 1 in formulating the description

leflh = 1,1 = 21%|e] <0 and |e| < ﬁn } . (6.2.27)

of C, and the condition e # 0 is automatically enforced since ||e[|; = 1.
Clearly C? =g <— C, =02.

In order to satisfy the requirement 1 — 21%|e|] < 0, we need to have
1% |e| as large as possible. Since this quantity only considers first K
entries in e, hence the energy in e should be concentrated inside the
first K entries to maximize this quantity. However, entries in e are

restricted by the third requirement in C,.. We can maximize it by

choosing
le;| = 2
J 1_{_#
for first K entries in e. We then get
]
1—215%le|=1-2K—— <0. 6.2.28
el < (6:225)

This gives us

1—2K1Lgo — 1+p<2Kp

+ 4
L+ p
= 2K = T (6.2.29)
1 1
<~ K2—<1+—>.
2 7

This is a necessary condition for C). to be non-empty. Thus, if

1 1
K<—(1+—)
2 p

then, the requirement 1 — 21%|e| < 0 is not satisfied and C, is empty.
Consequently, C' is empty and the theorem is proved.
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We present another result which is based on i;/5(G') measure of the

Gram matrix of the dictionary.

Theorem 6.3 [20] Let x = Do and ||allg < p1/2(G), then then a
is the unique solution of both (Py) and (P1).

PRrROOF. Let A = supp(a) and K = |A|. As per the theorem, let
K < p11/2(G). We show that any vector in the null space of D exhibits
less than 50% concentration on A, i.e. for every h € N (D)

S 1l < gl (6230
keA
Now
Dh=0 => Gh=D"Dh=0.
Subtracting both sides with h we get

Gh—h=(G—1I)h=—h. (6.2.31)

Let F' denote an K x D matrix formed from the rows of G — I corre-

sponding to the indices in A. Then
(G=Dh=~h = |[Fhlly = [hl-
keA

Basically hy, for some k € A is the inner product of some row in F' with
h.

We know that
[ EAl < |F[[]|]

where || F'[|; is the max-column-sum norm of F. This gives us
IE a7l = [l
keA

In any column of F' the number of entries is K. Actually one of them is
0 (corresponding to the diagonal entry in GG). Thus, leaving it the rest
of the entries are K — 1. By assumption p/2(G) > K. Thus any set of
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entries in a column which is less than K cannot have a sum exceeding

%. This gives an upper bound on the max-column-sum of F'. i.e.

1
Il < 5.
Thus, we get
1
S tid < IF bl < 5l1bl
keA
for every h € N (D).

The rest follows from the fact that for any other o' such that z =
Do’ = Da, we know that

/|1 > [|aly

whenever .
S el < 5l
keA
where h = a — o (thus Dh = 0). O

6.3. Stability of sparsest solution

In this section we discuss various results related to the stability of the

sparsest solution for the (P{) problem.

NOTE: some of this content may be moved to different chapters on

further review.

For convenience, we restate the problem. We represent the signal x €

CY as 2 = Da + e where « is a sparse approximation of x in D.

a = arg ;gic%HaHO subject to ||z — Da|y <e. (Pg)

Since we only know z and D (both « and e are unknown to us), hence in
general it is not possible to recover o exactly. The term d = o — @ will
represent the recovery error (note that it is different from the represen-
tation error e). It is important for us to ensure that the solution of the
recovery problem is stable i.e. in the presence of small approximation

error |le||2, the recovery error ||d||; should also be small. For the sparse
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€

recovery problem (Pf), we cannot provide a uniqueness guarantee as
such. Still, we can identify criteria which ensure that the solution re-
mains stable when the approximation error is bounded. Our analysis

in this section will focus on identifying criteria which ensures this.

We start with generalizing the notion of spark for the noisy case. Sup-
pose a and ( are two solutions of (P{). Then ||Da — z||; < € as well
as ||DS — z||2 < €. Thus, both Da and Dg lie in a ball of radius €
around x. Thus, the maximum distance between Da and DS can be

2e. Alternatively, using triangle inequality we have
[D(e = B2 = [[Pa — x + 2 — D)2

(6.3.1)
< [|[Da = zll2 + [l — DB |2 < 2.

If we define d = a — 3, then

D] < 2e. (6.3.2)

6.3.1. spark,

Definition 6.1 Let A € CV*P be some matrix. Consider all
possible sub-sets of K columns. Let each such set form sub-matrix
Ap € CV*E where A denotes the index set of K indices chosen. We
define spark, (A) as the smallest possible K (number of columns)

that guarantees

IIlAiIlO'K(AA) <n (6.3.3)

where ok denotes the smallest singular value (i.e. K-th singular
value) of the sub-matrix A,. Note that we are minimizing over all
possible index sets A with |[A| = K.

In words, this is the smallest number of columns (indexed by A) that
can be gathered from A such that the smallest singular value of Ay
is no larger than 7. i.e. there exists a sub-matrix of A consisting of
spark, (A) columns whose smallest singular value is 1 or below. At
the same time, all submatrices of A with number of columns less than

spark, (A) have the smallest singular value larger than 7.
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When the smallest singular value is 0, then the columns are linearly
dependent. Thus, by choosing n = 0, we get the smallest number
of columns K which are linearly dependent. This matches with the

definition of spark. Thus,
spark,(A) = spark(A).

Since singular values are always non-negative, hence n > 0. When
columns of A are unit-norm (the case of dictionaries), then any single

column sub-matrix has a singular value of 1. Hence,
spark, (A4) = 1.

Choosing a value of n > 1 doesn’t make any difference since with a

single column sub-matrix, we can show that
spark,(A) =1 Vn>1.
Let 11 > 19. Let
K, = spark, ,(A).

Thus, there exists a sub-matrix consisting of Ky columns of A whose
smallest singular value is upper bounded by 7s. Since 7, > 12, M
also serves as an upper bound for the smallest singular value for this
sub-matrix. Clearly then K; = spark, (A) < K,. Thus, we note that

spark, is a monotone decreasing function of 7. i.e.

spark, (A) < spark, (A), whenever 1, > ns.

Further, we recall that the spark of A is upper bounded by its rank plus

one. Assuming A to be a full rank matrix, we get following inequality:

1 < spark, (A) < sparky(A) = spark(A) < N +1V0<n<1. (6.3.4)

We recall that if Av = 0 then ||v]|o > spark(A). A similar property can
be developed for spark, (A4) also.

Theorem 6.4 If || Av||; <7 and ||[v||y = 1, then [Jv||o > spark, (A).
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PROOF. For contradiction, let us assume that K = [Jv||o < spark, (A).
Let A = supp(v). Then Av = Apvy. Also |[valla = ||v]|e = 1.

We recall that the smallest singular value of A, is given by

Fon(A) = inf [ Are]s

Thus,

| Arx||2 > omin(Aa) whenever |z]] = 1.
Thus, in our particular case
|Arvall2 > Omin(An)-
Ap has K columns with K < spark, (A).

Thus, from the definition of spark, (A)

Umin<AA) > .

This gives us

[Av]ls = [[Axvall2 > 7
which contradicts with the assumption that ||Av|js <. O

6.3.2. spark, and coherence

In the following, we will focus on the spark, of a full rank dictionary
D. We now establish a connection between spark, and coherence of a

dictionary.

Theorem 6.5 Let D be a full rank dictionary with coherence .

Then
1-— n2

0

spark, (D) > + 1. (6.3.5)

Proor. We recall from Gershgorin’s theorem that for any square

matrix A € CE*K every eigen value \ of A satisfies

A —ai;| < Z |a;j| for some i € {1,..., K}.
J#i
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Now consider a matrix A with diagonal elements equal to 1 and off

diagonal elements bounded by a value p. Then
A=1] <) ay| <> p= (K-
i i
Thus,
~(K-Dp<A—1<(K-p <= 1-(K-1D)pu <A< 1+ (K-1)u
This gives us a lower bound on the smallest eigen value.

Amin(A) > 1 (K — 1)

Now consider any index set A C {1,..., D} and consider the submatrix
Dy with [A] = spark,(D) = K. Define G = D{D,. The diagonal
elements of G are one, while off-diagonal elements are bounded by p.

Thus,

1= Ain(@)
— K 1> ‘w7
K—=1z— (6.3.6)
— s i 2m(@)
1

Since this applies to every sub-matrix Dy, this in particular applies to

the sub-matrix for which op,1,(Dy) < 1 holds. For this sub-matrix

/\min<D/I\{DA) - 02 (DA) < 7]2'

Thus
1-— )\min(G) 1-— 7]2

+1>
ft I

K = spark, (D) > + 1. (6.3.7)

6.3.3. Uncertainty with spark,

We now present an uncertainly result for the noisy case.
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Theorem 6.6 If a; and oy satisfy ||x — Dalla < €, = 1,2, then
2e

> spark, (D), where n = ————.
lello + llello = spark, (D), where n = o=

(6.3.8)
PROOF. From triangle inequality we have
[D(ar — az)f2 < 2e.

We define = oy — as. Then ||DS||s < 2e. Further define v = 8/||5]|2
as the normalized vector. Then

Do, = 1200 < 2
1Bl = T8l
Now define
B 2¢ B ¢
TZ080: T Tl — sl

Then from theorem 6.4 if ||Dv|ls < n with [|v||s = 1, then [jv]o >
spark, (D). Finally,
[anllo + llazllo > [lar — azllo = [|B]lo = |lv]lo > spark, (D). (6.3.9)

This concludes the proof. O

This result gives us a lower bound on the sum of sparsity levels of two
different sparse representations of same vector x under the given bound

approximation error.

6.3.4. Localization of sparse representations

We can now develop a localization result for the sparse approximation
up to a Euclidean ball. This is analogous to the uniqueness result in

noiseless case.

Theorem 6.7 Given a distance 6 > 0 (bound on distance between
two sparse representations) and € (bound on norm of approrima-

tion error), set n = 2¢/5. Suppose there are two approrimate
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representations o, 1 = 1,2 both obeying
1
|z — Dal|l2 < € and ||a;llo < Esparkn(l)). (6.3.10)

Then ||a; — aglls < 6.

PROOF. Since ||a;|o < 3spark, (D), hence
lenllo + [lezllo < spark, (D).

From theorem 6.6, if we define
2e

V= +—"—""—"™-—,
o — |2

then
o + |lezllo > spark, (D).

Combining the two, we get
spark, (D) > [laillo + ||azllo > spark, (D). (6.3.11)
Because of the monotonicity of spark, (D), we have

spark, (D) > spark, (D) = n <v
o2 (6.3.12)
0 7 [loa — a2
= 0 > [Jar — azlls

which completes our proof. O

This theorem says that if x has two different sufficiently sparse repre-
sentations «; with small approximation errors, they fall within a small
distance.

6.3.5. Stability of sparsest solution using coherence

We can now develop a stability result for the (Pf) problem in terms of

coherence of the dictionary.
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Theorem 6.8 Consider an instance of the (P() problem defined by
the triplet (D, x,€). Suppose that a sparse vector a € CP satisfies

|H\<1@+1)
1|0 = =
2 %

and gives a representation of x to within error tolerance € (i.e.

the sparsity constraint

|z — Dalla < €). Every solution & of (Pg) must obey
4¢?
1—p2llalo—1)°

~

& —al; <

(6.3.13)

ProOF. Note that o need not be sparsest possible representation
of x within the approximation error e. But « is a feasible solution
of (P{). Now since & is an optimal solution of (P{) (thus sparsest

possible), hence it is at least as sparse as « i.e.
1@llo < llevflo-
We recall that
1 1 1
§spark(D) > 5 (1 + ;) > ||ello-
Thus, there exists a value n > 0 such that
1 1 ~
5 spark(D) 2 gspark, (D) 2 [lallo = [|allo.

From theorem 6.5 we recall that

1—772

0
Thus, we can find a suitable value of n > 0 such that we can enforce a

spark, (D) > + 1. (6.3.14)

more stricter requirement:

1/1—n? 1
ledlo < 5 ( MU + 1) < gspark, (D). (6.3.15)

From this we can develop an upper bound on 7 being

1 — 2
lallo < 5 (= +1) <= 2lalow < 1= 41
I (6.3.16)

= 7? <1—p2lallo—1),
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If we choose 72 =1 — u(2]|aljo — 1), then

1/1—n? 1
lallo = (=5 +1) = lall < gspark, ()

2 1 (6.3.17)
= allo < llallo < gspark,(D)
continues to hold.
We have two solutions « and @ both of which satisfy
. 1
ldlo, llllo = Fspark, (D)
and
|z = Dallz, |z — Dalls < e
If we choose a § = %, then applying theorem 6.7, we will get
4¢? 4e?
la—al; <8 =— = : (6.3.18)
’ 1= p2flefo—1)
O

6.3.6. Stability of sparsest solution using RIP

Theorem 6.9 Consider an instance of the (P() problem defined
by the triplet (D, x,¢€). Let D satisfy RIP of order 2K. Suppose
that a sparse vector a € CP with ||allo = K is a feasible solution

of (Pg). Then, every solution & of (Pg) must obey

2
- alf < 15— (63.19)
Further, if
1 1
lallo <5 (1+3)
then the following also holds:
~ 2 4€?
la— a5 < =@l =1) (6.3.20)

PROOF. Let @ be an alternative solution to (Pf). Defining g =
a — «, as usual
DBz < 2e.
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Further
1Bllo = lla —allo < [laflo + [[@llo < 2K

since ||allo < Jlallo = K.
Since D satisfies RIP of order 2K, hence

(1= 6)[18II2 < P83 < (1 + darc)181]5-

This gives us
(1= ) [1BII5 < 4e”.

Rewriting we get
4¢?

1 — 0ok

1813 <

which is the desired result.

We recall that
52K S <2K — 1>M
Thus,
4e? 42
< .
1—dog — 1= (2K —1)p

This is useful only if the denominator is positive, i.e.

1— by 21— (2K — Dy =

1 1 1
1-2K-1u>0 = —>2K-1 = K<§<1+—).
It It

Under this condition, we get the result

4¢?
2
< .
6.4. BPIC

In the section, we present a stability guarantee result for BPIC.

Theorem 6.10 Consider an instance of the (P}) problem defined
by the triplet (D,x,¢). Suppose that a vector o € CP is a feasible



6.4. BPIC 247

solution to (PY{) satisfying the sparsity constraint

”M“<i(1+ﬁéi)'

The solution & of (P{) must satisfy

ja—al} < o (6.4.)
a—alls < . 4.
2= 1— (D)l - 1)
PROOF. As usual, we define § = @ — .. Then
DBz = [|P(a — a)||2 = |Da — x + x — Dally < 2e. (6.4.2)

We now rewrite the inequality in terms of the Gram matrix G = D D.

4¢* > = |Dp; = p"GB
=G —-T+1)3 (6.4.3)
= |85 + 8 (G — ).

It is easy to show that:

—1B1"1Al18] < 8" AB < |B["]AllB|

whenever A is Hermitian. To see this just notice that 7 ApB is a real
quantity. Hence B AB = 4|37 AB|. Now, using triangle inequality we
can easily show that |37 AB| < [B|T|A||A|.

Since GG — [ is Hermitian, hence

BHG - 1)B = ~|8"|G — 11|

Now

BIFIG=1118] = Y 1B:ldf d;=6,]18;] < (D) Y 18:I8;] = w(D)IBI" (1=1)||.
i, 1,5,07#]

Only the off-diagonal terms of G remain in the sum, which are all

dominated by u(D).
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Thus we get
et > |81z — 181" (1 = 1)| ]
= (1+ u(D))[8]z — (D)8 1] 8] (6.4.4)
= (1+uD@)IBIlz — w(D)IIBII1-

This is valid since v 1v = ||v]|3.
Since @ is optimal solution of (P{), hence

@l =116 + el < llafly = 116 + oy = llafly <0. (6.4.5)

Let A = supp(«) and K = |A|. By a simple permutation of columns
of D, we can bring the entries in « to the first K entries making A =
{1,..., K}. We will make this assumption going forward without loss
of generality. Let 1, be corresponding support vector (of ones in first

K places and 0 in rest). From our previous analysis, we recall that

18+ ally = lledls = (18]l — 21%|8].
Thus
18y — 21%|8] <0 = |8l < 21%]8]. (6.4.6)

1%]3] is the sum of first K terms of |3|. Considering 35 as a vector
€ C¥ and using the I;-Iy norm relation ||v||; < VK|v|]y Vv € CV, we
get

15181 = 18all < VE|Ball2 < VE|B]2. (6.4.7)

Thus,
18] < 21%18] < 2VE Bl (6.48)

Putting this back in the previous inequality
4e* = (1 + pu(D))|18]lz — (D) BII3
> (1+ w(D)IBII; — n(DAK||B]3

= (1 - (4K = )u(D))|8Il3.
(6.4.9)
We note that this inequality is valid only if

1— (4K — 1)u(D) > 0.
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This condition can be reformulated as
1 1
|a|0:K<—(1—|——>.
I 4 (D)

Rewriting the bound on ||3]]3 we get

4€?
(1— (4K — Du(D)

which is the desired result. O

18115 < (6.4.10)

6.5. [, penalty problem

In this section we will examine the [; penalty problem more closely.

Let us recall the approximation error minimization with [, penalty

problem.

_ 1 ) ;
& = arg min o jz —Dall; +ylle;. (P1)

We will focus on following issues in this section:

e Some results from convex analysis useful for our study

e Conditions for the minimization of (P]) over coefficients «
supported on a subdictionary Dy

e Conditions under which the unique minimizer for a subdic-
tionary is also the global minimizer for (P7])

e Application of (P]) for sparse signal recovery

e Application of (P]) for identification of sparse signals in pres-
ence of noise

e Application of (P]) for identification of sparse signals in pres-

ence of Gaussian noise

6.5.1. Convex analysis

We recall some definitions and results from convex analysis which will

help us understand the minimizers for (P]) problem.
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Convex analysis for real valued functions over a complex vector space

is developed using the bilinear inner product defined as
(z,y)5 = Re(y"x). (6.5.1)

We can easily notice that (z,y)p = (y,x)p, (x,x)p > 0, (z,z)p =
0 <= =z = 0 and this inner product is linear in its first argument.
Thus, it is a valid inner product. Further, the norm induced by this
inner product is y/Re(z#z) = ||z||2 which is the usual l, norm.

The subscript B is there to distinguish it from the usual inner product
for the complex vector space (x,y) = y*z. The two inner products are

related as

(z,y)p = Re((2,9)).

We consider real valued functions over the inner product space X =
(CP,(-,-)p). Note that the dimension of X is D which is equal to the
number of atoms in the dictionary D. A convex function f : X — R

satisfies usual definitions of

fOr+ (1 =0)y) <0f(x)+(1-0)f(y) VO<O<1.

The objective function for the problem (P7]) is
L(a) = 3z ~ Da} + 7ol (652)
Clearly, L is a real valued function over X and it is easy to so that it
is a convex function. Moreover L(a) > 0 always.
For any function f : X — R, its subdifferential set is defined as
0f(@) £{geX: fy) = fa) +(y—z,9)p VyeX}  (6.53)

The elements of subdifferential set are called subgradients. If f pos-

sesses a gradient at x, then it is the unique subgradient at z. i.e.

Of (x) = {Vf(x)}

where V f(z) is the gradient of f at x.
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The subdifferential of a sum is the (Minkowski) sum of the subdiffer-

entials. i.e.

O(f(z)+g(x)) = 0f(x) +0g(x) = {h1+hs| € by € Of(x), hy € Og(x)}.
If f is a closed, proper convex function, then x is a global minimizer of
f if and only if 0 € Of(x).

We would be specifically interested in the subdifferential for the func-

tion ||a|;.

Theorem 6.11 Let z € X. The vector g € X lies in the subdiffer-
ential 0||z||1 if and only if

(a) |gk| <1 whenever z, = 0.
(a) gr = sgn(zy) whenever z, # 0.

We recall that the signum function for complex numbers is defined as

, 0 if r > 0;
sgn(rel?) = { S ;f : _ O’ (6.5.4)

The proof is skipped.

REMARK. ||g||cc = 1 whenever z # 0. ||g]l~ < 1 when z = 0.

6.5.2. Restricted minimizers

Suppose A index a sub-dictionary Dy. Since D, is a linearly inde-
pendent collection of atoms, hence a unique [, best approximation Zx
of x using the atoms in D, can be obtained using the least square

techniques. We define the orthogonal projection operator
Py = D, Di.
And we get
i‘\A = PAI.

Obviously the approximation is orthogonal to the residual, i.e. x —

Za L ZTa. There is a unique coefficient vector ¢, supported on A that
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synthesizes the approximation Z.
— Dl =—DI3

We also have

Z/E\A = PAZU = DACA.

Theorem 6.12 Let A index a linearly independent collection of
atoms in D and let a, minimize the objective function L(a) over all
coefficient vectors supported on A (i.e. supp(a) C A). A necessary

and sufficient condition on such a minimizer is that
ca — a, = y(DYDA) g (6.5.5)

where the vector g is drawn from 0||cw||1. Moreover, the minimizer

Qi 1S UNIQUE.

PROOF. Since we are restricted a to be supported on A (i.e. «a €
C"), hence
Do = DAOéA.

Now, both ¥, and Djya, belong to the column space of Dy while x —xy

is orthogonal to it, hence
r — i'\A 1 fA — Da.
Thus, using the Pythagorean theorem, we get
lz = Dall; = [z — Za + Za — Dalf; = ||z — Zall; + |24 — Dal3.
We can rewrite L(a) as
1 ST B 9
L(0) = 5lle = a3 + 5135 — Dal3 + 1l

Define
F(a) = 32— Dal3 + 7ol

Then
L(a) = 3 llz — Al13 + Fla).
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Note that the term ||z — Z|3 is constant. Thus, minimizing L(«) over
the coefficient vectors supported on A is equivalent to minimizing F(«)

over the same support set. Note that
Da = Dyay and ||ally = ||aallr-

We can write F'(«) as
Lo
F(a) = 512y = Daaall; +vllaalh-

Note that F'(«) depends only on entries in « which are part of the
support A. We can replace the variable oy with a € C* and rewrite
F(a) as

F(a) = 5]l ~ Daall3 + 1llall ¥ a € C*
Since atoms indexed by A are linearly independent, hence Dy has full
column rank. Thus, the quadratic term ||Z5 — Dpc|3 is strictly convex.
Since ||a||; is also convex, F(«) therefore is strictly convex and its

minimizer is unique.

Since F' is strictly convex and unconstrained, hence 0 € O0F(a) is
a necessary and sufficient condition for the coefficient vector «, to

minimize F(a).
The gradient of the first (quadratic) term is
(DYDr) o — DY T

For the second term we have to consider its subdifferential ¢||c||. Thus,

at a it follows that
(DYDA) . — DYZA+79 =0
where ¢ is some subgradient in J||c.||. Premultiplying with (Df DA) -
we get
~ -1
Qy — DR&:A + 7y (DfDA) g=20
~ -1
= Dj\xA — Q=7 (D/I\{DA) qg.

Finally, we recall that Dj\@\ = cp. Thus, we get the desired result

CA— Qi =7y (D{;’DAY1 g.
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Some bounds follow as a result of this theorem.

Theorem 6.13 Suppose that A index a subdictionary Dp and let
o, minimize the function (L) over all coefficient vectors supported

on A. Then following bounds are in force:
—1
lea = ellos <A (DRDA) ™ oo (6.5.6)
1Da(en = @s)llz < Y Dhllo-n- (6.5.7)

ProoOF. Starting with
CA— Qi = (DEDA)_l g (6.5.8)
we take the [, onorm on both sides and apply some norm bounds

lea — aulloo = | (DHEDA) ™ gl
<A (DEDA) " oo ll9lloo
<A (PIDy) 7 ||

The last inequality is valid since from theorem 6.11 we have: ||g||e < 1.
Now let us multiply (6.5.8) with Dy and apply [y norm
-1
1Dalea = @)l = IvDDs (DXDA) ™ glla =DV g2
< (@) looszllglloe

= || DL [l211l9]loo
< || DL lo-1-

In this derivation we used facts like ||All,—q = | A% |y—p, [[AZ]l, <
[Allp=qllll, and flglle < 1.
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6.5.3. The correlation condition

So far we have established a condition which ensures that «, is a unique
minimizer of L given that « is supported on A. We now establish

a sufficient condition under which «, is also a global minimizer for

L(a).

Theorem 6.14 [Correlation condition| Assume that A indezes a
subdictionary. Let o, minimize the function (L) over all coefficient

vectors supported on A. Suppose that
D%~ Gl <7 |1 - mai@hdall]  (659)

where g € O|ax||1 is determined by (6.5.5). Then «, is the unique

global minimizer of (L).
Moreover, the condition
19 (c = &)l <7 |1~ macl DY (6.5.10)

guarantees that o, is the unique global minimizer of (L).

PROOF. Let o, be the unique minimizer of (L) over coefficient vec-
tors supported on A. Then, the value of the objective function L(«)

increases if we change any coordinate of «, indexed in A.

What we need is a condition which ensures that the value of objective
function also increases if we change any other component of a, (not
indexed by A). If this happens, then «, will become a local minimizer

of (L). Further, since (L) is convex, «, will also be global minimizer.

Towards this, let w be some index not in A and e, € CP be corre-
sponding unit vector. Let de, be a small perturbation introduced in
w-th coordinate. (6 € C is a small scalar, though need not be positive

real) We need find a condition which ensures

Lo, +de,) — L(a,) >0 Yw¢A.
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Let us expand the L.H.S. of this inequality:
L + dey,) — L) =

1 1
Sl = Da = 6du | - 51z - D}

+ 7 [llees + dewlly — lJolla] -
Here we used the fact that De,, = d,,,.
Note that since «, is supported on A and w ¢ A, hence
love +dewls = [leealls + (w1
Thus
o+ deull = el = 131.
We should also simplify the first bracket.
lz = Dol = (x — Daw)" (z — Davy)
=22 + oD Da, — 2" Da, — oD 2.
Similarly
|z — Da, — 6d,||2 = (x — Do, — dd,,)? (x — Da, — 6d,,)
=y + oszHDoz* —2"Da, — oszHx
— (x — Da,)6d, — 5d" (x — Da,) + ||0d,||3.
Canceling the like terms we get

16|12 — 2Re((z — Da, 6d.)).

Thus,
Lo + dey,) — L) =

1
§|l5dw|!§ — Re({z — Da, dd,,)) + /|-
Recall that since «, is supported on A, hence Da,, = Dy a,.

We can further split the middle term by adding and subtracting Dych.
Re((x — Dpaw, dd,)) = Re({x — Daca + Daca — Dpaw, 6d,,))
= Re((x — DACA, (5dw>) + Re(<DA(CA — Oé*), (de))
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Thus, we can write

1
L(o+dey,)—L(ow) = §H5dw|]§—Re((x—DAcA,5dw))—Re((DA(cA—a*),5dw>)+’y|5].

The term 1||dd,, )3 is strictly positive giving us

L(a+de,)—L(aw) > —Re({(z—Daca, dd,)) —Re({Da(ca—as), 6d,))+71d].

Using lower triangle inequality we can write

L(aw + de,,) — L(aw) > 7|0 — [{x — Dacy, 0d,,)| — [{Da(ca — ), 0d,,)].

Using linearity of inner product, we can take out |d|:

L(a, +dey,) — L(as) > [6] [y — [{(z — Daca, du)| — [{Dalea — au), du)l] -
(6.5.11)

Let us simplify this expression. Since «, is a unique minimizer over
coefficients in C*, hence using theorem 6.12
ca — . =v(DYDa) 'y
= Da(ea — ) = YDA(DYDA) g = (D)) 9.

where g € 0||a.||;. Thus
[(Dalea — aw), du)| = 7[((D})"g,d)| = 7[(Dhd, 9)]

Using the fact that (Az,y) = (z, A¥y). Also, we recall that Zp = Dycy.
Putting the back in (6.5.11) we obtain:
Lo, +de,)— L) > 0] |y — v[(Dldy, g)| — |{x — T, dw>\] . (6.5.12)

In (6.5.12), the L.H.S. is positive (our real goal) whenever the term
in the bracket on the R.H.S. is non-negative (since |d| is positive).

Therefore we want that

7_7|<Dj\dw7g>| - |<JJ _EAdeH > 0.

This can be rewritten as

(@ =B, do)l <7 1= [(Dhn g)]].
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Since this condition should hold for every w ¢ A, hence we maximize
the L.H.S. and minimize the R.H.S. over w ¢ A. We get

max|{x — Tx, < minvy |1 — Dwa, ]: [1—max Dwa,
max|(z = Tn, du)| < miny |1 = [(Dydu, 9)l] =7 max|(Dydu 9)|
Recall that  — Z, is orthogonal to the space spanned by atoms in Dj.
Hence

max|(z = Zn, du)| = max|(z = Tn, du)| = 1D (2 — Tp) oo
This gives us the desired sufficient condition

D" (& = ) loo < 7 |1~ maxl (Dl )]

This condition still uses g. We know that ||g|| < 1. Let us simplify
as follows:
(Dhdu, 9)] = (D)9l

= [[(D}d)" gl
I(Dhd) " llsclgloo
d.,)

(
I(Dhd) N9l
(Do)l

IN

IN

Another way to understand this is as follows. For any vector v € CP

Mu

(v, 9)]

GiV; ’

< 2 lgillvi
1

1=

<D uillllgle

=1

< [Jvfls.

)

Thus
(Dld.. g)| < |Didulhr.
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Thus, it is also sufficient that

D7 (@ = &)l < 7 |1 = max] (D)

6.5.4. Exact recovery coefficient

We recall that Exact Recovery Coefficient for a subdictionary is defined
as
ERC(A) = 1 — max|/D\d,|:.
wgA
Thus, the sufficient condition can be rewritten as

D" (2 — Za)||oo < YERC(A).

Note that the L.H.S. in both sufficient conditions is always non-negative.
Hence, if the R.H.S. is negative (i.e. ERC(A) < 0), the sufficient con-

dition is useless.

On the other hand if ERC(A) > 0, then a sufficiently high 7 can
always be chosen to satisfy the condition in (6.5.10). At the same time

as vy — 00, the optimum minimizer is o, = 0.

How do we interpret the L.H.S. || D (2 — Z4)||0?

Definition 6.2 Given a non-zero signal v and a dictionary D,
define the function

max|(v, d,)|

maxcor(v) = WGQ‘W (6.5.13)

If v = 0, then define maxcor(v) = 0. This is known as the maxi-

mum correlation [37] of a signal with a dictionary.

Essentially, for any signal we normalize it and then find out its max-
imum inner product (absolute value) with atoms in the dictionary D.

Obviously 0 < maxcor(v) < 1.

REMARK.
D" 0o = maxcor(v)]v]o. (6.5.14)
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We can now interpret
||DH(93 — Tp)|loo = maxcor(z — Zy)||x — T2

Therefore, the sufficient condition in theorem 6.14 is strongest when
the magnitude of the residual (z — 7,) and its maximum correlation

with the dictionary are both small.

Since the maximum correlation of the residual never exceeds one, hence

we obtain following (much weaker result)

Corollary 6.15. Let A index a subdictionary and let x be an input

signal. Suppose that the residual vector x — T satisfies
|z — Zall2 < vyERC(A).

Then any coefficient vector cu, that minimizes the function (L) must be

supported inside A.
6.5.5. Applications of /; penalization

Having setup the basic results in place, we can now study the applica-
tions of (P7).

Theorem 6.16 Let A indez a subdictionary Dy for which ERC(A) >
0. Suppose that x is an input signal whose ly best approximation

over A\ satisfies the correlation condition
IDR (z — Za)llo < YERC(A).

Let . solve the convex program (P]) with parameter . We may

conclude that:

(1) Support of cu. is contained in A and
(2) The distance between o, and the optimal coefficient vector
cp satisfies

low = eallos < 7| (PEDA) 7|

[e.o]
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(8) In particular, supp(a,) contains every index \ in A for
which

ex(l > || (@D ™|

(4) Moreover, the minimizer o, is unique.

PROOF. Since the sufficient condition for correlation condition the-
orem 6.14 are satisfied, hence «, which minimizes (L) over coefficient
vectors in C* is also a global minimizer of (L). Since o, € C*, hence

supp(a.) C A.
For claim 2, application of theorem 6.13 gives us

-1

Since the convex function (L) is strictly convex, hence «. is unique

global minimizer.

For claim 3, suppose a,(\) = 0 for some index A € A for which

x| > 7 || (DFDa) ™

Then
0. (N) = x| = lea(] > || (PFD) 7
But
s = ealloo > o (3) — ea(M)].

This violates the bound that

o = elloe <7 || (DFDA) ™"

o0

Thus, supp(a,) contains every index A € A for which
~1
exl > 7| (PFpn) ™|
O

We can formulate a simpler condition in terms of coherence of the

dictionary.
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Theorem 6.17 Suppose that Ku < % Assume that |A| < K
i.e. N\ contains at most K indices. Suppose that x is an input
signal whose ly best approximation over A denoted by T satisfies
the correlation condition

1-(2K -1

1—(K—1u

Let a, solve the convex program (P]) with parameter . We may

1D (2 = Za)lloo <7

conclude that:

(1) Support of . is contained in A and
(2) The distance between o, and the optimal coefficient vector

ca satisfies

1
« — CAlloo S YT
o = el £ 97— =
(3) In particular, supp(a.) contains every index \ in A for
which "
AN >y—m—F7——.
el > 11—

(4) Moreover, the minimizer . is unique.

PRrRoOOF. We recall the coherence bounds on ERC as

1— (2K —1)pu
E A) > )
RC(A) 2 1—(K—-1p
Thus,
1—-(2K —-1)p

1D (2 = Za) [l <

ST ~YERC(A).

A direct application of theorem 6.16 validates claims 1 and 4.

We recall the upper bound on norm of inverse Gram matrix of a sub-

dictionary as

1 1
G e = 1G5 < < .
16 o =1 ||1—1—u1(K—1)_1—(K—1)u

Putting this in theorem 6.16 validates claims 2 and 3.
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6.5.6. Application: Identifying sparse signals

We now show how one can recover an exactly sparse signal solving the

convex program (P7).

Theorem 6.18 Assume that A indexes a subdictionary for which
ERC(A) > 0. Choose an arbitrary coefficient vector ¢, supported
on A. Fiz an input signal © = Dcope. Let o, () denote the unique

minimizer of (P]) with parameter v. We may conclude that

i. There is a positive number vy for which v < ~y implies
that supp(a.(y) = A.
ii. In the limit as v — 0, we have a.(y) = Copt.

PROOF. Since there is no noise, hence the best [ approximation of

z over A
/IB\A:[E

itself and the corresponding coefficient vector is

CA = Copt~

Therefore
DY (z — Za) |l = 0 < yERC(A).

Thus, the correlation condition is in force for every positive value of
7. Thus, as per theorem 6.16, minimizer «.(7y) of the convex program

(P]) must be supported inside A. Moreover, we have

-1
o () = coptlloe < 7| (PEDA)

oo

Clearly, as v — 0, we have a.(7) = Copt.

Finally, recall that supp(a.(7)) contains very index A in A for which

o) > 7| (PEDA) 7|

o0
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In order for every index in A to be part of supp(a. (7)), we require

minfeo (V)

[ogon [ "

[e.9]

Choosing the L.H.S. to be 7y, we get an explicit value of upper bound
on ~ such that v < 7o leads to complete discovery of support. U

6.6. BPIC for compressed sensing

In this section we study the issue of stable signal recovery from incom-
plete and inaccurate measurements using basis pursuit with inequality

constraints approach.

The results are based on [12].

We recall the formulation of compressed sensing as
y=%ox +e

where # € C¥ is our desired signal and z is K-sparse, ® ¢ CM*¥
is our sensing matrix with appropriate RIP constants, e € C™ is the
measurement noise introduced during sensing process and y € CM is
the vector of compressed measurements with K < M < N. The
measurement noise [ norm has an upper bound given by ||e[|s < e. We

can think of e as a perturbation to the sensing system.

Let us recall the problem of sparse recovery from CS measurements

with bound on measurement noise.

T = arg min [[z]jo subject to ||y — Pxfly < e (CSp)
zeC

A convex relaxation of this problem is
T = arg min||z||; subject to ||y — Pzl < e. (CSY)
zeCN
For stable recovery, we need to connect the measurement error norm

bound e with the recovery error norm ||z — z||; and identify the condi-

tions under which the recovery error norm ||z — z||5 is bounded by some
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small multiple of the measurement error upper bound €. Such a result
establishes that if the measurement error is small, then the recovery

error will also remain small.

In this section

e We will develop the guarantee for recovery of sparse signals in
terms of restricted isometry property of ®.

e We will then generalize the guarantee for arbitrary signals.

e We will then specialize the general guarantee for compressible

signals.

First of all, let us focus our attention to sparse signals.

We will denote recovery error vector as
h=7—ux. (6.6.1)

Note that h need not belong to the null space of ®. This happens only
when measurement noise is 0. Also, as a solution of (CS]), ¥ need not

be sparse. h need not be sparse either.

6.6.1. The recovery error vector

For most part of this section, we will study the behavior of the recovery
error vector. As a result of this analysis we will obtain the recovery

guarantees for the (CS]) program.

~

Theorem 6.19 The recovery error vector of (CS]) h = T — x
satisfies
|Ph|l2 < 2e. (6.6.2)

This constraint is also known as the tube constraint.

PrRoOOF. We are given that
ly — @[]z <€

and
|y — @zl < e
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This gives us
[@(z = T)l|l2 = [ly = 2T + Pz —yll2 < |ly — PZl2 + [ly — Dxf|2 < 2e.

4

Theorem 6.20 The recovery error vector of (CS]) h = T —
satisfies

[nelly < [[hally (6.6.3)
where A = supp(x). This constraint is also known as cone con-

straint.

PROOF. Since z is a feasible vector for (CS]), hence
1Z]l1 < [l (6.6.4)
We can further split h as
h = hp + hpe
i.e. hy is the part of A with the same support as x and hye is the rest
of h.
Now, replacing = x + h in (6.6.4) we get
[+ hlly < =)y
= ||z + ha + haells < 2]
= [l +halls + llhaclls < ll2lly
= [zlly = llhally + l[Aaclls < s

= — [|halls + [|Pacl1 <0

— [[hae

1 < [hallx

where we used the triangle inequality in ||z 4 hpllr > ||z]|1 — ||hall. O

We have established a relationship between the [; norms of A and hje.

Although, it is not possible to compare ||hyl|2 and ||hpe

o at this stage,

if we pick up some of the largest entries in hye and include in A, then
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we can say something concrete about the [, norm of the aggregated

vector.
Let us enumerate the indices in A¢ as
N1, M2, ...y TIN—|A]
in decreasing order of magnitude of entries in hpe.

We proceed by breaking A¢ down into smaller subsets of size T' (exact

value would be specified later). The smaller sets will be denoted as A;.

Ay will contain indices of T' largest (magnitude) entries in hpe. Ay will

contain next 7' largest entries and so on, i.e. we set
ANj={n:(G-1)T+1<1<,jT}

N_T‘A‘—‘ Note that the last

set may have fewer than 7" indices. One reason we break down A€ into

Total number of such sets would be J = [

smaller sets is because it is then possible to apply restricted isometry

property on the vectors hy; individually.

h need not be sparse. h, is K-sparse. hyc need not be sparse either

but hy, are T-sparse where T' would be appropriately chosen.

Obviously
||hAj||p > ||ha,|l, whenever j <k

for any p-norm.

We are now ready to include indices in A; and develop a bound on

||hl2 in terms of entries in A indexed by A and A;.

Theorem 6.21 Consider the index set ' = A U A;.
12115 < (1 + p)llhrll3- (6.6.5)
|A]

where p = %

Before proving, we can easily see that if we choose T' = 3|A|, then

4 1
91 < Slacl3 <= kel < 5 lArl
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This demonstrates the concentration of lo-norm of A over the index set
I'=AUA;.

ProoF. We recall that the k-th largest entry in hje obeys
| hacllx
k
|hac| denotes the vector of absolute values of entries in hye.. We are

|hae|ry <

using the subscript (k) to indicate k-th largest entry in the vector.

Consider the vector hpe € CV. The |A| entries of h corresponding
to hp are set to 0 in hpe. T largest entries of hjc are set to zero in
hre. Consequently, the largest entries in hre start with 1"+ 1-th largest
entries in hje. Thus,

hpe
(k_T)SH/; ! VT +1<kE<N— |A|

e

This gives us
N—|A| N—|A|

1
lhrel3 =D hrelfeery < hacllf D =k

T+1 k=T+1
Just to clarify, the entries over the index set I' are known to be 0 in
hae by construction. Hence, they have been left out in the ls-norm

(squared) expansion in above.

It is possible to show that

N—[A]

1

> @S
k=T+1

f
This gives us
Hh 12 < ||h/\c %
Tellg > —T
Applying the cone inequality (6.6.3) (||hac|ls < ||hall1), we get
h 2

We also recall the upper bound on [;-norm in terms of ls-norm for

12alli < V|A|[Rall2-

sparse signals as:
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This gives us
1hre 13

Since ||hal|3 < ||hr||3, we can also write

A
< Bl (6.6.0

Al
[hre )3 < ?HhrHS
Finally this gives us

1[12 = llArll3 + e ]l3

(1 + @> NE (6.6.7)

Replacing the definition of p = T‘

1hl2] < (1 + p)lIFr 3.

we get

O

Looking back at (6.6.6), we see that T" should be greater than |A| or

p < 1 in order to have a useful energy concentration over I'.

In (6.6.6) we established ||hre

J
hre =Y hy,.
j=2

2 < y/pllhall2- We can write

This leads us to

|hre |2

J
Z 1Foa; 12
=2

: : : J
At this moment, no relationship between the two upper bounds  35_, [[ha;, |2
and /p||hal|2 is obvious. Before proving main recovery guarantees of
this section, we will need one more result which establishes the rela-

tionship between these two upper bounds.

Theorem 6.22 The split of h over the index sets A; satisfies

J
> 1kl < Vallkalle (6.6.8)
7j=2

E

where p =

S
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PROOF. Consider the vectors hy; and hy, ,. By construction every

non-zero entry in hy, , is not larger (in magnitude) than every entry

in hA]..
ha.
The average value of magnitude of entries in hy; is given by | 22”1.
Thus, by construction
ha.
|, (8)] < M VI<i<N.
Using this, we get a bound on the squared ly-norm of hy,,, (only T
entries in hy,,, can be non-zero) as
2
o _ oy Y
Hh/\j+1H2 < TJ

Now, summing over all the A; with 2 < j < J, we get

S gl < 3 sl
A'+1 2 >
2 Ml < 2 7o
J
ha.
s~

: VT

S bl [lAclls
VT VT
[Fall:
VT

VIA Rl
VT

<.
Il

IN

A
=/ Bl = vl

which is the desired result. In between, we used the cone inequality

and [1-l3 norm bounds for sparse vectors. ]

6.6.2. Sparse case recovery guarantee

We have now developed enough understanding of the behavior of the

recovery error vector. We get back to the job of establishing an upper
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bound on the recovery error in terms of the measurement error upper
bound.

Our main result is

Theorem 6.23 Let K be such that 03 + 3045 < 2. Then, for any
signal x supported on A with |A| < K and any perturbation e with
lell2 < €, the solution T to (CS]) obeys

17 — zll2 = [|h]ls < Cke, (6.6.9)

where the constant Cx may only depend on d4x. For reasonable
values of 045, Ck is well behaved; e.g. Cx ~ 8.82 for dy = 1/5
and Cx = 10.47 for d, = 1/4.

ProOF. We will work on ||[®hll;. We will expand it in terms of
sparse components of h and then apply RIP to get a bound on ||A||5.

Recall that

J
h:hA—i-hAl—i-hAz—i-"'—i-hAJ:hr—i-ZhAj.

Jj=2

So, by multiplying with ® on both sides we get

J
Ohr+ Y Dhy,

j=2

[Phll2 =

2

J
> dhy,

Jj=2

> || @hr|2 -

2
> [|@hrlls =) [[®ha,l2

i>2
J

> \/1 = Orqallbella = V1407 Y |1, ll2-
=2

We used RIP in
| @Al > /1 = drpjal||hr|2
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since |I'| =T + |A| and in

[Pha;ll2 < V1 drlha, l2
since |A;| <T.

From (6.6.8) we have:

J
> asllz < Volihalle.
=2
This gives us
[@hll2 = /1 = drpafllbrlls = V1 + 7v/pllhall2
> (/1= 0rapn = VAV +07) llhrl3
using the fact that ||hr||s > ||ha|2-
Now define a constant depending on |A| and T" as

Ciapr £ 4/1 = rsja) — VoV 1+ o7

Then, the inequality can be simplified as
[@hlls = Clagrlihrlle
From tube constraint (6.6.2), we have || ®hlls < 2e. Thus,

2e
h <
Il < 5o

provided the denominator C|,| 7 is positive.

Finally from (6.6.5)

2y/1 +
h]ls < V/1+ pllbc] < 25—

€.
Clapr
Since |A] < K?, hence dr4ia| < 074k, leading to
Crxr 2 Cre

Thus,
21+ P

hlj2 <
Inll: < =g

2The RIP constants are non-decreasing function of sparsity level.

(6.6.10)

(6.6.11)

(6.6.12)
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Choosing
2v/1+p
Cx=———
Ckr
we can rewrite this as
[All2 < Cke

which indeed is the desired result.

It remains to show that C),| 7 is indeed positive with reasonable values
for specific choices of T. We take T' = 3|A|. Then p = 3 and

1
C\A|,T =,4/1- (54|A| — \/;1/14- 53\A|~

C|A|,T >0

<:>\/1—54|A\—2\/1+53|A\>0

Now

= 1By > 51+ )
= 3= 300 > 1+ 0y,
<= 0O3)a] + 3044) < 2
Since |A| < K, hence d5z] < 03x and Oy < dax. Thus,

(531{ + 30k <2 = 63|A| + 354\A| < 2.

REMARK. We note that if dix < %, then 035 < ds4x ensures that
531( + 3(54]( < 2.

What remains is to show some explicit values of C'x with

o 2WTTD 2/473
K= ~
Ok JT= 0 — [T T Oox

for specific suitable choices of d,x and p = %

Choosing d4x = % and assuming d3x ~ %, we get

o 2VAB
CKN\/E—\/U_3\/E_8'8155'
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Similarly, for d,x = .25, we get

2./4
C ~ /3 = 10.4721.
V75 — /1/3v1.25

6.6.3. General case recovery guarantee

We now relax the condition that x is sparse and consider the case for

recovery of arbitrary x by (CS{) program.

We recall that the best K-term approximation of z is given by z|x
which is a vector comprising of K largest entries (in absolute value) in

x and having 0 everywhere else.

Let A = supp(z|x). We can consider x — x|x as another noise intro-
duced during the compressive sampling process. Define
g=1x— 2|k

as the approximation error vector for the best K-sparse approximation

of . We note that z|x = x5 and

T=TN+Tpe = §=02 — T|g =T — Ty = Tpe.

A suitable recovery guarantee should be able to connect the recovery
error ||hl|e = ||Z — z||2 with the measurement error upper bound € and

some measure of the approximation error g.

The tube constraint (6.6.2) continues to hold for the arbitrary signal
x. But the cone constraint (6.6.3) doesn’t hold anymore. Although, a
variation does hold.

Theorem 6.24 The recovery error vector h =T — x for the arbi-

trary vector x € CV satisfies

|| e

1 < [hally + 2)|zae

. (6.6.13)

where A = supp(x|x).
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PROOF. We start with
|z + hlls < [z

Taking lower bounds (using triangle inequality) for the L.H.S.:

|z + Rl = ||za + Tac + hp + hac

1

2 HﬁCA + h/A + hAcHl — HﬁCAcHl

1= [[halls
1= [[Palr-

1 HxAc

= llzalls + [[haclly = llzae
At the same time on the R.H.S.:
lly = llzalls + [lzaell-
Putting them together, we get
lzalls + lhacll = [leaclly = lhally < llzally + [loaells-
Canceling the common term and rearranging we get

|| hae

1= [[halls < 2f|lzac]r

Alternatively
| | hAc

1 < [l + 2|z

1-

O

As before, we will now consider the vector hye and divide A€ into index
sets of size T" with decreasing order of magnitudes of entries in hje.
There would be J such sets.

We will now develop a bound similar to theorem 6.21.
Theorem 6.25 Consider the index set ' = A U A;.

llzac |1
hlls < (1 + h +2 .
IAllz < (1 +vp)|krllz + 24/p Wi

(6.6.14)

where p = %
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PROOF. Proceeding as in the proof of theorem 6.21, we have

[[F2ne|1
Nk

We cannot apply the cone inequality here, but (6.6.13) is available.

[Are]l2 <

This gives us

hallr + 2]z pe
oy < Ll 2l
Using ||ha]li < VK| hal|2 and L = V2 we obtain

v (e + 2.

Adding ||hr||2 on both sides and noting that

||h1"c 2 2||$Ac

<|hA||2+

Using [[hall2 < [|r[2, we get

| Are]2 <

[Pll2 < [|Prll2 + 1hre]l2

we get
[E2Nlt

[hll2 < (14 /p)|lhrll2 +2/p T

4

Next we develop a result similar to theorem 6.22 for the general case

Theorem 6.26 The split of h over the index sets A; satisfies

J
2z
haillz < /o [ |hallz + . 6.6.15
>l < V7 (e -+ 222 (6.6.15)

Y

where p = .

PROOF. Proceeding as in theorem 6.22 we obtain

J ||h
E ha. < A 1.
~ H AJ+1”2 = \/T
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Things change here as cone constraint doesn’t apply anymore. Apply-

ing (6.6.13) we get

J

[halls 4+ 2[|zac
E ha. <
p || A]+1||2 = ﬁ

Simplifying just like theorem 6.25, we get

1

[l

We are now in a position to develop a recovery guarantee for arbitrary

signals in terms of € and ||z pc||;.

Theorem 6.27 Suppose that x is an arbitrary vector in CV and
let x| be the best K -term approzimation of x in CN. Under the
hypothesis of theorem 6.23, the solution T to (CS]) obeys

I3 = 2lls < Cryce + Cop e - N2 =2l (6.6.16)

VK
For reasonable values of d45c the constants in (6.6.16) are well be-

)
haved; e.g. Ci x ~ 12.04 and Cy i ~ 8.77 for dsx = %

We note that the bound in (6.6.16) is useful when ||z — z|x||; is small.

In terms of g = zpc and h = T — x we can write (6.6.16) as

Ih]|2 < Chxe + Cox - %

PROOF. Proceeding as in the proof of theorem 6.23
J
1@R]l2 > /1= drsxllbrlla = VI+ 67> [lha,ll2.
j=2

From (6.6.15), we have

2||xAc

J
B lla <7 [ lhalle + 1).
> Wil B+ (Il 22
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Thus,

2|z pe
|®h]ls > v/T=orpsllhrlls — o1 + o7 (||hA||2 + ”\/%”1) |

Using [|hr[l2 = [lhall2, we obtain

1

2 c
ol > (VT=3rx — Vav/TT ool = vy T4 o7l

Like in theorem 6.23, we introduce

Crr=+1—0rix —+/pPV1+or

and using the tube constraint (6.6.2) we get

2||5UACH1
¢ h B 149 —— < 2¢
k.rllhrl2 \/ﬁﬁ =
or
2|z pe
Ckrllhrll2 < 2e+ \/ﬁmn—/\Kl

Under the hypothesis of theorem 6.23 we know that Ck r is positive.
This gives us

2 )
hrlo < =— e+ 1+6
el < o (4 VAVIF o7

Finally, from (6.6.14), we have

23
hlla < (1+ hrl|ls + 2 )
1Pl < (1 + Vo)l hrlla + 2/ Vi
Define
oo 2(1+./p)
LK =~
K.T
and : )
2(1 +
Cox = CK;/ﬁ VoV 14 or+24/p
Then we get:
T e
|hllz £ Crre+ Cox H\;\Eul

which is the desired result.

Choosing T' = 3K, we have p = % We get

CK,T =V 1 —54[( -\ 1/3\/ 1 +53K
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Now choosing d, = 0.2, we have
Crr ~ 0.2620.

This gives us

Cy e =~ 12.0421

and

027[( ~ 8.7708.

Note that we can also write

027[( = Cl,K\/ﬁV 1467+ 2\/5

6.6.4. Compressible signal recovery guarantee

Recall the definition of a p-compressible signal 2 € CV satisfying

where x(;) represents the i-th largest (magnitude wise) entry in .

We also recall that the [; norm of approximation error for the K-sparse

approximation x| satisfies

lo =2l < Cp-R-K'

1 —1

Dividing by v'K on both sides we get

where

|z — 2|kl
VK

Putting these bounds in theorem 6.27, we obtain a bound on the re-

<C, R-K '3

Covery €error as

||/ZE\—I'||2 SCI,K€+OZ,KCpRK_%+% (6617)
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6.6.5. Concluding remarks

We note that the analysis in this section exclusively depends on the
restricted isometry property of ®. Thus, the analysis is completely

deterministic and applies for all sparse or compressible signals.

6.7. Digest

Problem formulations
Exact sparse problem:

a = arg Oléggll)“aHo subject to z = Da. (Po)

Sparse recovery with sparsity bound:

a = arg ;rel(lcrjljﬂx — Dal|s subject to ||allp < K. (PE)

Sparse recovery with approximation error bound

a = arg cfgic%HaHO subject to ||z — Dalls < e. (Pg)

Noiseless compressed sensing

T = arg min||z||y subject to y = Px. (CSp)
zeCN

CS recovery with sparsity bound

© = arg min |y — ®xly subject to [lzflp < K. (CSH)
zeC

CS recovery with measurement error bound

T = arg znelér}vHxHo subject to ||y — Pzl <. (CSp)

Basis pursuit

a = arg O{giCI}JIOéHl subject to x = Dav. (Py)
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Basis pursuit with inequality constraints
a = arg jg(icrjljﬂaﬂl subject to ||z — Dally < e (P9)
Basis pursuit denoising with approximation error penalty
@ = arg iy [l + Allz — Da3 (P})
Basis pursuit denoising with [; penalty
@ = axg min -z — Dal} +al. (P)

Basis pursuit We examine conditions for equivalence of (Py) and (P;)

problems.

BP: Two ortho case

D= [\If @}
ap
z=Da = [\IJ QD] = Vol + dal.
Oéq
kpy = llallo and Kk, = [[a?][o.

Basis pursuit equivalence two ortho case sufficient condition:
21(D)?*kphy + p(D)k, — 1 < 0
Weaker sufficient condition:

V2-05

allo=K =k, +k, <
H ”0 D q H(rp)

BP: General case Equivalence-Basis Pursuit sufficient condition:

lalo < % (1 + ﬁ) |

spark, Smallest possible K with K = [A| s.t.
H}\inch(AA) <.
spark, (D) = spark(D).
spark, (D) = 1.
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spark, (D) < spark, (D), whenever n; > ;.
1 < spark, (D) < spark,(D) = spark(D) < N +1V0<n< 1.

Null space vectors If | Dvll < n and [Jv][; = 1, then |v]|o > spark, (D).

spark, and coherence

spark, (D) > D)

Uncertainty result for sparse representations

2e

atllo + ||azllo > spark, (D), where n = ———.
et flo + [Jazllo (D) n oy — aols

Localization of sparse representations sufficient condition:
1
Jaully < gspark, (D)

Representation error upper bound

2e
g —anfls <6 =—.
n

Stability coherence
4¢?
(D)2llallo —1)°

-l < 7—

whenever

[ev]] <lie-t

(6] — — ] .
"2\ u(D)
Stability RIP

4¢?
@ ol < =5
BPIC stability guarantee
4¢?
la —al3 < -
‘71— pD)Alallo - 1)

whenever

lalo < }1 (1 4 ﬁ) |



CHAPTER 7

Matching Pursuit Algorithms

7.1. Introduction

In this chapter we will review some matching pursuit algorithms which
can help us solve the sparse approximation problem and the sparse

recovery problem discussed in chapter 2.

The presentation in this chapter is based on a number of sources in-
cluding [4, 7, 21, 29, 34, 38|.

Let us recall the definitions of sparse approximation and recovery prob-

lems from previous chapters.

From definition 2.8 let D be a signal dictionary with ® € CV*P being
its synthesis matrix. The (D, K)-SPARSE approximation can be written
as
minimize ||z — Palls
N (£5)
subject to ||allp < K.
From definition 2.7 with the help of synthesis matrix ®, the (D, K)-
EXACT-SPARSE problem can be written as

minimize  ||a||o
«
subject to = = P« (FR)

and |lalo < K

From definition 2.23 we recall the sparse signal recovery from com-
pressed measurements problem as following. Let ® € CM*¥ be a sens-
ing matrix. Let € CV be an unknown signal which is assumed to be
sparse or compressible. Let y = ®z be a measurement vector in CM.

283
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Then the signal recovery problem is to recover x from y subject to
y=dx

assuming x to be K sparse or at least A compressible.

We note that sparse approximation problem and sparse recovery prob-
lems have pretty much same structure. They are in fact dual to each
other. Thus we will see that the same set of algorithms can be adapted

to solve both problems.

In the sequel we will see many variations of above problems.

7.1.1. Our first problem

We will start with attacking a very simple version of (D, K)-EXACT-
SPARSE problem.

Setting up notation

e v € CV is our signal of interest and it is known.

e D is the dictionary in which we are looking for a sparse repre-
sentation of x.

® € CV*P is the synthesis matrix for D.

The sparse representation of x in D is given by

z = da.

It is assumed that o € CP is sparse with |ay < K.

Also we assume that « is the sparsest possible solution for x
that we are looking.
e We know z, we know ®, we don’t know a. We are looking for
it.
Thus we need to solve the optimization problem given by

minimize ||a||o subject tox = Pa. (7.1.1)

For the unknown vector «, we need to find
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e the sparsest support for the solution i.e. {i|a; # 0}

e the non-zero values «; over this support.

If we are able to find the support for the solution «, then we may
assume that the non-zero values of o can be easily computed by least

squares methods.

Note that the support is discrete in nature (An index i either belongs
to the support or it does not). Hence algorithms which will seek the

support will also be discrete in nature.

We now build up a case for greedy algorithms before jumping into

specific algorithms later.
Let us begin with a much simplified version of the problem.

Let the columns of the matrix ® be represented as

@:[gbl b ... o] (7.1.2)

Let spark(®) > 2. Thus no two columns in ¢ are linearly dependent
and as per theorem 2.23, for any z, there is at most only one 1-sparse

explanation vector.

We now assume that such a representation exists and we would be
looking for optimal solution vector a* that has only one non-zero value,

ie. [la*]o=1.

Let ¢ be the index at which o # 0.

Thus = = af¢;, i.e. x is a scalar multiple of ¢; (the i-th column of ®).
Off-course we don’t know what is the value of index .

We can find this by comparing = with each column of ¢ and find the

column which best matches it.
Consider the least squares minimization problem:

€(j) = minimize [[¢;2; — z||2. (7.1.3)
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where z; € C is a scalar.

From linear algebra, it attempts to find the projection of « over ¢; and
€(j) represents the magnitude of error between x and the projection of

T over ¢;.

Optimal solution is given by

H
07T ity (7.1.4)

Z - =
o leslE

since columns of a dictionary are assumed to be unit norm.

*

Plugging it back into the expression of minimum squared error we get
&(j) = minimize | ¢,z — 21
zj

H 2
= qu]gby L= x”Q

= |lz]l3 — lof'= ]
Now since z is a scalar multiple of ¢;, hence €(i) = 0, thus if we look at
() for 7 =1,..., D, the minimum value 0 will be obtained for j = i.

And €(i) = 0 means

l2)l2 = loi'l* =0 = ||zl = |¢7" = (7.1.5)

This is a special case of Cauchy-Schwartz inequality when x and ¢; are

collinear.

The sparse representation is given by

0

Since x € CV and ¢; € CV, hence computation of €(j) requires O(N)

time.
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Since we may need to do it for all D columns, hence finding the index
i takes O(N D) time.

Now let us make our life more complex. We now suppose that spark(®) >
2K. Thus a sparse representation a of x with up to K non-zero val-
ues is unique if it exists(see again theorem 2.23). We assume it exists.

Since x = ®a, x is a linear combination of up to K columns of ®.

One approach could be to check out all (2) possible subsets of K

columns from ®.

But (2) is (’)(DK ) and for each subset of K columns solving the least
squares problem will take O(NK?) time. Hence overall complexity
of the recovery process would be O (DK NK 2). This is prohibitively

expensive.

A way around is by adopting a greedy strategy in which we abandon the
hopeless exhaustive search and attempt a series of single term updates

in the solution vector «.

Since this is an iterative procedure, let us call the approximation at

each iteration as o where k is the iteration index.

e We start with o® = 0.

e At each iteration we choose one new column in o and fill in
a value.

e The column and value are chosen such that it maximally re-

duces the [y error between x and the approximation. i.e.
|z — @™y < ||z — Pa¥|; (7.1.6)

and the error reduction is as high as possible.

e We stop when the [, error reduces below a specific threshold.

We are now ready to explore different greedy algorithms.
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7.2. Orthogonal Matching Pursuit for sparse approximation

7.2.1. The algorithm

The core Orthogonal Matching Pursuit algorithm is presented in
Figure 7.1. The algorithm is iterative.

e We start with the initial estimate of solution o = 0.

e We also maintain the support of « i.e. the set of indices for which «
is non-zero. We start with an empty support.

e In cach (k-th) iteration we attempt to reduce the difference between
the actual signal x and the approximate signal based on current
solution a*~! given by r#~! = — daF~1.

e We do this by choosing a new index in « given by j, for the column
®j, which most closely matches our current residual.

e We include this to our support for «, estimate new solution vector «
and compute new residual.

e We stop when the residual magnitude is below a threshold ¢, defined

by us.
Each iteration of algorithm consists of following stages:

Sweep: For each column ¢; in our synthesis matrix, we measure the
projection of residual from previous iteration on the column and com-
pute the magnitude of error between the projection and residual.

The square of minimum error for ¢; is given by:
() = "M = log'r 2

We can also note that minimizing over €(j) is equivalent to max-
imizing over the inner product of ¢; with r*~! though this just helps
us reduce only N subtractions per iteration.

Update support: Ignoring the columns which have already been in-
cluded in the support, we pick up the column which most closely
resembles the residual of previous stage. i.e. the magnitude of error

is minimum. We include the index of this column j, in the support
set S*.
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Input: Synthesis matrix ® € CV*P with spark(®) > 2K < D

Input: Threshold ¢q

Input: Signal z € CV

Output: K-sparse approximate representation o € Y C CP
satisfying ||z — ®a||2 < €

// Initialization

k+0; // Iteration counter
a<0; // Solution vector a € CP
M0z — 0 =2z // Residual r € CN
SV & // Solution support S = supp(«)
while ||7*||2 > ¢ do

k<—k+1;

// Sueep

foreach j < 1,...,D do

€2(j) « minimize || zj¢; — r* |3 = [[r* 3 — [ofT P2
J

/1 2= gfrh!
end
// Update support
Find jo that minimizes e(j) Vj ¢ S*=1;  // i.e. €(jo) < €(§)
Sk SE=1y Lo} ;
// Update provisional solution
o miniamize |®a — x||2 subject to supp(a) = S¥;
// Update residual

kP =gz — dak ;

end

FIGURE 7.1. Orthogonal matching pursuit for sparse

approximation

Update provisional solution: In this step we find the solution of
minimizing ||®a — x||? over the support S* as our next candidate

solution vector.
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By keeping o; = 0 for i ¢ S* we are essentially leaving out corre-
sponding columns ¢; from our calculations.

Thus we pickup up only the columns specified by S* from ®. Let
us call this matrix as ®gx. The size of this matrix is N x |S*|. Let us
call corresponding sub vector as agr.

E.g. suppose D = 4, then ® = [¢1 by b3 @]. Let S* = {1,4}.

Then &g = [gbl q§4] and agr = (a1, ay).

Our minimization problem then reduces to minimizing ||® grcgr —
2.

We use standard least squares estimate for getting the coefficients
for agr over these indices. We put back agr to obtain our new solution
estimate o,

In the running example after obtaining the values o and oy, we
will have o = (a4, 0,0, ay).

The solution to this minimization problem is given by

DL (Pgragr —2) =0 = ag = (PL.Pgr) 'L

k

Interestingly we note that r* = x — ®a* = 2 — ®gragr, thus

@g)ﬂ"k == 0

which means that columns in ® ¢« which are part of support S* are nec-
essarily orthogonal to the residual r*. This implies that these columns
will not be considered in the coming iterations for extending the sup-
port. This orthogonality is the reason behind the name of the algo-
rithm as OMP.

Update residual: We finally update the residual vector to r* based

on new solution vector estimate.

Example 7.1: (D, K)-exact-sparse recovery with OMP

Let us consider a synthesis matrix of size 10 x 20. Thus N = 10 and
D = 20. In order to fit into the display, we will present the matrix in

two 10 column parts.
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@a:L 1 1 1
violtT -1 1 -1 -1 -1 1 -1 -1

-1 -1 1 1 -1 -1 -1 -1 -1

1 -1 1 1 -1 1 -1 -1 -1 1

-1 1 -1 1 1 -1 -1 -1 1 1

1 1 1 1 -1 1 -1 1 =1 1]

1 -1 -1 -1 1 1 1 -1 -1 —1]

1 1 1 -1 -1 -1 -1 -1 -1 1

-1 1 1 1 1 1 -1 -1 -1 -1

1 -1 1 -1 1 1 1 -1 -1 -1

ébzi 1 -1 -1 1 1 1 -1 1 1 -1
V10 [-1 1 1 i -1 1 -1 1 -1 1

with
o — [cpa @b] .
You may verify that each column is unit norm.

It is known that rank(®) = 10 and spark(®) = 6. Thus if a signal x
has a 2 sparse representation in ¢ then the representation is necessarily

unique.

We now consider a signal = given by

(474342 —4.74342  1.58114  —4.74342 —1.58114
158114 —4.74342 —1.58114 —4.74342 —4.74342 ]

For saving space, we have written it as an n-tuple over two rows. You

should treat it as a column vector of size 10 x 1.

It is known that the vector has a two sparse representation in ®. Let

us go through the steps of OMP and see how it works.

Instep 0, " =z, a® =0, and S* = @.
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We now compute absolute value of inner product of r° with each of the

columns. They are given by

4 4 4 7 3 1 11 1 21

217024 0 21 3
We quickly note that the maximum occurs at index 7 with value 11.
We modify our support to S' = {7}.

We now solve the least squares problem

minimize ||z — [¢7]az||5.

The solution gives us a; = 11.00. Thus we get

a_(000 000011000
“\00000O0DTO0O0O0O0)/

Again note that to save space we have presented « over two rows. You

should consider it as a 20 x 1 column vector.

This leaves us the residual as

gl [ 126491 —1.26491 —180737 -1.26491 1.89737
~1.89737 —1.26491 1.89737 —1.26491 —1.26491)°

We can cross check that the residual is indeed orthogonal to the columns

already selected, for

<7”1, ¢7> = 0

Next we compute inner product of ! with all the columns in ® and
take absolute values. They are given by

04 04 04 04 08 1.2 0 1.2 2 1.2

24 32 48 0 2 04 0 2 1.2 08

We quickly note that the maximum occurs at index 13 with value 4.8.

We modify our support to ST = {7,13}.
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We now solve the least squares problem

minimize|lz — 7 o] Lf‘] I3

13

This gives us ay; = 10 and a3 = —5.

Thus we get

2 (00 0 000 100 00
00 -5000 0 0O0O0

N——

Finally the residual we get at step 2 is

) ba? 10_14< 0 0 —0.111022 0 0.111022>
T =T — o =

—0.111022 0 0.111022 O 0

The magnitude of residual is very small. We conclude that our OMP
algorithm has converged and we have been able to recover the exact 2

sparse representation of x in ®. ]

7.2.2. Exact recovery conditions

In this section following Tropp in [34] we will closely look at some
conditions under which OMP is guaranteed to recover the solution for
(D, K)-EXACT-SPARSE problem.

It is known that £ = ®a where « contains at most X non-zero entries.

Both the support and entries of a are known.

Let Aope = supp(a) i.e. the set of indices at which optimal representa-

tion « has non-zero entries. Then we can write

(1SN

From the synthesis matrix ® we can extract a N x K matrix ®,,; whose

columns are indexed by Agpt.

q)opt £ ¢)\1 s ¢)\K]

where \; € Agpy.
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Thus we can also write
Tr = CI)optOéopt

where agp € CX is a vector of K complex entries.

Now the columns of optimum ®,,;, are linearly independent. Hence

®,p has full column rank.

We define another matrix W, whose columns are the remaining D — K
columns of ®. Thus W, consists of atoms or columns which do not

participate in the optimum representation of z.

OMP starts with an empty support. In every step, it picks up one
column from ® and adds to the support of approximation. If we can
ensure that it never selects any column from W,,; we will be guaranteed

that correct K sparse representation is recovered.

We will use mathematical induction and assume that OMP has suc-
ceeded in its first £ steps and has chosen £ columns from @,y so far.
At this point it is left with the residual r*.

In (k-+1)-th iteration, we compute inner product of r* with all columns

in ¢ and choose the column which has highest inner product.

We note that maximum value of inner product of r* with any of the

columns in W,y is given by

19 g7 e

Correspondingly maximum value of inner product of r* with any of the

columns in @, is given by

1@ -

Actually since we have already shown that r* is orthogonal to the

columns already chosen, hence they will not contribute to this equation.

In order to make sure that none of the columns in W, is selected, we
need

g7 lloo < | Popr*lloc-
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Definition 7.1 [Greedy selection ratio] We define a ratio

[T Eer* oo
p(r') £ I

opt

(7.2.1)

oo

This ratio is known as greedy selection ratio.

We can see that as long as p(r¥) < 1, OMP will make a right decision
at (k + 1)-th stage. If p(r*) = 1 then there is no guarantee that OMP
will make the right decision. We will assume pessimistically that OMP

makes wrong decision in such situations.

We note that this definition of p(r*) looks very similar to matrix p-
norms defined in ??. It is suggested to review the properties of p-norms

for matrices at this point.

We now present a condition which guarantees that p(r*) < 1 is always
satisfied.

Theorem 7.1 [Exact recovery for OMP| A sufficient condition for
Orthogonal Matching Pursuit to resolve x completely in K steps is
that

mﬁx”szptwﬂl <1, (7.2.2)

where 1 ranges over columns in W .

Moreover, Orthogonal Matching Pursuit is a correct algorithm for
(D, K)-EXACT-SPARSE problem whenever the condition holds for

every superposition of K atoms from D.

PROOF. In (7.2.2) &/

opt 18 the pseudo-inverse of ®

ol = (D8 ) OH

opt — opt opt*

What we need to show is if (7.2.2) holds true then p(r*) will always be
less than 1.
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We note that the projection operator for the column span of @ is
given by
Dopt (D1, B) 101, = (@]

opt opt — opt

)Hq)H

opt*

We also note that by assumption since x € C(®p) and the approxi-
mation at the k-th step, z¥ = ®ak € C(P,y), hence 78 = x — 2% also
belongs to C(Pgpt)-

Thus

opt opt r

i.e. applying the projection operator for @, on r* doesn’t change it.

Using this we can rewrite p(r*) as

L7t 7 C OE [

(Tk)— o — opt OI;It -
||CI)0ptT ||OO ||(Doptr ”OO

We see &F

Optrk appearing both in numerator and denominator.

Now consider the matrix W and recall the definition of matrix

opt

(]

opt)H

oo-norm from 77

1Azl [[A2]lo

e =285 a2 e 07O
Thus pH (IJT HpH Lk
H\Ijg)t<(blpt)HHoo > || opt( o];z[t) opt” ||oo
Hq)optTk”OO

which gives us
k H (gt \H t "
p(r*) < W (@h) o = I (@ Wopt) e

Finally we recall that ||A||o is max row sum norm while ||A|; is max

COhlmIl SuIn norim. Hence
[Alloe = [|AT]|1 = [|A"]2
which means
t " t
(@ Wom) " lloe = 19h Wpell-
Thus
P(Tk) < ||<I)lpt\110pt||1-
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T

Now the columns of ! Vop are nothing but @) where 1) ranges

opt
over columns of Wy.

Thus in terms of max column sum norm

p(r*) < mgXH‘PlpWHl

Thus assuming that OMP has made k correct decision and r* lies in
C(Popt), p(r¥) < 1 whenever

mgx”@lpthl <1 (7.2.3)

Finally the initial residual r® = 0 which always lies in column space
of .. By above logic, OMP will always select an optimal column
in each step. Since the residual is always orthogonal to the columns
already selected, hence it will never select the same column twice. Thus

in K steps it will retrieve all K atoms which comprise x. U

7.2.3. Babel function estimates

There is a small problem with theorem 7.1. Since we don’t know the

support a-priori hence its not possible to verify that
max| Bl s < 1

holds. Off course verifying this for all K column sub-matrices is com-

putationally prohibitive.

It turns out that Babel function (recall definition 2.21) is there to help.
We show how Babel function guarantees that exact recovery condition
for OMP holds.

Theorem 7.2 Suppose that py is the Babel function for a dic-
tionary D with synthesis matriz ®. The exact recovery condition

holds whenever
pr (K —1) 4+ (K) < 1. (7.2.4)
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Thus, Orthogonal Matching Pursuit is a correct algorithm for (D, K )~
EXACT-SPARSE problem whenever (7.2.4) holds.

In other words, for sufficiently small K for which (7.2.4) holds,

OMP will recover any arbitrary superposition of K atoms from D.

PROOF. We can write

mfan)lptw”l = m$X||(q’i>t©opt)_1@§>t¢||1

We recall from 77 that operator-norm is subordinate i.e.

[Az][y < [[A[lo[J]ls-

Thus with A = (®Z &) " we have

opt

(@, Pope) 'L [l < P Pope) 1 1R l1
With this we have
max | Bl 1 < /(@8 @)™ imax||B2h . (7.2.5)

Now let us look at ||®[T 4|, closely. There are K columns in ®qy. For
each column we compute its inner product with . And then absolute

sum of the inner product.

Also recall the definition of Babel function:

pi () = max max 3710, 04)].
A

A=K ¥

Clearly
max| @Gl = max Y [(Y,én) < (K).  (7.26)

Aopt

We also need to provide a bound on [[(®X ®epe)~"||1 which requires

more work.

First note that since all columns in ® are unit norm, hence the diagonal

of @gtq)()pt contains unit entries. Thus we can write

P Doy = I + A

opt
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where A contains the off diagonal terms in ® ;.

Looking carefully , each column of A lists the inner products between
one atom of ®,,; and the remaining K — 1 atoms. By definition of

Babel function

1Al = max }y  [{¢x,0a,)] < (K —1).
itk

Now whenever ||A||; < 1 then the Von Neumann series > (—A)* con-
verges to the inverse (Ix + A)~'.

Thus we have

1(@ope Popt) ™[l = [l (7 + A) " [ls

= > ="
k=0

<> lIAlY (7.2.7)
k=0
B 1
1= Al
1
1= (K —1)
Thus putting things together we get
p ()
oyl < :
mgx” opt¢”1 =1 _ ,UI(K _ 1)

Thus whenever
pi (K —1) 4+ (K) < 1.

we have

1 (K)
1= (K —1)

<l = m$x||¢>lpt¢||1 <1
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7.2.4. Sparse approximation conditions

We now remove the assumption that = is K-sparse in . This is indeed

true for all real life signals as they are not truly sparse.

In this section we will look at conditions under which OMP can suc-

cessfully solve the (D, K)-SPARSE approximation problem.

Let x be an arbitrary signal and suppose that agp is an optimum K-
term approximation representation of x. i.e. agp is a solution to (%)

and the optimal K-term approximation of x is given by
Lopt = (I)aopt~
We note that a,pe may not be unique.

Let Agpt be the support of a,pe which identifies the atoms in @ that

participate in the K-term approximation of x.

Once again let ®,,; be the sub-matrix consisting of columns of ® in-
dexed by Agpt.

We assume that columns in @, are linearly independent. This is
easily established since if any atom in this set were linearly dependent

on other atoms, we could always find a more optimal solution.

Again let W, be the matrix of (D — K') columns which are not indexed

by Aopt-

We note that if Agp is identified then finding apy, is a straightforward

least squares problem.

We now present a condition under which Orthogonal Matching Pursuit

is able to recover the optimal atoms.

Theorem 7.3 [General recovery for OMP] Assume that pu;(K) <
1
27
only of atoms from an optimal k-term approximation of the signal

and suppose that at k-th iteration, the support S* for a* consists

x. At step (k+1), Orthogonal Matching Pursuit will recover another
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atom indexed by A, whenever

: K(—m(K))
o= el = \/ RS

H$ — (DOéopt”Q. (728)

A few remarks are in order.

e ||z — ®ak||, is the approximation error norm at k-th iteration.

o ||z — Pagpt||2 is the optimum approximation error after K it-
erations.

e The theorem says that OMP makes absolute progress when-
ever the current error is larger than optimum error by a factor.

e As a result of this theorem, we note that every optimal K-
term approximation of x contains the same kernel of atoms.
The optimum error is always independent of choice of atoms
in K term approximation (since it is optimum). Initial error
is also independent of choice of atoms (since initial support is

empty). OMP always selects the same set of atoms by design.

PROOF. Let us assume that after k steps, OMP has recovered an
approximation z* given by
¥ = da”
where S* = supp(a*) chooses k columns from ® all of which belong to

Dot

Let the residual at k-th stage be

Recalling from previous section, a sufficient condition for recovering

another optimal atom is
[V [l

p(rf) = —F—— < 1. (7.2.9)

B ||¢)optrk||00

One difference from previous section is that r* ¢ C(®opt).
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We can write

’I"k:I—iL'k

Note that (z

7. MATCHING PURSUIT ALGORITHMS

= (v — xom) + <x0pt - xk)

— Zopt) 18 nothing but the residual left after K iterations.

We also note that since residual in OMP is always orthogonal to already

selected columns, hence

cbg;t( — Zopt) = 0.

We will now use these expressions to simplify p(r*).

k
k H\Ijoptr HOO
p(r") = T—g
||<Doptrk”00
||\I[0pt( — Topt) + opt(xopt - xk)Hoo
2 = ) + et — -
_ ||\Ij0pt( xON) + qjopt(xopt k)Hoo
105 (Topt — %) ||
W (2 — Topt) [l N I (Topt — %) [l
T IPo (ot — )o@ (Topt — 2F) [|oo
We now define two new terms
W (2 — Topt)[|oo
Per(r*) £ (7.2.11)
1055 (Topt — %) [|oo
. |92 (s — 2]
o xopt o]
Popt (17) & 2 . (7.2.12)
’ | opt(xopt — ") ||oo
With these we have
P(r") < popt () + pers (r*) (7.2.13)

Now z,p,¢ has an exact K-term representation in ® given by . Hence

Popt (r¥) is nothing but p(r*) for corresponding EXACT-SPARSE problem.

From the proof of theorem 7.2 we recall
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i (K) i (K)
ST -1 S 1= w(K)

Popt (T7) (7.2.14)
since

(K =1) < u(K) = 1—m(K—-1) 21— m(K).
The remaining problem is perr(rk). Let us look at its numerator and

denominator one by one.

| W (2 — Zopt) |so essentially is the maximum (absolute) inner product

between any column in W, with & — zgp¢.
We can write
opt

1o (2 —opt) oo < max|yp™ (v—ops)| < max||ibllol|w—wopillz = l|lz—Topill2

since all columns in ® are unit norm. In between we used Cauchy-

Schwartz inequality.

Now look at denominator ||®X (zope — 2%)||oc Where (2qp — 2*) € CV
and O, € CN*E Thus

¢(€{3t(l‘0pt — l’k) € (CK

Now for every v € CK we have

lollz < VE 0]

Hence

Hq)gpt(l’om - xk>||oo > K_I/QHCI)(I);t(xOpt - xk>||2

Since @,y has full column rank, hence its singular values are non-zero.
Thus

1@gpt (Topt — )12 = Tumin (Popt)[|ope — 2] 2-

From corollary 2.35 we have

Omin(Popt) = /1 — pa(K — 1) > /1 — iy (K).
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Combining these observations we get

k \/_||$ xopt||2

perr (1 Wﬂ%m T (7.2.15)
Now from (7.2.13) p(r*) < 1 whenever popi(r*) + per: (r¥) < 1.
Thus a sufficient condition for p(r*) < 1 can be written as
i), VEle sl -

<1
L= (K) /1= i (K)||zept — 2¥|2

We need to simplify this expression a bit. Multiplying by (1 — u1(K))
on both sides we get

)+ VE/1— i (K)|lz — xopt||2<1

il o — [ o
. K(1 iﬁl([i)l‘iﬁ — Topt|2 <1-2u(K) (7.2.17)
K( — 1 (K))

= [[wopt — 2|2 >

(K) ”x_‘rOPtHQ'

We assumed 4y (K) < 3 thus 1 — 24, (K) > 0 which validates the steps
above.

Finally we remember that (z—xopt) L C(@ppt) and (zeps—2*) € C(Pops)
thus (z — zopt) and (zep, — 2*) are orthogonal to each other. Thus by

applying Pythagorean theorem we have

[z — 213 = [l = @optll5 + lzope — 213
Thus we have
K(l —#1(K))
||ZL‘ - xk”g > (1 — 2#1(K>)2 ||[E - Iopt”% + ||ZE - xopt”%-

This gives us a sufficient condition

k K(1—u(K))
|z — 2|l > \/1+ T2 gy~ el (7.2.18)
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i.e. whenever (7.2.18) holds true, we have p(r¥) < 1 which leads to
OMP making a correct choice and choosing an atom from the optimal

set.

Putting 2% = ®a* and .y = Py, we get back (7.2.8) which is the
desired result. O

Theorem 7.3 establishes that as long as (7.2.8) holds for each of the
steps from 1 to K, OMP will recover a K term optimum approximation
Topt- If # € CV is completely arbitrary, then it may not be possible
that (7.2.8) holds for all the K iterations. In this situation, a question
arises as to what is the worst K-term approximation error that OMP
will incur if (7.2.8) doesn’t hold true all the way.

This is answered in following corollary of theorem 7.3.

Corollary 7.4. Assume that 1 (K) < 5 and let z € CN be a completely
arbitrary signal. Orthogonal Matching Pursuit produces a K-term ap-

prozimation x® which satisfies

|z — 2%z < /14 C(D, K)||T — Topi|2 (7.2.19)

where X,y 15 the optimum K-term approximation of x in dictionary D
(1.€. Topt = Pvopr where oy is an optimal solution of (F) ). C(D, K)
18 a constant depending upon the dictionary D and the desired sparsity
level K. An estimate of C(D, K) is given by

K(1 - (K))
(1= 2m(K))>

C(D.K) < (7.2.20)

PRrROOF. Suppose that OMP runs fine for first p steps where p < K.
Thus (7.2.8) keeps holding for first p steps. We now assume that (7.2.8)
breaks at step p + 1 and OMP is no longer guaranteed to make an

optimal choice of column from ®.,;. Thus at step p + 1 we have

Iz — 27> < \/1 , Ka- “z(K)) = Zopil> (7.2.21)

(1 —2u1(K))?
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Any further iterations of OMP will only reduce the error further (al-

though not in an optimal way). This gives us

K(1 - (K))
(1= 2m(K))>

|z — Zopt|]2- (7.2.22)

lz = 2"z < [lo — 2”2 < \/1 +

Choosing

K(1 -y (K))

O E) = =30, w)

we can rewrite this as

lv = 2"z < 1+ C(D, K|z — wop2.

O

This is a very useful result. It establishes that even if OMP is not
able to recover the optimum K-term representation of xz, it always
constructs an approximation whose error lies within a constant factor

of optimum approximation error where the constant factor is given by
V1+C(D,K).

If the optimum approximation error ||z — x| is small then ||z —z% |

will also be not too large.

If ||z —opt||2 is moderate, then the OMP may inflate the approximation
error to a higher value. But in this case, probably sparse approximation

is not the right tool for signal representation over the dictionary.

7.3. Orthogonal Matching Pursuit for Compressed Sensing

We now switch gears and consider adapting OMP for the problem of

compressed sensing. This section is largely based on [38].

We start by fixing the notation recalling from definition 2.23. We will
restrict our attention to the N dimensional Euclidean space as our
signal space for the moment. z € R” is a signal vector. ® € RM*V ig
the sensing matrix with M < N. The measurement vector y € R is
given by

y = Px
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where R is our measurement space. y is known, ® is known while z

is unknown. x is assumed to be either K-sparse or K-compressible.

The sparse recovery problem can be written as

minimize ||y — ®x2
g (7.3.1)
subject to [|z]jp < K.

Though the problem looks similar to (D, K)-SPARSE approximation
problem, but there are differences since ® is not a dictionary (see sec-
tion 2.8.1).

We will adapt OMP algorithm studied in previous section for the prob-

lem of sparse recovery in compressed sensing framework.

In the analysis of OMP for CS We will address following questions :

e How many measurements are required to recover x from y
exactly if = is K-sparse?

e What kind of sensing matrices are admissible for OMP to work
in CS framework?

e If z is not K-sparse, then how much maximum error is in-

curred?

7.3.1. The algorithm

OMP algorithm adapted to CS is presented in fig. 7.2.

Some remarks are in order

e The algorithm returns a K-term approximation of x given by
x.

e Each step of algorithm is identified by the iteration counter k
which runs from 0 to K.

e At cach step 2%, y* and r* are estimated where z* is the k-
term estimate of x, y* is corresponding measurement vector
and 7% is the residual between actual measurement vector y

and the estimated measurement vector y*.
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The support for Z is maintained in an index set A.

At each iteration we add one more new index \;, to A*~! giving
us A,

We will use ®,x € RM** to denote the sub-matrix constructed
from the columns indexed by AF. ie. If A¥ = {)\;,... A},
then

D= [or o o

Similarly we will denote a vector [L’ik € R* to denote a vector
consisting of only k£ non-zero entries in z.

We note that r* is orthogonal to ®,». This is true due to
2 being the least squares solution in the update provisional
solution step.

This also ensures that in each iteration a new column from ®
indexed by A, will be chosen. OMP will never choose the same
column again.

In case z has a sparsity level less than K then r* will become
zero in the middle. At that point we halt. There is no point
going forward.

The algorithm spends most of its time in the update provi-
sional solution step where it needs to compute the least square
solution.

An equivalent formulation of the least squares step is
2z ¢ minimize || ®yxv — y||3
veERk

followed by
2F(AF) « 2.

Essentially we solve the least squares problem for columns of
® indexed by A* and then assign the k entries in the resultant
2z to the entries in 2¥ indexed by A* while keeping other entries
as 0.

Least squares can be accelerated by using 2*~! as the starting
estimate of z¥ and carrying out a descent like Richardson’s

iteration from there.
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7.3.2. Signal recovery using OMP with random sensing

matrices

The objective of this section is to demonstrate that OMP can recover
sparse signals from a small set of random linear measurements. In this
subsection we discuss the conditions on the random sensing matrix ®

under which they are suitable for signal recovery through OMP.

Definition 7.2 [Admissible sensing matrices for OMP] An admis-
sible sensing matrix for K-sparse signals in RM is an M x N

random matrix ¢ with following properties.

MO: Independence: The columns of ¢ are stochastically indepen-
dent.

M1: Normalization: E(||¢;]|3) =1for j=1,...,N.

M2: Joint correlation: Let {ux} be a sequence of K vectors whose
Iy norms do not exceed one. Let ¢ be a column of ® that

is independent from this sequence. Then
P(méxx [(p,up)| <€) >1— 2K exp(—ce?M). (7.3.2)

M3: Smallest singular value: Given an M x K (K < M) sub-
matrix Z from @, the K-th largest singular value o, (2)

satisfies

P(omin(Z) > 0.5) > 1 — exp(—cM). (7.3.3)

It can be shown Rademacher sensing matrices (section 5.3) and Gauss-
ian sensing matrices (section 5.4) satisfy all the requirements of ad-
missible sensing matrices for sparse recovery using OMP. Some of the
proofs are included in the book. You may want to review corresponding

sections.

Some remarks are in order to further explain the definition of admissible

sensing matrices.
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e Usually all the columns of a sensing matrix are drawn from

the same distribution. But (M0) doesn’t require so. It allows
different columns of ® to be drawn from different distributions.
The joint correlation property (M2) depends on the decay of
random variables ||¢;||2. i.e. it needs the tails of ||¢;||2 to be
small.

A bound on the smallest (non-zero) singular value of M x K-
sub-matrices (M3) controls how much the sensing matrix can
shrink K-sparse vectors.

I guess that the idea of admissible matrices came as follows.
First OMP signal recovery guarantees were developed for Gauss-
ian and Rademacher sensing matrices. Then the proofs were
analyzed to identify the minimum requirements they imposed
on the structure of random sensing matrices. This was ex-
tracted in the form of notion of admissible matrices. Finally
the proof was reorganized to work for all random matrices
which satisfy the admissibility criteria. It is important to un-
derstand this process of abstraction otherwise we just get sur-
prised as to how the ideas like admissible matrices came out
of the blue.

7.3.3. Signal recovery guarantees with OMP

We now show that OMP can be used to recover the original signal

with high probability if the random measurements are taken using an

admissible sensing matrix as described in previous section.

Here we consider the case where x is known to be K-sparse.

Theorem 7.5 [OMP with admissible sensing matrices| Fiz some
d € (0,1), and choose M > CK In (%) where C' is an absolute con-

stant. Suppose that x is an arbitrary K-sparse signal in RY and

draw a M x N admissible sensing matriz ® independent from x.
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Given the measurement vector y = ®x € R™, Orthogonal Match-

ing Pursuit can reconstruct the signal with probability exceeding

1—9.

Some remarks are in order. Specifically we compare OMP here with
basis pursuit (BP).

e The theorem provides probabilistic guarantees.

e The theorem actually requires more measurements than the
results for BP.

e The biggest advantage is that OMP is a much simpler algo-
rithm than BP and works very fast.

e Results for BP show that a single random sensing matrix can
be used for recovering all sparse signals. This theorem says
that any sparse signal independent from the sensing matrix
can be recovered. Thus this theorem is weaker than the results
for BP.

e It can be argued that for practical situations, this limitation

doesn’t matter much.

PROOF. The main challenge here is to handle the issues that arise

due to random nature of .
We start with setting up some notation for this proof.

We note that the columns that OMP chooses do not depend on the
order in which they are stacked in ®. Thus without loss of generality we
can assume that the first K entries of x are non-zero and rest are zero. If
OMP picks up the first K columns, then OMP has succeeded otherwise
it has failed. With this, support of x given by A, = {1,..., K}.

We now partition the sensing matrix ¢ as
=By | U

where @, consists of first K columns of ® which correspond to Agp.

U consists of remaining (N — K') columns of ®.
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We recall from the proof of theorem 7.1 that in order for OMP to make
absolute progress at step k 4+ 1 we require the greedy selection ratio
p(r*) < 1 where

k
B H\IjHrkHOO B Iileé%\f]d(lﬁ,r N

(k)_ H ..k o H .k )
”(I)optr HOO H(I)optr ”OO

The proof is organized as follows:

e We first construct a thought experiment in which ¥ is not
present and OMP is run only with y and .

e We then run OMP with W present under the condition p(r*) <
1.

e We show that the sequence of columns chosen and residual
obtained in both cases is exactly the same.

e We show that the residuals obtained in the thought experiment
are stochastically independent from the columns of W.

e We then describe the success of OMP as an event in terms of
these residuals.

e We compute a lower bound on the probability of the event of
OMP success.

For a moment suppose that there was no ¥ and OMP is run with y and
O, as input for K iterations. Naturally OMP will choose K columns

in ®,,¢ one by one.

Let the columns it picks up in each step be indexed by wy,ws, ..., wk.

Let the residuals before each step be ¢°,¢', ¢, ...,¢%'. Since z €

C(®opt, hence the residual after K iterations ¢ =0.

Since OMP is a deterministic algorithm, hence the two sequences are

simply functions of z and ®p.

Clearly, we can say that the residual ¢* are stochastically independent
of the columns in ¥ (since columns of ¥ are independent of the columns
of (I)opt )
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We also know that ¢F € C(®p).

In this thought experiment we made no assumptions about p(¢*) since

U is not present.

We now consider the full matrix ® and execute OMP with y.

0 K-1

The actual sequence of residuals before each step is %, 7!, ... r

The actual sequence of column indices is Aq, ..., Ak.

Clearly OMP succeeds in recovering x in K steps if and only if it selects
the first K columns of ® in some order. This can happen if and only
if p(r*) < 1 holds.

We are going to show inductively that this can happen if and only if

A\, = wi, and ¢ = r*.

At the beginning of step 1, we have ° = ¢° = y. Now OMP selects

one column from @, if and only if p(r’) < 1 which is identical to
p(e°) < 1.

So it remains to show at step 1 that A\; = w;.

Because p(r’) < 1, the algorithm selects the index A; of the column

from @, whose inner product with 7 is the largest (in absolute value).

Also since p(q°) < 1 with r = ¢°, w; is the index of column in @y

whose inner product with ¢° is largest, thus w; = ;.

We now assume that for the first £ iterations, actual OMP chooses the

same columns as our imaginary thought experiment. Thus we have
ANj=w; V1<j<k

and
rj:qj‘v’Ogjgk;.

This is valid since the residuals at each step depend solely on the set

of columns chosen so far and input y which are same for both cases.

Clearly OMP choose a column in @ at (k + 1)-th step if and only if
p(r*) < 1 which is same as p(¢~) < 1.
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k

Moreover since 7% = ¢* hence the column chosen by maximizing the

inner product is same for both situations. Thus

A1 = We41-

Therefore the criteria for success of OMP can be stated as p(¢¥) < 1
forall 0 < k< K —1.

We now recall that ¢* is actually a random variable (depending upon

the random vectors which comprise the columns of ®p).

Thus the event on which the algorthim succeeds in sparse recovery of

x from y is given by

Esucc = { nlax p(qk) < 1} :

0<k<K

In a particular instance of OMP execution if the event E,.. happens,
then OMP successfully recovers x from y. Otherwise OMP fails. So
the probability of success of OMP is same as the probability of event

Eguce. We will be looking for some sort of a lower bound on P(FEgyc.).

We note that we have {¢*} as a sequence of random vectors in the col-

umn span of ®,,; and they are stochastically independent from columns
of W.

Its difficult to compute P(FEgu..) directly. We consider another event
I' = {omin(Popt) > 0.5}. Clearly

P(Esuec) > P ( max p(¢¥) < 1 and F) .

0<k<K
Using conditional probability we can rewrite

P(Euce) > P ( max p(q") < ur) B(D).

0<k<K

Since ® is an admissible matrix hence it satisfies (M3) which gives us
P(I) > 1 — exp(—cM).

We just need a lower bound on the conditional probability.
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We assume that I" occurs. For each step index k =0,1,..., K — 1, we
have
p( k) _ maXy, |<¢7qk>|
1@ &ea" [l
Since @gtqk € R we have

VE| "o > || P ¢" 2.

opt

This gives us

VE max, | (. ¢")|

125a*I2

p(q") <

To simplify this expression, we define a vector

N 0.5¢*

u —
155" 12

This lets us write

p(q*) < 2\/Emgx | (1, u").

Thus

Blold") < 11T) > B2vE max (g, )| < 117) = P (mgx )] < %w) .

From the basic properties of singular values we recall that
| Zeall2
lall2

for all vectors ¢ in the range of ®gp.

> Umin(®opt> Z 05

This gives us
0.5
il _
[Popsall2

Since ¢* is in the column space of @y, for u” defined above we have

[u*]|2 < 1.
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From the above we get

P (ml?xp(qk) < 1\1“) > P (mgxm$x|<¢7uk>| < \/_|F>

In the R.H.S. we can exchange the order of two maxima. This gives us

P(ml?xmgx\<w,uk>\< \/_yr) (mgxm]?X|<w,uk)|< \/_\r>.

We also note that columns of ¥ are independent. Thus in above we

\_f should hold

require that for each column of ¥ maxy | (1, u¥)| < 5

independently. Hence we can say

P(mwaxml?xu >|< )HIP’(maX| >|<2\/_|r>

We recall that event I depends only on columns of ®,,;. Hence columns
of ¥ are independent of I'. Thus

l;lp(mgxuw, W) < 3= )ZI;IIf”(m,?XW’ H<57m)

Finally since the sequence {u*} depends only on columns of @, hence
columns of ¥ are independent of {u*}, thus we can take help of (M2)
to get

1;[19 (mkax\(w,ukﬂ < %) (1 - 2KeXp( Z‘%))N_K.

This gives us the lower bound

M\ F
k
> — .
P(ml?xp(q ) < HF) > (1 2Kexp< 4K))

Finally plugging in the lower bound for P(T") we get

P(Eypee) > (1 — 2K exp ( ZA}?))N—K (1 —exp(—cM)).  (7.3.4)

All that is remaining now is to simplify this expression.
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We recall that we assumed in the theorem statement

M >CKlIn (%)

CK = "\

M N
—_— | = —= .3.
:>eXp(CK)_5 (735)

NN M
N =P\ oK

M

But we assumed that 0 < § < 1, thus

M
N exp (_C’_K) < 1.

If we choose C > % then

_1 c
cC~— 4
N M cM
CK — 4K
N M S oM
“P\Ter ) =P\ Tur (7.3.6)
M cM
) > -
:>Nexp( CK)_2KeXp( 4K>
cM
1>60>2K -
— 1>0~ exp( 4K)

where we assumed that N > 2K.

We recall that

(1—2)">1—krifk>1andz <1.

Applying on (7.3.4) we get
cM

P(Eguee) > 1 —2K(N — K) exp <—E) — exp(—cM). (7.3.7)

We ignored the 4-th term in this expansion.
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Now we can safely assume that K (N — K) > NTQ giving us

N2 cM
>1- ~ )~ exp(—ceM).
P(Fsuee) > 1 5 exp ( 4K> exp(—cM)

If we choose C' > 2 then following (7.3.6) we can get

M M
N exp (—C—K> > N exp (—;—K)

M
:52Nexp(—c )

8K (7.3.8)
— 52> N?exp —% B
= 1K
. N M
9 = o P\ 7K )

Thus 52
]P)(Esucc> >1- 3 - eXp<_CM)‘
Some further simplification can give us
P(Eguec) > 1 —4.

Thus with a suitable choice of the constant C', a choice of M >
CKln (%) with 0 € (0, 1) is sufficient to reduce the failure probability
below §. O
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Input: Sensing matrix ® € RM*N

Input: Measurement vector y € RM

Input: Sparsity level K

Output: A K-sparse estimate 2 € Xx C RY for the ideal signal =
Output: An index set AKX C {1,..., N} identifying the support of
Output: An approximation yX € RM of y

Output: A residual r® =y — % ¢ RM

// Initialization

k+0; // Iteration counter
200 ; // Estimate of z € RN
y? < ®2° // Approximation of y
0y —y° // Residual r € RM
AN — o // Solution support A = supp(T)
while £k < K do

k< k+1; // Increase the iteration count

// Sweep

A = arg 1%22§V|<rk_1,¢j>| ; // maximum inner product

// Update support
AR AFTU )
// Update provisional solution
zk minixmize |®x — y||% subject to supp(z) = A¥;
// Update residual
y* = Pa®;
b=y -yt
if ¥ =0 then
break ;

end

end

L // Return estimate

FiGURE 7.2. Orthogonal matching pursuit for sparse re-

covery in CS
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7.4. Analysis of OMP using Restricted Isometry Property

In this section we present an alternative analysis of OMP algorithm

using the Restricted Isometry Property of the matrix ® [17].

&,T,JAX = OMP(®, z);
ol « 0;
Y —x; // r=xz— d«a
A =g, // Index set of chosen atoms
k<+0; // Iteration counter
repeat
RRHL  @Hpk // Match
N+l = arg max|h;?+1|; // Identify
JEAR
AFFL AR Y AR // Update support
aftl 0
ahtl @l o // Update representation LS
oFHl = paktl // Update approximation
PRl g — kbt // Update residual
k<« k+1; // Update iteration counter
until halting criteria is satisfied;
G ak A ARk
FIGURE 7.3. Orthogonal matching pursuit [17]

The OMP algorithm is presented again in fig. 7.3. We will follow the
notation of section 7.2 with slight changes and additions as explained

below.

7.4.1. A re-look at the OMP algorithm

Before we get into the RIP based analysis of OMP, it would be useful
to get some new insights into the behavior of OMP algorithm. These

insights will help us a lot in performing the analysis later.
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We will use the symbol A to denote the index set of chosen atoms at

any stage during the algorithm execution. Earlier we used the symbol

S.

We will assume throughout that whenever |A| < K, then ®, is full

rank.
Naturally the pseudo-inverse is given by

o = (o @,) " o (7.4.1)
The orthogonal projection operator to the column space for ®, is given

by
Py = 0P (7.4.2)

The orthogonal projection operator onto the orthogonal complement
of C(®4) (column space of @) is given by

Pt =1— Py, (7.4.3)

Both Py and Py satisfy the usual properties like P = P and P? = P.

We further define
Uy = Pyo. (7.4.4)

We are orthogonalizing the columns in ® against C(®,), i.e. taking the
component of the column which is orthogonal to the column space of
®,). Obviously the columns in W, corresponding to the index set A
would be 0.

We will make some further observations on the behavior of OMP algo-
rithm [17].

Recall that the approximation after the k-th iteration is given by

ak, = @j\kx and b, = 0.

The residual after k-th iteration is given by

¥ =1 — daF
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k

and by construction r* is orthogonal to ®,«.

We can actually write
dat = @Aaﬁk + P preak, = @Akaf{k.

Thus,

= — @Akaf\k

=r— @Ak(bj\kx
= (I — Py)z = Pz

In summary
r* = Py (7.4.5)

This shows that it is not actually necessary to compute o* in order to
find r*. An equivalent way of writing OMP algorithm could be as in
fig. 7.4.

while halting criteria do

prtl o pHpk : // Match
PLLRIE argmax|h§+1| ; // Identify
JEAF
AFFL o AR U AR // Update support
rhtl Pf\‘kﬂaj ; // Update residual
k< k+1;
end

Ak (I)TA,C.I ;
aAkC +— 0;

FIGURE 7.4. Sketch of OMP without intermediate a®

computation

In the matching step, we are correlating 7* with columns of ®. Since r*

is orthogonal to column space of ®,x, hence this correlation is identical
to correlating r* with W .

To see this, observe that

¥ = Plix = Py Phx = (Pu)? Py (7.4.6)
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Thus,
R = @k = o (P Pha

— (Ph®)" Pha = (W) ", (4D
On similar lines, we can also see that
WA= oMk — o Pl — o (Pl & = (W) 2.
i.e. we have
R = (B )Tk = (B0 (7.4.8)

Thus, we can observe that OMP can be further simplified and we don’t

even need to compute r* in order to compute h**!.

There is one catch though. If the halting criterion depends on the need
to compute the residual energy, then we certainly need to compute r*.
If the halting criteria is simply the number of K iterations, then we

don’t need to compute 7*.

The revised OMP algorithm sketch is presented in fig. 7.5.

while halting criteria do

R (U 2 // Match
AHL  arg max|hF | // Identify
i A
AFFL o AF U Y // Update support
k+—k+1;
end

-~ T
IR IV

aAkC — 0,

FIGURE 7.5. Sketch of OMP without intermediate a®

computation

With this the OMP algorithm is considerably simplified from the per-

spective of analyzing its recovery guarantees.
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Coming back to h**1, note that the columns of ¥, indexed by A* are
all 0s. Thus
k1 _ : k
;=0 VjeA" (7.4.9)
This makes it obvious that \¥*1 ¢ A and consequently |A*| = k (in-
ductively).

Lastly for the case of noise free model z = ®a, we may write
P = Pltc:c = PAkaI)a = U k.

Since columns of W, indexed by A* are 0, hence when supp(a) C AF,

k

then r* = 0. In this case o = « exactly since it is a least squares

estimate over P «.

For the same reason, if we construct a vector a* by zeroing out the

entries indexed by A* i.e.
aky =0 and  Qyke = apne (7.4.10)
then
rk = W nat. (7.4.11)
If allo = K, then @[l = K — k.
Lastly putting 7* back in (7.4.8), we obtain
REHY — (W) ya”, (7.4.12)

In this version, we see that h¥*! is computed by applying the matrix
(Uax)™ Wi to the (K — k) sparse vector a*.

We are now ready to carry out RIP based analysis of OMP.

7.4.2. RIP based analysis of OMP

In this section, our analysis will focus on the case for real signals and
real dictionaries i.e. ® € RV*P and o € RP. We will attack the noise

free case.

Some results for matrices that satisfy RIP will be useful in the upcom-

ing analysis.
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The following result applies to approximate preservation of the inner

product of sparse signals u,v € R”.
If u,v € RY and K > max(||u+ v||o, |Ju — v||o). Then
[(Pu, Pv) — (u, v)| < Ok [ull2]v]l2- (7.4.13)

The next result shows that the matrix W, also satisfies a modified
version of RIP. Let |A| < K. Then

5
1 — %) 2]l < | Wazl3 < (1 + 8x) ]2 (7.4.14)
1~ ox

whenever ||z||p < K — |A| and supp(z) NA = @.

If @ satisfies RIP of order K, then U, acts as an approximate isometry

on every (K — |A])-sparse vector supported on A°.

From (7.4.11) recall that the residual vector r* is formed by applying

WU,» to & which is a K — k sparse vector supported on A*°.

Our interest is in combining above two results and get some bound on
the inner products h?“. Exactly what kind of bound? When A* has
been identified, our interest is in ensuring that the next index is chosen
from the set supp(a) \ A*. A useful way to ensure this would be to
verify if the entries in A**1 are close to a*. If they are, then they would
be 0 over A¥ | they would be pretty high over supp(a) \ A¥ and lastly,

very small over supp(a)¢ which is what we want.

The next result develops these bounds around (7.4.12).

Lemma 7.6 Let A C {1,..., D} and suppose & € RP with supp(a)N
AN = @. Define

h =WV, a. (7.4.15)
Then if ® satisfies the RIP of order K > ||allo + |A| + 1 with

isometry constant dx, we have

_ 4] - .
|hj — @] < ——|[a ¥ j ¢ A. (7.4.16)
1 -0k
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Note that |A| is the number of entries in the the discovered part of the
support at any iteration in OMP and ||@]||o is the number of entries in

not yet discovered part of the support.

PrROOF. We have |A| < K and ||af|o < K—|A|. Thus, from (7.4.14),

we obtain

5 ~ ~ ~
(12 ) i@ < pwaali < A+l

We can make a statement saying W, satisfies a RIP of order (||a|o +
Al +1) — |A] = ||a|lo + 1 with a RIP constant lf—ng.

By the definition of h, we have
h,j = <\I’A&, \I/A€j>

where h; is the j-th entry in h and e; denotes the j-th vector from the
Dirac basis. We already know that h; = 0 for all j € A.

Consider j ¢ A and take the two vectors & and e;.
We can easily see that
o £ ejllo < [laflo + 1

and
supp(ate;) NA =02.

Applying (7.4.13) on the two vectors with W, as our RIP matrix, we
see that

- - Ok~
[(Waa, Uaej) — (@ e))] < [all2le;1]2-
1 -0k
But
[(Waa, Wae;) — (@, e5)| = |h; — .
Noting that |le;||2 = 1, we get our desired result. O

With this bound in place, we can develop a sufficient condition under
which the identification step of OMP (which identifies the new index

ML) will succeed.
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The following corollary establishes a lower bound on the largest entry
in & which will ensure that OMP indeed chooses the next index A\*

from the support of a.

Corollary 7.7. Suppose that A, ®, «a meet the assumptions in
lemma 7.6, and let h be as defined in (7.4.15). If

20K
— Ok

1&loo > 1 18], (7.4.18)

we are gquaranteed that

arg max|h;| € supp(a).
JEA

PROOF. If (7.4.16) is satisfied, then for indices j ¢ supp(a), we

will have

<
1 -9k
We already know that h; = 0 for all j € A.

If (7.4.18) is satisfied, then there exists j € supp(a) with

20k
1 -9k

o] > 1]z

For this particular j, applying triangular inequality on (7.4.16)

Ok~ - -
T 5K||04H2 > |hj — aj] = [ay] — [hyl.
Thus
_ Ok~
Iyl 2 1851 - -2l
20K |~ Ok |~
> 2l - 2l
i a
= alla.
1= o 7
We have established that there exists some j € supp(a) for which
Ok~
5] > ]l

1 -0k
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and for every j ¢ supp(@)

0K

| <

]2

Together, they establish that OMP will indeed choose an index from

the correct set. O

All we need to do now is to make sure that (7.4.18) is satisfied by

choosing dx small enough.

Theorem 7.8 [17] Suppose that @ satisfies the RIP of order K +1

with isometry constant § < 2\/%“. Then for any o € RP with

|lallo < K, OMP will recover « exactly from x = ®«a in K itera-

tions.

The upper bound on § can be simplified can be simplified as § < #E

Proo¥r. The proof works by induction. We show that under the
stated conditions, A! € supp(a). Then we show that whenever \* €

supp(a) then M+ also € supp(a).

For the first iteration, we have
h! = o7 P

Note that ® = U,

It is given that ||a|lo < K. Thus:

ol > Jallz

VK

Now ¢ < #E ord < ﬁ implies that

20

-
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This can be seen as follows. Assuming K > 1, we have:

WK > 2VK +1
> 1 < 1
3VK ~ 2VK +1

1
—_— < —
WK +1
— WVK +5<1
— 2VK <1-6

% 1
1—6 VK

—

Therefore
20

ledloo > 75 llall2
and (7.4.18) is satisfied and A\! will indeed be chosen from supp(a) due

to corollary 7.7.

We now assume that OMP has correctly discovered indices up to A, ..., \F.

le.
A* C supp(a).

We have to show that it will also correctly discover \¥*1,

From the definition of & in (7.4.10), we know that supp (&k) NAF = .
Thus

la*]lo < K — .
We also know that |A¥| = k. By assumption ® satisfies RIP of order
K+1=(K—k)+k+1. Thus

K +1> [|a¥lo + [A"| + 1.

Also: . .
PR o Ry
= UR—F- VK
Using (7.4.19), we get
20

1a*]oe > m”akH?-
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This is the sufficient condition for corollary 7.7 in (7.4.18) giving us

N = arg max|hf*| € supp(a®).

JEAF

Hence A1 C supp(a). O

7.5. Compressive Sampling Matching Pursuit

We now turn our attention to CoSaMP ( Compressive Sampling Match-
ing Pursuit) developed in [29]. This algorithm follows in the tradition
of orthogonal matching pursuit while bringing in other ideas from many
recent developments in the field leading to an algorithm which is much
more robust, fast and provides much stronger guarantees. As noted in
section 2.8 compressive sampling is just another name for compressed
sensing. We will adapt the discussion on CoSaMP to follow the termi-

nology we have adopted in this book.

This algorithm has many impressive features:

e [t can work with a variety of sensing matrices.

e It works with minimal number of measurements (c.f. basis
pursuit).

e It is robust against presence of measurement noise (OMP has
not such claim).

e It provides optimal error guarantees for every signal (sparse
signals, compressible signals, completely arbitrary signals).

e The algorithm is quite efficient in terms of resource (memory,

CPU) requirements.

As we move along in this section, we will understand the algorithm
and validate all of these claims. Hopefully through this process we will
have a very good understanding of how to evaluate the quality of signal

recovery algorithm.
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z = CoSaMP(®, y, K);

Input: Sensing matrix ® € CM*N

Input: Measurement: y € CM where y = ®x + e

Input: Sparsity level: K

Output: z: a K-sparse approximation of the signal:z € CN

// Initialization

20 = 0; // Initial approximation
0=y // Residual y — ®z
k=0; // Iteration counter
repeat
k+—Ek+1;
p — OHpk—1 // Form signal proxy
Q = supp(pl2k) ; // Identify 2K large components
T + QUsupp(zF=1) ; // Merge supports
by @;ﬂy ; // Estimation by least-squares
bre + 0
2P bk ; // Prune to obtain next approximation
Py — B2k // Update residual

until halting criteria is true;

Ficure 7.6. CoSaMP for iterative sparse signal recovery

7.5.1. Algorithm

The algorithm itself is presented in fig. 7.6. Let us set out the notation
before proceeding further. Most of the things are as usual, with few

minor updates.

e 1 € C¥ represents the signal which is to be estimated through
the algorithm. x is unknown to us within the algorithm.

e As usual N is the dimension of ambient signal space, K <
N is the sparsity level of of the approximation of x that we
are estimating and M is the dimension of measurement space
(number of measurements K < M < N). We note that z itself
may not be K-sparse. Our algorithm is designed to estimate

a K-sparse approximation of x.
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e p € CV represents a proxy for x — z
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d € CM*N represents our sensing matrix. Its known to us.
y = ®x + e represents the measurement vector belonging to
CM. This is known to us.
e € CM represents the measurement noise which is unknown
to us within the algorithm.
k represents the iteration (or step) counter within the algo-
rithm.
z € CN represents our estimate of x. z is updated iteratively.
2¥ represents the estimate of z at the end of k-th iteration.
We start with z¥ = 0 and update it in each cycle.
k=1 We will explain it
shortly.
T, Q etc. represent index sets (subsets of {1,2,... N}).
For any v € CV and any index set T' C {1,2,..., N}, vp can
mean either of the two things:
— A vector in CI! consisting of only those entries in v which
are indexed by 7.
— A vector in CV whose entries indexed by T are same as
that of v while entries indexed by {1,2,..., N}\ T are set

all to zero.

el = { (i) ifieT; (751)

0 otherwise.

For any v € CV and any scalar 1 <n < N, v|, means a vector
in CY which consists of the n largest (in magnitude) entries
of v (at the corresponding indices) while rest of the entries in
v|,, are 0.

With an index set T', 1 means an M X |T'| matrix consisting
of selected columns of ® indexed by T

r € CM represents the difference between the actual measure-
ment vector y and estimated measurement vector ®z.

Ideal estimate of  would be e itself. But that won’t be possible

to achieve in general.
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e 1|y is the best K-sparse approximation of x which can be

estimated by our algorithm (definition 2.12).

Example 7.2: Clarifying the notation in CoSaMP Let us con-

sider
r=(-1,5,8,0,0,-3,0,0,0,0)
Then
x|y = (0,5,8,0,0,0,0,0,0,0)
Also

x|y =2

since x happens to be 4-sparse.

T{1,234} = (_]-7 57 87 07 07 07 07 07 07 0)
or
T{1,2,34} = (_1a 57 87 0)

in different contexts. O

7.5.1.1. The signal proxy. As we have learnt by now that the
most challenging part in a signal recovery algorithm is to identify the
support of the K-sparse approximation. OMP identifies one index in
the support at each iteration and hopes that it never makes any mis-
takes. It ends up taking K iterations and solving K least squares prob-
lems. If there could be a simple way which could identify the support
quickly (even if roughly), that can help in tremendously accelerating
the algorithm. The fundamental innovation in CoSaMP is to identify
the support through the signal proxy.

If z is K-sparse and ® satisfies RIP (see section 3.1) or order K with
the restricted isometry constant dx < 1 then it can be argued that
p = ®H®x can serve as a proxy for the signal z. In particular the largest
K entries of p point towards the largest K entries of z. Although we
don’t know z inside the algorithm, yet we have y = ®x (assuming error

to be 0), the proxy can be easily estimated by computing p = ®Hy.
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This is the key idea in CoSaMP. Rather than identifying just one new
index in support of z, it tries to identify whole of support by picking
up the largest 2K entries of p. It then solves a least squares problem
around the columns of ® indexed by this support set. It keeps only
the K largest entries from the least squares solution as an estimate
of x. Off course there is no guarantee that in a single attempt the
support of x will be recovered completely. Hence the residual between
actual measurement vector y and estimated measurement vector ®z is

computed and it is used to identify other indices of supp(z) iteratively.

7.5.1.2. Core of algorithm. There are two things which are es-

timated in each iteration of algorithm

e K-sparse estimate of z at k-th step: 2*.
e Residual at k-th step: 7%

We start with a trivial estimate 2 = 0 and improve it in each iteration.

r% is nothing but the measurement vector y.

As explained before r* is the difference between actual measurement
vector y and the estimated measurement vector ®z*. This r* is used

for computing the signal proxy at k-th step.
Concretely assuming e = 0
p= 0"k = o (y — d2F) = dHD(x — ).

Thus p is actually the proxy of the difference between original signal

and estimated signal.
During each iteration, the algorithm performs following tasks

k=1 and

Identification: The algorithm forms a proxy of the residual r
locates the 2K largest entries of the proxy.

Support merger: The set of newly identified indices is merged with
the set of indices that appear in the current approximation

P71 (ie. supp(2F71)).
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Estimation: The algorithm solves a least squares problem to approx-
imate the signal x on the merged set of indices.

Pruning: The algorithm produces a new approximation z* by retain-
ing only the largest K entries in the least squares solution.

Residual update: Finally the new residual 7* between original mea-
surement vector y and estimated measurement vector ®z* is

computed.

The steps are repeated until the halting criteria is reached. We will
discuss the halting criteria in detail later. A possible halting criteria is

when the norm of residual r* reaches a very small value.

7.5.2. CoSaMP analysis sparse case

In this subsection, we will carry out a detailed theoretical analysis of

CoSaMP algorithm for sparse signal recovery.

We will make following assumptions in the analysis:

The sparsity level K is fixed and known in advance.
The signal z is K-sparse (i.e. x € X C CV).
The sensing matrix ® satisfies RIP of order 4K with 0,5 < 0.1.

Measurement error e € CM is arbitrary.

For each iteration, we need to define one more quantity: recovery

error

d" =z — 2~ (7.5.2)
d* captures the difference between actual signal x and estimated signal
2* at the end of k-th iteration. Under ideal recovery, d* should become

0 as k increases. Since we don’t know = within the algorithm, we cannot

see d* either directly. We do have following equation
P =y —dF =0 te—0F =Pz —F)+e=dd" +e

We will show that in each iteration, CoSaMP reduces the recovery error

by a constant factor while adding a small multiple of the measurement
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noise |le||2. As a result, when recovery error is large compared to mea-
surement noise, the algorithm makes substantial progress in each step.
The algorithm stops making progress when recovery error is of the

order of measurement noise.

We will consider some iteration k£ > 1 and analyze the behavior of each
of the steps: identification, support merger, estimation, pruning and

residual update one by one. At the beginning of the iteration we have

Pl = 0(r — 2N fe=0d ! fe

The quantities of interest are z¥~1, r*=1 and d*~' out of which d*! is

unknowable. In order to simplify the equations below we will write

r=r""1 2 =21 and d = d" .

7.5.2.1. Identification. We start our analysis with the identifi-
cation step in the main loop of CoSaMP (fig. 7.6).

We compute p = ®Hr and consider 2 = supp(p|ar) as the index set of
largest 2K indices in p. We will show that most of the energy in d (the
recovery error) is concentrated in the entries indexed by 2. i.e. we will

be looking for a bound of the form

[doell2 < [|d]]2-

Since z is K-sparse and z is K-sparse hence d is 2K-sparse. Actually
in first iteration where 2z° = 0, support of d° is same as support of z.

In later iterations it may include more indices. Let
I' = supp(d).

We remind that €2 is known to us while I' is unknown to us. Ideal
case would be when I' C Q). Then we would have recovered whole of
support of z; recovering x would therefore be easier. It so happens, life

is not that easy. So let us examine what are the differences between
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the two sets. We have || < 2K and |I'| < 2K. Moreover, 2 indexes

2K largest entries in p. Thus we have (due to lemma 2.17)

Iprll2 < [lpall2- (7.5.3)

where pr, po € CV are obtained from p as per definition 2.10.

Squaring (7.5.3) on both sides and expanding we get

S P <D Il

vyerl wel
Now we do hope that some of the entries are common in both sides.
Those entries are indexed by I' N 2. The remaining entries on L.H.S.
are indexed by I' \ © and on the R.H.S. are indexed by 2\ I'. So we
have

Iprellz < llpawrllz = llerellz < llpavr(lo: (7.5.4)
For both T'\ 2 and Q \ T we have
T\ Q| <2K and |Q\T| <2K.
The worst case happens when both sets are totally disjoint.

Let us first examine the R.H.S and find an upper bound for it.
Iperllz = ([P rrll:
= | PG\ (Dd + €) |2 (7.5.5)
< ||(I)g\rq>d||2 + ||q)g\re||2-

At this juncture, its worthwhile to scan various results in section 3.1

since we are going to need many of them in the following steps.

Let us look at the term HCIDg\IJI)dHQ. We have [Q\ I'| < 2K. Further
d is 2K sparse and sits over I which is disjoint with Q \ T". Together
IT'UQ| <4K. A straightforward application of corollary 3.21 gives us

125 rPdll2 < durclld]l2.

Similarly using theorem 3.16 we get

@G rella < /1 + daxle]]a-
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Combining the two we get

Iperrelle < daxclldllz + V1 + daxcle]]2- (7.5.6)

We now look at L.H.S. and find a lower bound for it.
Iprvallz = [19E o7l

i (7.5.7)

= || Pp\o(Pd + ¢)|2.

We will split d as
d = dr\q + dg.

Further we will use a form of triangular inequality as

la =+ 0l > fla]l —[b]-

We expand L.H.S.
12r\0(Pd + €)ll2 = [P\ (® (dra + da) +¢) |12

> | @f o Pdrallz — [Pf o Pdallz — |PF gells-
(7.5.8)
As before

[P\ o Pdrallz = |2 o Priedralle.
We can use the lower bound from theorem 3.18 to give us
P10 Pradmallz > (1= 0ak) ldmall2
since [T\ | < 2K.

For the other two terms we need to find their upper bounds since they

appear in negative sign. Applying corollary 3.21 we get
[P o Pdalla < daxc||d]].
Again using theorem 3.16 we get

I2r\gellz < V1 + daxlle]lo.

Putting the three bounds together, we get a lower bound for L.H.S.

[prell2 > (1 = 0ok ) |drvallz — dox[|dl2 — /1 + dak|lefl2. (7.5.9)
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Finally plugging the upper bound from (7.5.6) and lower bound from
(7.5.9) into (7.5.4) we get

(1 = darc)|[drallz — darc||d]]2 — V1 + dakllells < daxc||d|2 + /1 + daxc|le]|2
— (1 = barc)||dr\all2 < (d2r + bac) ||d|2 + 24/ 1 4 daxc|le]|2
(02x + barc) ||d]l2 + 2v/1 + Oaxc[|€]|2

1 — dox

= ||dr\all2 <

(7.5.10)
This result is nice but there is a small problem. We would like to get
rid of I" from L.H.S. and get dq. instead. Now recall that

Q°=(TNQ)U (N
where I' N Q¢ and ' N Q¢ are disjoint. Thus

dQc - dFch + dl"chc.

Since d is 0 on I'® (recall that I" = supp(d)), hence
chch - 0
As a result
dge = drnge = dr\-

This gives us

(02 + darc) ||d||2 + 24/1 + ok || €2
1 — ok .

[[dgell2 < (7.5.11)

Let us simplify this equation by using dox < d4x < 0.1 assumed at the

beginning of the analysis. This gives us

1 —doi > 0.9, S + dure < 0.2, 2¢/1 4 Jor < 2v1.1 = 2.098.

Thus we get
ldeells < 0.2||d||2 —|—92.098H6H2‘
Simplifying ‘
||dael|2 < 0.223]|d||2 + 2.331]|e]|o. (7.5.12)

This result tells us that in the absence of measurement noise, at least

78% of energy in the recovery error is indeed concentrated in the entries
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indexed by . Moreover, if the measurement noise is small compared
to the size of recovery error, then this concentration continues to hold.

Thus even if we don’t know I' directly, €2 is a close approximation for
I.

We summarize the analysis for the identification step in the following

lemma.

Lemma 7.9 [Identification| Let ® satisfy RIP of order 4K with
dax < 0.1. At every iteration k in CoSaMP algorithm, let d*~' =
(x—2F71) be the recovery error and p = ®Hr*=1 be the signal proxy.
The set 2 = supp(plar) contains at most 2K indices and

|dE:t 2 < 0.223(|d*H||a + 2.331]le]|2 (7.5.13)

i.e. most of the energy in d*~' is concentrated in the entries in-

dexed by §2 when measurement noise is small.

7.5.2.2. Support merger. The next step in a CoSaMP iteration

is support merger. Recalling from fig. 7.6, the step involves computing
T = QUsupp(z)

i.e. we merge the support of current signal estimate z with the newly
identified set of indices €.

In previous lemma we were able to show how well the recovery error
is concentrated over the index set (2. But we didn’t establish anything
concrete about how x is concentrated. In the support merger step, we
will be able to show that z is highly concentrated over the index set T'.
For this we will need to find an upper bound on ||zre||2 i.e. the energy

of entries in x which are not covered by T'.

We recall that |2] < 2K and since z is a K-sparse estimate of z hence
| supp(z)| < K. Thus
IT| < 3K.
Clearly
T = Q°Nsupp(z)° C Q°.
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Further since supp(z) C T hence zpe = 0. Thus
TTe = (.T — Z)Tc = dTC.

Since T° C Q€ hence
[drell2 < |ldac|o-

Combining these facts we can write

|z7ell2 = ||drell2 < ||dae 2.

We summarize this analysis in following lemma.

Lemma 7.10 [Support merger| Let Q be a set of at most 2K
entries. The set T = QUsupp(z*~1) contains at most 3K entries,

and
[z7e |2 < [[daells- (7.5.14)

Note that this inequality says nothing about how €2 is chosen. But we

can use an upper bound on ||dge||s from lemma 7.9 to get an upper

bound on ||z7e||o.

7.5.2.3. Estimation. Next step is a least square estimate of x

over the columns indexed by T'. Recalling from fig. 7.6 we compute
by = ®hy = L (Dz +e).
We also set bye = 0. We have
b= by + bre = brp.

Since |T'| < 3K, b is a 3K-sparse approximation of z. What we need

here is a bound over the approximation error ||z —bl|s. We have already

obtained a bound on ||z7e|2. If an upper bound on ||z — b||2 depends

o and off course measurement noise ||e|| that would be quite

on ||zre

reasonable.
We start with splitting x over T and T°.

r =T + Tpe.
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Since supp(b) C T hence
r—b=xp+ xpe — by = (¥7 — br) + X700
This gives us
|z = bll2 < llzr = brll2 + (7|2
We will now expand the term ||z — br||2.

|27 = brlls = ||z — ©}(Px + €)||o = |Jar — PL(Pwp + age + €)||2

Now since ®r is full column rank (since ® satisfies RIP of order 3K)
hence <I>TT<I>T = [. Also ®xy = $pap (since column columns indexed

by T are involved). This helps us cancel x7 — CIDF}(I):ET. Thus

lzr = brlls = | @} (Dare +¢)llo < [[(9F Or) " DF Dwrelz + [|BFe]|.
Let us look at the terms on R.H.S. one by one. Let v = ®¥ ®xpc. Then
2 = [[(®7 1) vll2.

This perfectly fits theorem 3.18 with |T'| < 3K giving us

[(PE D) DE D

[(PED) T Dpdape||s < | DL Dxre |2

— O3
Further, applying corollary 3.21 we get

|97 Drel2 < darc|re|2

since |T" U supp(x)| < 4K.

For the measurement noise term, applying theorem 3.17 we get

[P ell2 < leflz-

T

Combining the above inequalities we get

|z — bl < [1 + ] |zre]|2 + (7.5.15)

i S —
1 - 53[{ ]_ —_ 63}( z
Recalling our assumption that d3x < d4x < 0.1 we can simplify the

constants to get

= bl|s < 1.112)| 27

2 + 1.0541]|e]|s. (7.5.16)

We summarize the analysis in this step in the following lemma.
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Lemma 7.11 [Estimation] Let T' be a set of at most 3K indices,

and define the least squares signal estimate b by the formula
by = ®hy = &L (Pz +e) and bpe = 0.

If ® satisfies RIP of order 4K with d4¢ < 0.1 then the following
holds
|z — bl|2 < 1.112||z7c||2 + 1.0541||e|2. (7.5.17)

Note that the lemma doesn’t make any assumptions about how 7' is
arrived at except that |T| < 3K. Also, this analysis assumes that
the least squares solution is of infinite precision given by <I>TTy. The
approximation error in an iterative least squares solution needs to be
separately analyzed to identify the number of required steps so that

the least squares error is negligible.

7.5.2.4. Pruning. The last step in the main loop of CoSaMP
(fig. 7.6) is pruning. We compute

Zk = b‘K

as the next estimate of x by picking the K largest entries in b. We note
that both x and b|x can be regarded as K term approximations of b.
As established in lemma 2.17, b is the best K-term approximation of
b. Thus

16— blkll2 < ||b— 2|2

Now

lo = 2¥|l2 = [l = b+ = blxll2 < llz = bll2 + b = blx[l2 < 2]}z — b]l..

This helps us establish that although the 3K-sparse approximation b is
closer to x compared to b|, but b|x is also not too bad approximation
of x while using only K entries at most. We summarize it in following

lemma.
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Lemma 7.12 The pruned estimate 2* = b|x satisfies

lz = blell2 < 2z — b (7.5.18)

7.5.2.5. The CoSaMP iteration invariant. Having analyzed
each of the steps in the main loop of CoSaMP algorithm, it is time for
us to combine the analysis. Concretely, we wish to establish how much
progress CoSaMP makes in each iteration. Following theorem provides
an upper bound on how the recovery error changes from one iteration
to next iteration. This theorem is known as the iteration invariant for

the sparse case.

Theorem 7.13 [CoSaMP iteration invariant for sparse case| As-
sume that x is K-sparse. Assume that ® satisfies RIP of order
4K with 04 < 0.1. For each iteration number k > 1, the signal

estimate z* is K-sparse and satisfies
1 _
|z — 2|2 < éHx—zk Y2 4 7.5]le]|2. (7.5.19)

In particular
|z — zng < 27922 + 15]|e||2. (7.5.20)

This theorem helps us establish that if measurement noise is small,
then the algorithm makes substantial progress in each iteration. The

proof makes use of the lemmas developed above.

PRrOOF. We run the proof in backtracking mode. We start from z*

and go back step by step through pruning, estimation, support merger,

and identification to connect it with 251,

From lemma 7.12 we have

|z = 2|l = ||lz = blx |2 < 2[|z — b2 (7.5.21)
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Applying lemma 7.11 for the least squares estimation step gives us

20|z —bly < 2+ (1.112||zre]|2 + 1.0541||e]l2) = 2.224 ]|z |2 + 2.1082] ]| .
(7.5.22)
Lemma 7.10 (Support merger) tells us that
lzrell2 < lldge l2.
This gives us
|z — 2%||s < 2.224||dE1|2 + 2.1082] e (7.5.23)

From identification step we have lemma 7.9
|déct |2 < 0.223[d" |2 + 2.331 ] e
This gives us
|z — 2¥||5 < 2.224 (0.223||d" |2 + 2.331]le]|2) + 2.1082]le||-
< 0.5]|d* |2 + 7.5|el|2 (7.5.24)
= S llz = 7+ 75 el
The constants have been simplified to make them look better.

For the 2nd result in this theorem, we add up the error at each stage

as
(1427142724 4277 5], < 2- 7.5| ]|z = 15]|e]|2.
At k =1 we have z° = 0. This gives us the result
lz = 2F[l2 < 27%[|z]l2 + 15]le]]o. (7.5.25)
L]

7.5.3. CoSaMP analysis general case

Having completed the analysis for the sparse case (where the signal
x is K-sparse) it is time for us to generalize the analysis for the case
where z is assumed to be an arbitrary signal in CV. Although it may
look hard at first sight but there is a simple way to transform the prob-

lem into the problem of CoSaMP for the sparse case. Essentially we
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decompose x into its K-sparse approximation and the approximation
error. Further, we absorb the approximation error term into the mea-
surement error term. Since sparse case analysis is applicable for an
arbitrary measurement error, this approach gives us an upper bound

on the performance of CoSaMP over arbitrary signals.

We start with writing
JI:Z‘—JJ|K+$|K (7526)

where x| is the best K-term approximation of z (lemma 2.17). Thus

we have
y=%x+e=(r— x|k +2|g) +e=Prx +P(x —zg) +e.
We define
e=®(x — k) +e.

This lets us write
y = dx|x + €. (7.5.27)

In this formulation, the problem is equivalent to recovering the K-
sparse signal x|k from the measurement vector y. The results of sec-
tion 7.5.2 and in particular the iteration invariant theorem 7.13 apply
directly. The remaining problem is to estimate the norm of modified

error e. We have

[ells = 12(z — k) + el < [[(x — zx) |2 + lle]2-

Another result for RIP on the energy bound of embedding of arbitrary

signals from theorem 3.28 gives us

18 — wx)ll2 < vIF0x [Hx el + fuw - xKul] .

Thus we have an upper bound on |[[€]|, given by

lelle < V14 on [nm e+ ——

(7.5.28)
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Since we have assumed throughout that d45 < 0.1, it gives us

lélle < 1.05 |||z — k|2 + + |le]|2 (7.5.30)

rmx—xMh
This inequality is able to combine measurement error and approxima-
tion error into a single expression. To fix ideas further, we define the

notion of unrecoverable energy in CoSaMP.

Definition 7.3 The unrecoverable energy in CoSaMP algo-

rithm is defined as

V= H33 = £L’KH2 e — + H ”2 (7531)

[l — 2kl
\/_
This quantity measures the baseline error in the CoSaMP recovery

consisting of measurement error and approximation error.

Its obvious that
|le]l2 < 1.05v.

We summarize this analysis in following lemma.

Lemma 7.14 Let x € CV be an arbitrary signal. Let x|r be its
best K-term approzimation. The measurement vector y = ®x + e

can be expressed as y = Px|x + € where

lella < 1.05 |||z — zx||2 + |z — 2k||1| + [lef]2 < 1.05v.

(7.5.32)

f|

Invoking theorem 7.13 for the iteration invariant for recovery of a sparse

signal gives us
1 _ —
Izl = 282 < Slllx = 2" la + 751 (7.5.33)

What remains is to generalize this inequality for the arbitrary signal x

itself. We can write

1 _ ~
|zl =2+ = 22 < Sllalx — 2+ 2 = 2" 2 + 7.5]e]la.
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We simplify L.H.S. as
ol =24+ — 25 = (2 = 25) = (@ — 2l ]2 = 2= 2[la — 12 — 2l
On the R.H.S. we expand as
|2k — 2 +2 = 2" o < Jlo = 2" lo + lo — 2k ]l2.
Combining the two we get
lz = 2"l < 0.5)| — 272 + 1.5]|lz — 2k ||2 + 7.5][€]l2.

Putting the estimate of ||e]|> from lemma 7.14 we get
7.875
Vi

lz—2"ll2 < 0.5]|2— 2" [|2+9.375lw— | x||2 + [ =2k [l +7.5]el]2-

Now

0.375)a =l Lol +75lell < 10 ( [l = axlla + —=llo = ol ] + el ).
VK \/_
Thus we write a simplified expression
|z — 2¥||2 < 0.5||z — 25|, + 10v (7.5.34)
where v is the unrecoverable energy (definition 7.3).

We can summarize the analysis for the general case in the following

theorem

Theorem 7.15 Assume that ® satisfies RIP of order 4K with
04 < 0.1. For each iteration number k > 1, the signal estimate

2¥ is K-sparse and satisfies

1
|z — 2¥||2 < §||x — 25|y + 10v. (7.5.35)

In particular
|z — 2|2 < 27%||z||2 + 20v. (7.5.36)

PROOF. 1st result was developed in this section before the theorem.
For the 2nd result in this theorem, we add up the error at each stage
as

(T4+27 42724 427D 100 < 2- 100 = 20v.
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At k =1 we have z° = 0. This gives us the result. O

7.5.3.1. SNR analysis. A sensible though unusual definition of

signal-to-noise ratio (as proposed in [29]) is as follows

SNR = 10log (@) . (7.5.37)

Essentially the whole of unrecoverable energy is treated as noise. The
signal /5 norm rather than its square is being treated as the measure of
its energy. This is the unusual part. Yet the way v has been developed,

this definition is quite sensible.

Further we define the reconstruction SNR or recovery SNR as the ratio

between signal energy and recovery error energy.

R-SNR = 10log <ﬂ> : (7.5.38)

[l — 2|2
Both SNR and R-SNR are expressed in dB. Certainly we have

R-SNR < SNR.

Let us look closely at the iteration invariant

lz = 2*[l2 < 27" |2 + 20v.
In the initial iterations, 27%||z||; term dominates in the R.H.S. Assum-
ing

27Kz > 20v
we can write
lo = 2*)l2 < 2 27" |2.

This gives us

lz = 2*[l2 < 275 [l

el e
o ==

— R-SNR > 10(k — 1)log2 > 3k — 3.

In the later iterations, the 20v term dominates in the R.H.S. Assuming

27F||z]|2 < 20v



350 7. MATCHING PURSUIT ALGORITHMS
we can write
|z — 2%y < 2-20v = 40v.
This gives us
|z — 2%, < 40v
[ P O A P
|z —zlls — 40 v

—> R-SNR > SNR — 10log40 > SNR — 16 = SNR — 13 — 3.

—

We combine these two results into the following
R-SNR > min{3k, SNR — 13} — 3. (7.5.39)

This result tells us that in the initial iterations the reconstruction SNR
keeps improving by 3dB per iteration till it hits the noise floor given
by SNR — 16 dB. Thus roughly the number of iterations required for
converging to the noise floor is given by

SNR — 13
~ —

k

7.6. Digest



CHAPTER 8

Shrinkage and Thresholding Algorithms

In this chapter we will review some algorithms based on shrinkage and
iterative thresholding techniques which can help us solve the sparse
approximation problem and the sparse recovery problem discussed in
chapter 2. These algorithms also fall in the general category of greedy
algorithms.

The presentation in this chapter is based on a number of sources in-
cluding [4, 7, 21, 29].

8.1. Iterative hard thresholding for signal recovery

In this section we will study an algorithm called Iterative Hard Thresh-
olding (IHT') developed in [7].

8.1.1. Algorithm

The algorithm itself is presented in fig. 8.1.

As usual let us review the notation before proceeding further.

e 1 € CV represents the signal which is to be estimated through
the algorithm. z is unknown to us within the algorithm.

e As usual N is the dimension of ambient signal space, K <
N is the sparsity level of of the approximation of x that we
are estimating and M is the dimension of measurement space
(number of measurements K < M < N). We note that z itself
may not be K-sparse. Our algorithm is designed to estimate
a K-sparse approximation of x.

o & ¢ CM*N represents our sensing matrix. Its known to us.

351
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z=IHT(®D,y, K);

Input: Sensing matrix ®

Input: Measurement: y

Input: Sparsity level: K

Output: z: A K-sparse approximation of the target signal:x

// Initialization

20 = 0; // Initial approximation
0=y // Residual y — ®z
k=0; // Iteration counter
repeat
k+—Ek+1;
p — OHpk—1 // Compute residual proxy
b zF1 +p; // Add residual proxy to previous estimate
2% = b|g; // Prune to obtain next approximation
ko y — o2k // Update residual

until halting criteria is true;

FiGURE 8.1. Iterative hard thresholding for sparse sig-

nal recovery

y = ®x + e represents the measurement vector belonging to
CM. This is known to us.

e € CM represents the measurement noise which is unknown

to us within the algorithm.

e [ represents the iteration (or step) counter within the algo-
rithm.

e 2 € CV represents our estimate of x. z is updated iteratively.
2¥ represents the estimate of 2 at the end of k-th iteration.

o d* = x — ¥ denotes the recovery error at the end of k-th
iteration.

e We start with z¥ = 0 and update it in each cycle.

e 7 € CM represents the difference between the actual measure-
ment vector y and estimated measurement vector ®z. r* is
updated at the end of each iteration.

e p € C¥ represents a proxy for the recovery error d*—!.
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1

e b is the sum of previous estimate 2*~! and proxy for recovery

error p.

The core of this algorithm is so simple that it can be summarized into

just one line:
2 = Hy (5 + 0 (y — 02471 (8.1.1)

where Hpy is a hard thresholding operator which keeps the K largest
entries in its input and sets all others to 0. Since we iteratively improve
the estimate and apply hard thresholding operator in each iteration,

hence the name of the algorithm is iterative hard thresholding.

8.1.2. IHTanalysis sparse case

In this subsection, we will carry out a detailed theoretical analysis of

IHTalgorithm for sparse signal recovery.

We will make following assumptions in the analysis:

e The sparsity level K is fixed and known in advance.
e The signal z is K-sparse (i.e. € X C CV).

e The sensing matrix ® satisfies RIP of order 3K with d3x <
1

V32’
e Measurement error e € CM is arbitrary.

As usual we have the equation connecting r and d

rFl = ddh ! te (8.1.2)

We will consider some iteration £ > 1 and analyze the behavior of
the core loop of IHT. We will need some additional notation for the

analysis:
e We define A as support of best K-term representation of x.

A = supp(z|x) = supp(z) (8.1.3)

since it is assumed that x is K-sparse.
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e We define ) as the support of K largest components of b (in
k-th iteration) i.e.

QF = supp(b¥|x). (8.1.4)
e Also we define S and 7" index sets as follows
S=AUQ" T=AUQ" (8.1.5)
e We will also need S\ T'. Let us define
U=S\T. (8.1.6)

A word of caution: in the following analysis when we write vy for
some vector v € Cf then we will be conveniently switching between

the two interpretations where in one we think vy € C! while in other

interpretation we say that vy € C* with vze set to 0.
Let us examine the support of d*:
supp(d®) = supp(x — 2*) C supp(z) Usupp(z*) = AUQ* = T. (8.1.7)
Thus we can safely write
d* =a —2F =ap — 2. (8.1.8)
Let us now bring b in picture.
lor = 27ll2 = vz = br +br — 272 < llor = brll2 + |27 — br 2. (8.1.9)

We can consider both z7 and 2% as K term approximations of by. But

since 2% is the best K-term approximation of b hence we have
27 = brlla < oz = br 2. (8.1.10)

This gives us
|z — 2%||2 < 2|7 — byl (8.1.11)

We now expand b:
b=zl 4 p=21 4 dDd" ! 4 dle.

Thus

Tr — by = xp — Zg“;—l - @#@d"’—l — @ge.
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But
T — z@’l = d?’l.
Also
supp(d™™) = supp(z — 2F71) C supp(z) Usupp(z" ) = AUQF ! = 5.
Thus
k—1 k—1
A =dg .
Hence we can write
Od" ! = Pgdy!
since only columns of ® indexed by S will be involved in the product.

Recalling U = S\ T, we can now split
k— k— k—
This lets us write
Od* = dpdit + dpdi
We can combine these observations to write
vp — by = di ' — R Opdi — OHDydlT — dFe

= (I — oFdp)ds — B ydl ! — dfle.

Applying triangle equality we get
lz = 2*]l> < 2[ler — brlly
< 2[(1 = @F r)dy |l + 2(| 07 Pudy; |2 + 2] 0F el

(8.1.12)

Let us look at the terms one by one. T = A U QF, hence |T| < 2K.

Applying theorem 3.19 we get

I(I = 7 Pr)dy [l < darcldz[J2.
Next since T" and U are disjoint and T U U = A U QF U Q¥ hence
application of theorem 3.20 gives us

197 @rdy |2 < dsc [l -

Finally theorem 3.16 gives us

@7 ell2 < /1 4+ baxcle]fo-
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Combining these results we get

Iz = 2*ll> < 20 ||d7 |2 + 205 [|d; |2 + /1 + Garclefo.
Since doir < d3x we can merge the first two terms on R.H.S. as

S || l2 + arcldgr o < Gare ([l d Iz + [l l2)-
Since S and U are disjoint hence d% ' and d@’l are orthogonal. Recall-
ing
k— - k— k—
we have
1215 = Nldz 113 + g [15-
Thus using Pythagorean inequality we have
15 o+ lldg 12 < V2]

Therefore we get

|z — 2|2 < 2V2855[|d* 7 ||2 + /1 + Gaxcle]2.

Putting dox < d3x < \/L@ we get
|z — 2|y < 0.5]|z — 2" |5 + 2.17||e]|2. (8.1.13)
Further summing over iterations we get

|z — 2%||2 < 27F||z||5 + 4.34) e (8.1.14)

8.1.3. IHTanalysis general case



CHAPTER 9

Union of Orthonormal Bases

In this chapter we consider dictionaries which are made up of multiple

orthonormal bases. The discussion is drawn from [24].

As usual we will work with an overcomplete (full rank) dictionary D €
CN*D with coherence p = u(D). The sparse recovery problems we will

attempt to solve are restated below.

Exact sparse problem. Given a signal € CV which is known to
have a sparse representation in a dictionary D, the exact-sparse recov-

ery problem is:

a = arg anel}c%“&HO subject to x = Da. (Po)

Sparse approximation with sparsity bound. When € CV doesn’t
have a sparse representation in D, a K-sparse approximation of z in D

can be obtained by solving the following problem:
a = arg mirﬂ1)||x — Dal|s subject to ||allp < K. (PE)
aeC

Here x is modeled as x = Da + e where a denotes a sparse representa-

tion of z and e denotes the approximation error.

Sparse approximation with approximation error bound. A different
way to formulate the approximation problem is to provide an upper
bound to the acceptable approximation error ||e]|s < € and try to find
sparsest possible representation within this approximation error bound

as

a = arg o{rel(iCIfl’Ha/HO subject to ||z — Dal|y <e. (Pg)

357
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Exact [, norm minimization problem. The corresponding problem

for (Py) with [,-pseudo-norm for 0 < p <1 is

Qa = arg O{g(ic%HOsz subject to x = Da. (P,)

Basis pursuit. In particular, when p = 1, we get the basis pursuit

problem:

Qa = arg O{re%%HaHl subject to x = Da. (Py)

9.1. Sparse [, representations

Theorem 9.1 Let D be a dictionary and A C Q ={1,...,D} a
set of indices. For 0 < p <1 define

h.|P
Py(A, D)2  max Lopen [hel” (9.1.1)
heN(D).h£0 Y, |h|P

where we use the convention 0° = 0.

1. If P,(A, D) < 3 then for all o such that supp(a) C A, «
is the unique solution to the problem (P,).

2. If P,(A\,D) = 3§ then for all a such that supp(e) C A, o
is a solution to the problem (P,).

3. If P,(A, D) > 3 then there exists a such that supp(a) C A,
and [ (not supported on A) such that |8, < ||a|l, and
Do = Dp. Thus (P,) will not return a solution supported

over A.

The quantity P,(A, D) measures the concentration of null space (of D)
vectors over the index set A. P,(A,D) = % means that there is at least
one vector in the null space of D whose half of the energy (in terms of

l, pseudo-norm) is concentrated over the indices in A.

PROOF. We start with the case for P,(A, D) < 3. We know z which
has been synthesized from a representation a with supp(a) € A. We

need to show that o indeed minimizes (P,). Any other feasible vector
for (P,) is given by a + h where h € N(D).
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Thus, we need to show that

lac+ bl > llallp <= Y o+l > D Joxl?
k k

holds true for every nonzero h € N (D). Since « is supported over A,

hence this is equivalent to show that

S P+ (o + hil” = Jol?) > 0.

kg A keA
Although the triangle inequality is not valid for 0 < p < 1, but the

quasi-triangle inequality still works which states
la + b|" < |a|” + |b[P.
With slight manipulation, we can rewrite this as

o+ 0" — a]” = —[b]".

Thus,
> ok + hil? = Jenl?) = = |hf?.
ke keA
Thus if
DIl =3Il >0
keA ke

holds, then it is sufficient condition for

D P+ (low + hal” = Jawl?) > 0.

kg A keA

to hold true also.

This is equivalent to writing

S+l > 2 byl

kA keA keA
> en i)
1 elP 1
helP < =) P = SR T o -
keZA 2% %Zk|hk|p 2

Since this condition should hold for every nonzero h € N (D), by max-
imizing on the L.H.S., the sufficient condition can be written as
1

Pp(A, D) < 5
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which is exactly the condition assumed. Thus, whenever P,(A, D) < %

and « is supported over A, it is the unique solution for (P,).
Let us revisit the argument with the relaxed requirement that we want
a to be just a solution of (P,) (it need not be unique). Thus, we need
to show that

[lec+ Al = llellp.

Following, the same argument, this results in the sufficient condition:

Sl < 5 3 I

keA k

or (considering every nonzero h € N(D))

P,(A,D) <

1
5
Since, we already know that P,(A, D) < % guarantees uniqueness of «

as the solution, hence « is a solution of (P,) whenever F,(A, D) = 1.

Finally, we need to show that the condition is sharp. Assume that
P,(A,D) > 1. Thus, there exists some h € N(D) such that

>l > %Z ||
k

keA
Define was ay = —hy Vk € Aand oy, =0V k ¢ A. Consider 5 = a+h.
This gives us DS = Da + Dh = Da = z. Further, , =0V k € A and
Bk = hk vk ¢ A. Clearly,
lalls =" [hxl”
keA
and
1815 = > 1hl? = Y 1hel” = D 1hal” < D 1hal? = [l
k¢A k keA keA

And S is supported outside A. Clearly, the program (P,) will never
find a. O

So how does theorem 9.1 help us? The theorem presents recovery
guarantee for a given index set A. If K = |A|, then the recovered

representation is K-sparse. But during the signal recovery, A is not
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known in advance. Hence, we will look for guarantees which work

uniformly for all index sets A with K = |A].

The guarantees should take the following form. If |A| < K, where K
is some number depending on the dictionary D, then P,(A,D) < %
theorem 9.1 can automatically be invoked along with such a guarantee
to ensure that for every o with ||l < Ky, the program (P,) will

recover it.

Theorem 9.2 Let spark, (D) = {%kw)—‘. A guarantee of the

form
If |A| < f(D), then Py(A,D) <
holds if and only if (D) < spark, (D).

(9.1.2)

N | —

PROOF. For any nonzero h € N (D) observe that

Seallel® _ 1A
SelmP = Tl

We also note that
Ilh|lo > spark(D).
Thus
ZkeA|hk|0 < |A|
> i lhel® — spark(D)
Finally, taking maximum on both sides

2 ken |hal? Al
FPy(A, D) = S < .
o(A, D) he/\l;r(lg)),(h;&o > i |hklP — spark(D)

Note that R.H.S. doesn’t depend explicitly on h. Hence, taking maxi-

mum has no effect.

Now, we assume that [A| < f(D) < spark, (D). If spark(D) is even,
then spark, (D) = spark(D) /2. Thus,
|A| Sparkl/Q(D) 1

spark(D) spark(D) — 2°
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If spark(D) is odd, then spark, (D) = w. Now,

spark(D) + 1
A < -7 -
A < g < 2K

Thus

spark(D) + 1

— |A[H+1 < 5

— A < spark(D) — 1
—_ 2 .

A spark(D)—1 4 1 1
< - o= <=
spark(D) — spark(D) — 2 2spark(D) 2

Thus, we see that if f(D) < spark; (D) then a guarantee of the form

1
If |A| < f(D), then Py(A, D) < 5 (9.1.3)

PO<A> D) S

holds.

We now show the converse. i.e. if f(D) > spark, (D) then a guarantee

of the form above doesn’t hold.

We know that there exists some h € N (D) such that ||hl|o = spark(D).
Let spark(D) be even. Then, f(D) > spark(D)/2. We can pick up
some A C supp(h) with |A| = spark(D)/2. For this |A] < f(D) holds,

but
> ken |7 | _ spark(D)/2 _ 1

S0~ spark(D) 2

leading to

1

We can similarly prove this for the case when spark is odd.

Theorem 9.3 If a guarantee of the form
1
If |A| < f(D), then P,(A,D) < 3 (9.1.4)

holds true for some 0 < p < 1 with some f(D), then it also holds
true for p =10, hence f(D) < spark, (D).

PROOF. Assume that (9.3.1) holds true for some 0 < p < 1. Let «
be such that ||a|jo < f(D). Then for all 5 # « such that DS = Da we
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have that

1811y > Nl

i.e.  cannot be the solution of the program (P,). Now for the sake
of contradiction assume that there exists some § such that DS = Da

and [|5]|o < ||allo- Since |||l < f(D) hence, ||B]lo < f(D).

This means that 3 is also a unique minimizer of the same program

(P,). But, since the minimizer is unique, hence a = f.

Consequently, « is indeed the unique minimizer of the (Py) program.

Applying theorem 9.2, we get

f(D) < spark, »(D).

We now develop a bound on sparsity which holds for unique recovery

of both [y and /; minimization problems.

Theorem 9.4 For any dictionary D with coherence p, if

1 1
ladlo < 3 (1 + ;) (9.1.5)

then « is the unique solution to both the (Py) and (Py) problems.

PROOF. Let A = supp(a). We just need to show that

1 1 1
If |Al < f(D) == (1 + —) , then P;(A,D) < -
2 W 2
holds.
Let

D=|d ... dp.
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Let h € N(D) and h # 0. Then

D
> hidp =0
k=1

— hydy, = — Z hyd;.
£k

Taking inner product on both sides with dj, (recall that atoms of D are

unit norm)
he ==Y hidfld,.
Ik

Take absolute value on both sides (recall that coherence is highest inner

product between atoms)
bl = 1D idi di] < |hulldifdi| < ) |-
I#k I#k I#k
Add plhg| on both sides.

D
(L+ p)|hy] < MZ |ha| = pl|Bf1-

=1

Sum the last inequality over k£ € A. We get

(L) ) el < plAllIR]l = plledlollPlh
keA

ZkeA|hk| <
Dol T

Maximizing the inequality over all h € N (D) with h # 0, we get

i

= I+

gy

i
Pi(A,D) < ”O‘HOW-

Thus,

DO | —

1 1
if |A| = ||laflo < 5 (1 + —) , then P;(A,D) <
v
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9.2. Union of bases

We now consider dictionaries which are a union of L orthonormal bases.
We will denote individual orthonormal bases as By, Bs, ..., Br,. We will

write our dictionary as

D:[B1 B, ... By|. (9.2.1)

9.2.1. Spark and coherence

We will examine the null space of a union of bases dictionary and

develop a bound on the spark in terms of its coherence.

Theorem 9.5 Let D be a union of L orthonormal bases. Let h =
[hl, . ,hL} € N(D) with h* € CN and assume that h # 0. Then

L

1
— < L —1. 9.2.2
2 T S (622

Consequently,

(9.2.3)

1
kD)> 14+ ——
spar()_(+L_1>

==

PROOF. Since h € N (D), hence

L
Dh =0 ZBlhlzo.

=1
For the [-th term, we can rewrite this as
Bih' ==Y " Byh.
k#l
Since B; is an ONB, hence B} B; = I. Multiplying both sides by B}
we get
h'=—> " B'Bh".
kAl
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Taking absolute values on both sides we get

B =Y B Bph*| 2> |Bf BphH|.
k£l k£l

Note that the symbol < means component wise inequality.

Let us look at the term | Bff B,h*| more closely. If we write

Bl == [bll ce blN]
where b;; are the column vectors of B. Then
bi
BB =| i | [ o be] = i)
1<i,j<N
bl

Thus the column vector
N
BB | = || oflbshll|

But for each 1 <i < N
N

N N
[ D bbby < D 1B bighy | < )y |RS| = wl[B*1.
j=1

j=1 j=1
Thus
| B Bih*| < pil| [y
where 1y is a vector of all ones. Putting back we get
<3
k£l
Thus, each of the entries in |h!| is upper bounded by 1D s | ¥

Now, there are ||A!||o non-zero entries in |h!|. Thus,

12"l < pllRllo D IR* .

kAl
Adding p||h![[o]|ht]|; on both sides, we get

(L+ pllf o) Il < pllntllo Y 1681 = wll B llolialy.
k

We used the fact that ||k]; =Y, ||R*]:.
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This gives us
pllh flollAllx

Ry < :
| T

Again summing over [ on both sides, we get

L
pll 2 o1
Al < =—

l
— 1+ pf|hllo

Canceling ||h||; we obtain

Z plP o
T+ ko =

A small set of steps follow:

hl
—1_ | II(; <I_1
2T+l
L
| R lo ]
= l—-— | <L-1
> |-
L

1
= ZZI: T St
This is the desired result in (9.2.2).
To show (9.2.3) we proceed as follows.
We recall that

N
spark(D) > [[Allo = D |A'llo-

Consider the function
1
9(y) = ——.

I+y
The function is convex over the interval (—1,00), hence
4y, 9@ +9()

367
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More generally

g<2éﬂ?552£ﬂ@ﬁ
L L

Choosing y; = pl|h!|jo we get

Saplbtlo (bl — i g(ulllo)
g =9 <
L L L

L
:l§: Lo L1
LTt ulilly = L

Thus
1 <L—1
h J—
1+ el =T
|l L
—1 >
+ L — L-—-1
| Rllo L 1
= > —1l=—
L —L-1 L—1
L L-1+1 1
< ullhllo > = - 14+ —
ulbllo = +— = =7 I 1

PRI PR N
0= L—1]p

This gives us the desired result (9.2.3):

1 |1
k(D) > ||hllo > |1+ ——| —.
spauk(D) 2 il > |1+ = &

Challenge Can we obtain tighter bounds using Babel function?

Let us look at the special case for two-ortho bases (with L = 2). Our

first result is:
2

1
- < 92-1=1. 924
2 T (9:2.4)

=1
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We can rewrite it as
1 1
T 2] PR R 2 s
= 1+ pllht o+ 1+ pllp?lo < 1+ pllntlo + ullh?[lo + 2[R lol 1A [lo

= 1< p7[hH|o]| 2?0

1
<= [P llollA*llo = —
1

1
= V1"t lollh?llo = P

Thus, the null space vectors for two ortho bases satisfy the condition

VIIElollh*]lo =

==

The condition on spark reduces to
1 1 2
spark(D) > (14 —— | — = —.
2=1)p p

There are indeed examples of pairs of bases for which the lower bound of
spark(D) = % is met. Thus, the bound is sharp for L = 2.
Challenge Can we found a set of L orthonormal bases for which
the the lower bound (9.2.3) holds? Starting with L = 37

9.2.2. [y, minimization

Let us now extend the argument to identify conditions under which the

(Pg) problem can have a unique solution.

Theorem 9.6 Let D be a union of L orthonormal bases. If
1 1 1
<|=4+=————=) - 9.2.5

then the unique solution to the (Py) is a.
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PROOF. Let
1 1 1
D=|-4+—17>-7-—1]—-.
=5+ 371) 4
Then from theorem 9.5

f(D) < %spark(D) < spark, 5(D)

for both even and odd cases. Applying theorem 9.2, we get our result.
O

Looking at the special case L = 2, the condition reduces to
1
lerllo < —
1

then « is a unique solution to (Py) problem.
For L = 3, we get the upper bound as

3
lerfo < m
So, if coherence i doesn’t change, then the level of sparsity for which
unique recovery is guaranteed has reduced. We see that the upper
bound on sparsity in (9.2.5) gets stricter and stricter as L (number
of orthonormal bases) increases provided the coherence of dictionary

remains constant.

Let us compare the bound for general dictionaries in (9.2.7)

1 1
llaello < = (1 + —)
2 p

Let us find out the value of L beyond which the bound in (9.2.5) be-

comes more restrictive than the general bound in (9.2.7).

with (9.2.5).
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L Yo (L, 1 1
p) —\2 2(L-1))p
11 1

=S lt->—b ———
poop (L=Dp

[\]

=1>—
(L= 1)

1
= L-1>=
7

1
= L>1+—.
il

Thus for L > 1+ /%’ the less restrictive general bound in (9.2.7) should
be preferred. At the same time, for smaller values of L, the specific
bound in (9.2.5) should be preferred.

As example, with © = 0.2, for L > 6, the general bound should be
used, while for 1 < L <5 the more specific bound in (9.2.5) should be
used.

If the dictionary is even less coherent, with 4 = 0.1, then for L > 11,
the general bound should be used.

9.2.3. [; minimization

We have identified unique recovery conditions for the (Py) problem.
Let us also identify conditions for the (P;) problem with union of bases
dictionary. Afterwards we will compare it with the result for general

dictionary in theorem 9.4.

Before we prove the main result of this section, a few lemmas are in
order which will help establish the main result.
Lemma 9.7 Forp =1,

P, (A, D) = 1% 1A 2.
D)= B Al 9:2.6)
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Thus, to show that P(A,D) < %

5, 1t is sufficient to show that

1
111h] < 5

for all null space vectors with ||h||; = 1.

PROOF. Let A* maximize

Pi(A,D) = max —ZkeA [ =  max Lalh
’ heN(D)h#0 Y, |hy|  heN(D)h0 ||R||1
Thus,
ﬂT|h*|
P (A, D) = ||1;l*||1 )
Consider h' = ”}f‘:” . Then
1
h* 1771
Wl = H _ Iy
0= el = e
Also, note that
h*|
n| = | )
"= s
Thus,
17|
17 = Bl _ g4 p).
171
Thus, we can write
P(A,D)=  max 1%|n|

 heN(D)[lhlli=1

Our result follows.

We now proceed to the main result of this section.

Theorem 9.8 Let D be a union of L orthonormal bases. Denote
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with of € CN. Without loss of generality, we can assume that the

bases B; have been arranged so that
laflo < -+ < flalo.

If

ullal |
9.2.7
2T alollo < T ¥ Al (9:27)

1>2
then « is the (unique) solution to the (Py) problem.

PROOF. Let A = supp(«). As usual, we will start our work with
the analysis of the null space vectors. Let

hl
h=|:| eN(D)
hL
with h! € CV. For every 1 <[ < L, we have
Bih' = - " Bih.
kAl
Multiplying with B/’ on both sides, we get
—>  Bl'Byh*.
kAl
Taking absolute values on both sides, we get
W] = 1) Bl'Byh"|
kAl

=SS Iy

k£l

= py 117 |n*

k£l
= p Yy 1|n*
Kl
where 1 denotes an N x N matrix of all ones. The resulting constraint
is.
=37 SR (9.2.8)
kAl
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By definition we have |h!| = 0. Since due to lemma 9.7, it is sufficient
to focus on unit /1-norm vectors in the null space of D, let us consider

the special case of ||h||; = 1. We have

L
Rl = lIR' = 1.
=1

We can rewrite this as

L
> aplnt =1 (9.2.9)
=1

From (9.2.6) we get

P\, D 111h].
1A D) = heN (D) [hl-1 alhl

To show that « is the unique solution to (P1), we need to show that

P(AD) <

l\DI»—l

Let us expand the term 17%]h

LRA = |he| = Z > |h|—Zﬂsupp N

keA =1 kesupp(al)

Lgupp(aty denotes a vector with ones at the entries indexed by supp(at)

and zeros everywhere else.

Thus, we need to show that under the condition (9.2.7) and the con-
straints (9.2.8), (9.2.9)

1

I
max 17 an P < 5

ml.. L supp(
ARG l:l

holds.

We will restructure the constraints in the form of matrix inequalities

and construct a linear program out of it.



9.2. UNION OF BASES 375

Define _
Iid
z2 = |h|..
|1
Define ~
~Lupp(at)
V= :
__]lsupp(aL)
Then
L
Z]lgupp(al)|hl| =—v'z.
=1
Further,

|h| =0 < 2z = 0.

From (9.2.8), we have

0= = |+ 1) Lyun|h¥]
P
<— 0= ZM]-NXN‘hkl — [NXN‘]IZ‘ + Z,U]-NXN‘hk’-
k<l k>l

We can put this in matrix form as

[—Inxn plnsn oo plyxy plysy ] [0-15]

MleN —Inxn .. #1NxN ,uleN 0-1y
. .

pInsn plyxy - —Inxn plyxwn 0-1y

ulngn  pInxny o plnxn —Inxn] [0~ Tn]

15 denotes N-dimensional vector of all ones.

The equality (9.2.9) can be split into two inequalities:

L
ARl >1
=1

and
L

L
AR <1 = =) 1R > -1
=1 =1
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In the matrix form we can write this as

1%
_]1%

Define the matrix

_IN><N

M1N><N

ILL]'NXN
MleN
1y

| 1y

and the vector

_]1%

MleN

—Inxn

M1N><N

MleN

>

0147

0-1n

T
]lN]zzll

MleN

:U’1N><N

_IN><N

HleN

MleN

ILL]‘NXN

M1N><N
_IN><N
1%

_]1%

We can now combine the constraints (9.2.8) and (9.2.9) into the matrix

inequality

Az

= w.

Note that z € RYE, A € RNEF2XNL and w € RVEH2,

Let us define the (primal) linear program as

minimize v

z

subject to Az > w,

T

z

z = 0.

(primal)

We note that optimal value of (primal) program is > —% if and only if

Pi(A,D) < 5.
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The corresponding dual linear programming problem is
maximize w’u

? (dual)
subject to ATu <wv, u>0.

Here u € RN¥E+2. Just for clarify, lets write the problem in expanded

form too
wu=10-1% 0-1% ... 0-1% 0-1% 1 —1|u

ATy < v is

[—Inuny plnwy - plyuy wlyxn Iy —1y] [ —Leupp(a)
iy —Inxny oo plyxy plyxy In —1y —Lsupp(a2)

u = :
#1NxN MleN o —Inxn M]-NXN Iy -1y —]lsupp(aLfl)
L ilnxn plnxny o plyxy —Inxky Iy =1y L~ Laupp(ary |
(9.2.10)

We know that the optimal value of the two programs are the same. So
we need to show that there exists some u > 0 which satisfies ATu < v

and wlu > —%.

Due to the structure of matrices A and vectors v, w, we will look for a

solution in parametric form

a1 Lsupp(at)

a2 llsupp(a2)

[I>

aLfl]lsupp(aL—l)
arlgupp(at)

b

c

where a;,b,¢ > 0. Obviously u = 0 and wu = b — c. Our goal is to
choose the a;, b, c such that b — ¢ > —% and the constraint ATu < v is
satisfied.
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A straightforward computation over the [-th (block) row in (9.2.10)
gives us (for 1 <1 <L)

(b — C)]lN + N]-NXN (Z ak]lsupp(ak)> - al]lsupp(az) '_< _]lsupp(ozl)'
k#l

Rearranging the terms we get

(b — C)ﬂN + ,U]-NXN <Z a,k]lsupp(ak)> + (1 — al)]lsupp(al) j 0.
k#l

Now

1N><N]lsupp(ozk) - ]lN]l%]lsupp(ak) = \Supp(ozk)]]lN = ||ak||0]lN'

Thus, we can rewrite as

(b—c)ly +p (Z ak||ozk||0]lN> + (1 — @) Tgypp(aty < 0.

k£l

(b P uzakuakuo) Ty + (1= @) Louppaty < 0.
k£l
Or

L
(b —c+ Mzakﬂak\b) Iy — parfla’[loLn + (1 = @) Lapp(aty = 0.
k=1

Or

L
<b —c+ uZakHakH0> Iy =< paglja! oLy + (@ — 1) Laypprary (9-2.11)
k=1

Consider first the case that ||a![|g # 0.

Over the indices included in supp(a!), the inequality is

L
b—c+ Y allatllo < parlloflo + (ar — 1)
k=1
Over the indices not included in supp(at), the inequality is

L

b—c+nyarllatllo < parfla’lo +0
k=1
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If (a; — 1) < 0, then first inequality is tighter. Otherwise, second one
is tighter.

Denoting ™ = max(z,0) and 2= = min(x,0), we can combine the

above two inequalities into

L
b—ct+nY axlalo < parllad o + (@ — 1)
k=1

When [|a!]|o = 0, then inequality (9.2.11) reduces to

L
b—C+MZGkH0¢kH0 <0

k=1
for all indices.
O
9.3. Digest

Problem formulations
Exact [, norm minimization problem:

& = arg min ||a||, subject to x = Da. (P,)

aeCP

Concentration coefficient:

ho|P
P,(A,D) &  max —ZkeAl d
heN(D),h#0 Y, |hg|P

Recovery conditions based on P,(A, D):

1. If P,(A, D) < 5 then for all o such that supp(ar) C A, o is the
unique solution to the problem (P,).

2. If P,(A,D) = 1 then for all a such that supp(e) C A, v is a
solution to the problem (P,).

3. If P,(A, D) > 1 then there exists a such that supp(a) C A, and
S (not supported on A) such that ||3||, < ||«||, and Da = Dg.

Thus (P,) will not return a solution supported over A.
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We are interested in guarantees of the form

If |A] < f(D), then P,(A,D) <

DO | —

Half of spark (ceiling to cover cases when spark is odd)

(D)

sparkl/Q(D) - [ 9

Spark based guarantee for (Py): A guarantee of the form
1

If |A| < f(D), then Py(A, D) < ;.

holds if and only if
f(D) < Sparkl/Q(D)'
Guarantee for [, translating to guarantee for [, Let
1
If |[A| < f(D), then P,(A,D) < = (9.3.1)

2
hold true for some 0 < p < 1 and some f(D). Then it also holds for

p=0and f(D) < spark, o(D).

Coherence based sparsity bound for exact recovery of [ and [; problems

lal <1(1+1)
O./Q — —
2 %

then « is the unique solution to both the (Py) and (P;) problems.
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Compressed Sensing with Orthogonal Systems

10.1. Digest
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Part 2

Joint Recovery and Dictionary

Learning Problems



CHAPTER 11

Joint Sparsity Problems

The objectives of this chapter are

e Identify different types of joint sparsity problems

e Establish a consistent notation to be followed in following
chapters

e Discuss a set of mathematical tools which will be useful in
following chapters

e Discuss applications of joint sparsity problems

We will start with the simplest joint sparsity problems and make our
lives more complicated as we go forward. The notation will also get

more sophisticated accordingly.

384
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TABLE 1. Symbols used in this part of the book

Symbol Purpose

A An arbitrary m x n complex matrix

aij The element at i-th row and j-th column of A

a’ j-th column column of A

a i-th row vector of A

ai k-th entry in the j-th column (vector) of A

al, k-th entry in the i-th row (vector) of A
agk) k-th largest entry (by magnitude) in the j-th column (vector) of A
a) k-th largest entry (by magnitude) in the i-th row (vector) of A
Ap A submatrix of A consisting of columns indexed by A C {1,...,n}
Ay A submatrix of A consisting of rows indexed by A C {1,...,m}

det(A) Determinant of A

| Al A matrix consisting of absolute values of entries in A

N Dimension of ambient space CV for signals
cN Signal space

g A signal belonging to C

D Number of dictionary atoms D > N
cP Representation space

D € CNVxP The sparsifying dictionary
K Sparsity level of signals in the dictionary
S

Number of signals
Set of signals z* € CVN
Signal representations in D, o® € CP

Set of K-sparse signals over the dictionary D; o® € g

11.1. Tools from matrix analysis

In this and following chapters we will be dealing with more complex

matrix manipulations. Several tools from matrix algebra and analysis

are listed here for reference.

The matrix space is equipped with the usual Hermitian inner product

(A, B) £ trace(B" A). (11.1.1)
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The Frobenius norm follows from this inner product

A2 2 (4, A). (1112
Note that for A € C™*"
1A = lla]I3- (11.1.3)
=1
The dual of a normed linear space (CM || -|,) is a normed linear space
(CM, || - ||7) with the conjugacy relation
1 1
4o =1 (11.1.4)
p P

The dual space of a normed linear space V' is denoted as V'*.

Let U and V' be normed linear spaces of vectors or matrices. Let A be
a matrix representing a linear operator acting on U producing elements
of V. Then A* is a map between the dual spaces V* and U*. When A

is a matrix then A* = A7,

The operator norm for a linear operator A mapping from U to V is
defined as

A
Al 2 supl 22V, (11.15)
=20 |1 z]lu
The operator norm for the adjoint satisfies the identity
A v s+ = [[Ally—v. (11.1.6)

Some specific operator norms of our interest would be norms connecting
L, spaces from (C™, | - [[,) to (C",|[ - [|;). They are usually denotes as

|Allp—q- When p = ¢, then we simply denote them as || AJ|,.

Of specific interest are norms like

||Al|1: the max column sum norm
||Al|2: the spectral norm

|A]| 0 the max column sum norm

We develop another set of norms around the row vectors of a matrix.



11.1. TOOLS FROM MATRIX ANALYSIS 387

Definition 11.1 Let A be an m x n matrix with rows a’ as

A—

]

Then we define

1
n P
A i — i
poo = 18X [|a’]l, = max (E 1 |a;] ) (11.1.7)
J:

where 1 < p < oco. i.e. we take p-norms of all row vectors and

1A

then find the maximum.

We define
| Allsoe = maxla| (11.1.8)
Z7]

This is equivalent to taking [, norm on each row and then taking

the maximum of all the norms.
For 1 < p,q < oo, we define the norm

1Allp.q = [Z (IIQi||p)q] R (11.1.9)

i=1
i.e., we compute p-norm of all the row vectors to form another

vector and then take g-norm of that vector.

Note that the norm || Al|, « is different from the operator norm || A||,—cc-

Similarly ||Al|,, is different from || A||,—,-

There is a connection between the two norms ||Al|, .« and [|A|,—e. If

1 1
S+ - =1,
p D
then
[Allp.00 = [|A]lpr—o0- (11.1.10)

Some useful properties of operator norms are listed below.
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For two matrices A, B we have

JABll g < Bl Allsg- (11.1.11)

For the pseudo-inverse A" we have
1
Omin (A)

where op,in(A) denotes the smallest non-zero singular value of A.

| ATy = (11.1.12)

Another useful result for two matrices A, B is

[ABlp.c0

<Aoo = 1Al oo 11.1.13

p?m

The unit sphere in R” is defined by

St & fp e RY 2], = 1) (11.1.14)

The counterpart in complex space is defined by

St & {reCl:|zly =1} (11.1.15)

11.2. Sparse representation

In this section we generalize the problem of sparse representation of a

signal in a redundant dictionary for the joint recovery setting.

In the single signal setting, we have a redundant dictionary D €

CN*P and a signal z € CV whose representation o« € C” is K-sparse

such that
r=Da+e. (11.2.1)

In the multiple signal setting, we have S different signals. The S

signals are put together in a set

X ={a' ... 2% (11.2.2)
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We can also form a matrix of size N x S by putting together these
signals as columns of the matrix. Without any confusion, we will use

the symbol X to represent this matrix as
X = [$1 xsl (11.2.3)

This matrix is known as the signal matrix. Clearly X € CV*%. Note
that we use the superscript 1 < s < S to refer to s-th signal in the set

or s-th column in the signal matrix.

Many a times, we need to refer to a particular row inside the signal
matrix. We will use the symbol 2 with 1 < i < N to refer to the i-th
row in X. This will be a row vector. Thus

g1

X=1:]. (11.2.4)

£N

Further note that x? refers to the n-th entry in z* (column vector).

and z!, refers to the n-th entry in z' (row vector).

T refers to the n-th largest entry (magnitude wise) in z®. and gén)

refers to the n-th largest entry (magnitude wise) in z'.
The columns of D (a.k.a. atoms of D) will be denoted as
D= [dl dD.} (11.2.5)

The rows of D (as a matrix) will be denoted as

D=|:]. (11.2.6)

We denote a® € CP as an approximate sparse representation of z* in
D with

> =Da’+e° V1<s<8. (11.2.7)

The vector e* € CV represents the approximation error for signal z°.
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We put all a® together in a matrix A € CP*9. i.e.
A= [al . 045} (11.2.8)
This matrix is known as the representation matrix.

Sometimes we will also use the symbol A to denote the set of repre-

sentations

A={a',...,a%}. (11.2.9)

On the same lines we will use the symbol o with 1 < i < D to refer
to the i-th row in A. Thus

A= ]. (11.2.10)

Similarly, we will refer to individual entries and individual n-th largest

entries in a row or a column.

We put all e® together in in a matrix E € CV*5. i.e.

E= [el eS] (11.2.11)
This matrix is known as the approximation error matrix.

The Frobenius norm is a suitable norm for measuring the approxima-

tion error for the whole approximation error matrix F.

Then we have

X =DA+E. (11.2.12)

We will use €2 to denote the index set for the atoms in the dictionary
D

Q=1{1,2,...,D}. (11.2.13)

With this notation, we will say that representation matrices A belong

to the linear space C**%,
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Suppose that A C 2. We will often consider representation matrices
in CA*%. Such matrices can be extended to a matrix in C**° by in-
troducing zero rows at indices 2\ A. Likewise a representation matrix

can be restricted by removing the rows which have only 0 entries.

The support for individual representation o is given by supp(a®).

Definition 11.2 The support for the representation matrix is
defined as

S
supp(A) = U supp(a®). (11.2.14)
s=1
The joint sparsity of A is defined as
| supp(A)|. (11.2.15)

REMARK. In [13] this is referred to as sparsity rank of A.

REMARK. The support supp(.A) is same as the number of non-zero

rows in A.

An alternative definition found in literature [40] is as follows.

Definition 11.3 We define row-support of a representation ma-

trix as the set of indices for its non-zero rows.

rowsupp(A) = {d € Q: ag, #0 for some s € [1,...,5]}.
(11.2.16)
If we find a representation matrix A which has few nonzero rows,

then we say that A is row-sparse.

We can define a row-ly “norm” of a representation matrix.
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Definition 11.4 The row-/; “norm” of a representation matrix

A is defined as the number of non-zero rows in A non-zero rows.

| Al row—0 = | rowsupp(A)|. (11.2.17)
Clearly
s
[ A[lsow—o ] supp(a®)| = | supp(A)]. (11.2.18)
s=1

For a redundant dictionary D, the representations A are not-unique
(even if we have truly sparse signals and £ = 0). Since we are interested
in sparse representations of signals in X, we need a good measure to
penalize representations .4 which are non-sparse. The row-l; “norm”
of A is a suitable measure for this purpose. It can be thought of as a

cost of sparse representation of signals in X.

We note that an atom (d,,) in D participates in the representation of
one or more signals in X if and only if the d-th row in A contains at

least one non-zero entry.

There are few possibilities at this stage:

The signals x* are truly sparse and there is no approximation

error (€*).

All representations have identical support. i.e.

supp(a') = - - - = supp(a”®).

In this case, supp(.A) is also same as support for individual

signals.

N. Thus, overall the joint sparsity level is small.

Different representations have different support and | supp(A)|
N or |supp(A)| > N. Then the joint sparsity level is too high.

Different representations have different support but | supp(A)| <

~
~
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11.2.1. Signals with identical support

In this case, we have
supp(A) = supp(a!) = - - - = supp(a”). (11.2.19)
We will denote this identical support by A. i.e.
A = supp(A). (11.2.20)

11.2.2. Generative models for jointly sparse real signals

While arbitrary constructions of A are suitable for a deterministic worst
case analysis of the recovery algorithm, they usually end up provid-
ing quite pessimistic recovery guarantees. Introducing a probabilistic
model for the generation of signals in X can help in developing much
more realistic recovery guarantees using average case analysis of the

recovery algorithms.

We now present a generative model for the synthesis vectors o® with
1 < s < S adapted from [25]. This particular model is developed for

real signals with a real dictionary.

We consider A = {\y, ..., Ag} C{1,..., D} as the index set for entries

in o which can be non-zero.

We assume that the entries a3 , Ay € A of the random vector o are

independent Gaussian variables of variance o7. Other entries are 0.

The Gaussian assumption is the most prevalent one used in signal pro-
cessing. Hence, it can accommodate a wide variety of practical prob-
lems. At the same time, incorporating different variances allows us to
shape the synthesis coefficients. For example, we could easily impose a

statistical decay on the entries o using appropriate profile of variances.
Let X be a K x K diagonal matrix whose diagonal entries are aik.

Let U be a K x S random matrix with independent standard Gaussian

entries. Then we can write

A, =20 (11.2.21)
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i.e. the rows in A corresponding to the index set A are given by random
matrix 22U while rest of the rows in A are identically zero. We can

then write our signals X as
X =D,X:U+E (11.2.22)

where E is a N x S matrix collecting innovation (noise) signals on its

columns.

11.2.3. Sparse recovery problem formulations

Given a signal matrix X € CV which is known to have a sparse repre-

sentation in a dictionary D, the exact-sparse recovery problem is:

~

A =arg min || Alow—0 subject to X = DA. (Joint-Py)
AcCDxS

When X € CV*5 doesn’t have a sparse representation in D, a K-sparse

approximation of X in D can be obtained by solving the following

problem:
A=arg min || X — DA|; subject to | Alrow—o < K. (Joint-PX)
AeCPxS
Here X is modeled as X = DA 4+ E as discussed above.

A different way to formulate the approximation problem is to provide
an upper bound to the acceptable approximation error ||E||r < e and
try to find sparsest possible representation within this approximation

error bound as

~

A=arg min || A|lrow—o subject to | X — DA|lr <e. (Joint-P)
AeCPxS

11.2.4. Basis pursuit problem formulations

In sparse recovery problem formulation, our goal is to simply minimize
the number of non-zero rows. When we change over to basis pursuit,
we have some choices. For the row vectors, we can choose some [, norm
to compute their norms. Then, over the norms from each row, we can

compute the [; norm.
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Thus, the general form of basis pursuit for joint recovery of sparse

signal representations becomes:

o~

A =arg min [|A],1 subject to X = DA. (Joint-Py)
AeCDxSs
Different authors choose different values of p.

The corresponding basis pursuit with inequality constraints problem
becomes:

-~

A= arg AgciDnXsHAHpJ subject to [|[X — DA||r <e. (Joint-P9)

11.3. Compressed sensing

We switch gears and look at the joint sparsity problems in compressed

sensing framework.

A single measurement vector problem or in short an SMV problem

is posed as

y=®x+n (11.3.1)
where ® € CM*¥ is the sensing matrix, z € C¥ is a sparse signal
with 7 € Y, y € CM is the measurement vector and n € CM is the

measurement error. We note that we are assuming that the signal z is

sparse in itself.

We are not considering an orthonormal basis ¥ or an overcomplete

dictionary D which could sparsify the signal x.

In more realistic cases, x is a compressible signal, while in most general
setting x is an arbitrary signal with a best K-term approximation given

by x|k
The recovery process is defined as
T=A(D,y) (11.3.2)

where A is some recovery algorithm which estimates a sparse vector T

hoping that the recovery error |T — x||y remains small.
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We now generalize this situation for the multiple measurement vec-
tor (a.k.a. MMV) setting. we have S different signals. As before, the

S signals are put together in a set

X ={a',... 2%} (11.3.3)
The corresponding signal matrix is:

X = [xl ms.} (11.3.4)

The representation in row vectors of X is

X=1:]. (11.3.5)

£N

We denote y* € CM as the measurement vector for z° with
Yy’ =0z +n° V1<s<8S. (11.3.6)
The vector n® € CM represents the measurement noise for signal z°.
We put all y* together in a matrix Y € CM*5_ j.e.
Y = [yl ys] (11.3.7)
This matrix is known as the measurement matrix.

Sometimes we will also use the symbol Y to denote the set of measure-

ment vectors

Y ={y', ...,y (11.3.8)

On the same lines we will use the symbol gi with 1 <4 < M to refer
to the ¢-th row in Y. Thus

Y=1|:]. (11.3.9)

Similarly, we will refer to individual entries and individual n-th largest

entries in a row or a column.
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We put all n* together in in a matrix H € CM*5_ ie.
M= [771 775] (11.3.10)

This matrix is known as the measurement error matrix. The Frobe-
nius norm is a suitable norm for measuring the measurement error for

the whole measurement error matrix 4.

Then we have
Y =®X +H. (11.3.11)

The support for individual signals z° is given by supp(z*).

Definition 11.5 The support for the signal matrix is defined as

supp(X) £ U supp(z?®). (11.3.12)

The joint sparsity of X is defined as
| supp(X)]. (11.3.13)

REMARK. The support supp(X) is same as the number of non-zero

rows in X.

There are few possibilities at this stage:

e All signals have identical support. i.e.

supp(z') = - - - = supp(z®).

In this case, supp(X) is also same as support for individual
signals.

e Different signals have different support but | supp(X)| < N.
Thus, overall the joint sparsity level is small.

e Different signals have different support and |supp(X)| ~ N.
Then the joint sparsity level is too high.

We will consider the case of compressed sensing with redundant dictio-

naries later.
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11.4. Distributed compressed sensing
11.5. Miscellaneous results

We collect some miscellaneous results which would be useful in later

chapters.

11.5.1. Norm dominance
Let || - [l and || - || be two norms defined over CV.
Definition 11.6 We say that a norm || ||, is dominated by a norm
| - || in CV if and only if for any z,y € CV

[zlla < llylla = llzlls < llylls- (11.5.1)

Theorem 11.1 If a norm || - || dominates norm || - ||, then there

exists a constant C' > 0 such that

Izl = Cllzlls ¥V eCh.

PROOF. We first show that for all x,y € CV such that ||z|lo = |y|la,
llz||s = ||lylls also holds. In other words:

[2lle = llylla = llzlls = llylls- (11.5.2)
We start with

[zl = [lylla-
For any v > 0, it is easy to see that

(1 =ylla < Izl < (T +7)ylla

Since, || - ||z dominates || - ||, we get

I =)ylls < llzlls < [[(L+7)ylls.

Letting v — 0, we obtain the result

zlls = [lylls-
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Now we choose some 2o € CV such that ||zg]|s

nonzero x € CV, we have

el || =
lello — Tl [, =+ = Ieolle
Thus from (11.5.2), we obtain
X
], = et

This gives us

l2lls = llzollslllla-

399

= 1. Now for any

Since x is fixed, hence C' = ||zo||s is the desired constant. O

11.6. Digest



CHAPTER 12

Joint Recovery Algorithms

There are several approaches to solving the joint recovery problem.
In this chapter, we will study some of the basic algorithms for the
same. The algorithms would include greedy algorithms like threshold-
ing, simultaneous orthogonal matching pursuit and convex relaxation

methods like basis pursuit.

More advanced algorithms will be the topic of discussion in subsequent

chapters.

We recall the basic problem formulations of joint recovery of sparse

representations.

The exact-sparse recovery problem is:

A=arg min ||Al;ow_o0 subject to X = DA. (Joint-Py)

AeCDxS

The sparse solution recovery within this approximation error bound is

stated as

~

A = arg Amin JAlkow—o subject to [X —DA|r <e.  (Joint-Pj)

e(CDX

We recall the basis pursuit formulation for joint recovery as:

~

A = arg AglciansH'AHp’l subject to X = DA. (Joint-Py)

When p = 1, then we are essentially minimizing the [, norm of A.

When the value of p = 2 is chosen and it is known as the mixed [ ;-
norm minimization problem.

400
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In the following we first present the thresholding and S-OMP algo-
rithms. We then follow it up with detailed theoretical analyses and

experimental results for these algorithms (including basis pursuit).

12.1. Thresholding algorithm

At the heart thresholding algorithm is pretty simple. In the single
signal setting, thresholding amounts to selecting the atoms from the

dictionary which are most correlated with the signal z.

We compute the vector v = DHz which is a column vector € CP

containing the inner product of x with each of the atoms in D.

Then we identify its K largest terms in v|x (the K most correlated
atoms) and take A’ = supp(v|g) as the index set of the candidate
atoms which participate in the construction of x = Da+e. Recall that

A = supp(«) is the true support of the sparse representation «.

From here, the recovery of « takes the simple step of ay = D,T\,x and

setting rest of entries in @ as 0.

The choice of K depends on the sparsity prior assumed for a i.e. o €
Y. In other words K = |A].

In the multiple signal setting, the main challenge is that we have to
combine the correlation of an atom with all the different signals to
get an single measure of the correlation of the atom with the signal
ensemble. The approach taken in [25] uses an [, norm where 1 < p < oo

for combining the correlations.

Let d; be a particular atom in D and z',..., 2% be different signals in

X. The combined correlation measure is given by

s v
<Z (2, dj>|”) : (12.1.1)

We can see that this is nothing but ||d} X|,.
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Thus the correlation vector of correlations of all atoms in D with signals
in X is obtained by first computing D7 X and then taking [, norm for

each row.

We call these correlations as p-correlations as they depend on the choice

of p.

Finally, the p-thresholding algorithm is simply about selecting a set A’

of K atoms whose p-correlations with X are among the K largest. i.e.

dEX||, > [dPX)|, VkeA, VigA. (12.1.2)

Once the support has been identified, it is easy to compute the esti-

mated represented matrix A as follows.
We compute Ay = DI, X and set rest of rows in Aas 0.

Recovering the right support. As we have seen multiple times, the
real challenge is to recovery the support of « correctly. A simple mea-
sure of support recovery can be defined as

AN A
P= "3

. (12.1.3)
Al
If p =1, then we have perfect support recovery.

Occasionally, we may also be interested in partial recovery. In these
cases we would choose K < |A], i.e. we may be okay with choosing

lesser number of non-zero entries in A’.

12.2. Simultaneous orthogonal matching pursuit (S-OMP)

In this section, we develop a greedy pursuit algorithm based on OMP
that can be used to solve several different sparse approximation prob-

lems.
The S-OMP algorithm is presented in fig. 12.1.

Some remarks are in order to explain the notation:
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A, R =S-OMP(D, X);

Input: An N x S signal matrix X

Input: A halting criterion

Input: D: a signal dictionary of size N x D

Output: A set A! containing ¢ indices from € where ¢ is the number of
iterations completed

Output: a D x S approximation matrix A*

Output: an N x S residual matrix R*

// (1) Initialization

A%« 0;
R+ X ; // R=X—-DA
A =g, // the index set of chosen atoms
t+0; // Iteration counter
repeat

t+—t+1; // Increase iteration counter

(2) Find an index A’ (of the atom most aligned with all residuals) that

satisfies

M= arg max||Rt_1Hdeq.
we

(3) At « ATLU N} // Update support
(4) Calculate the new approximation as follows. First set A* = 0. Then
compute B = D}LVX . Finally assign rows of B to the rows of A’
indexed by A?.

(5) Calculate the new approximation of X as X* = DA’ and the new
residual as Rt = X — X! ;

until halting criteria is satisfied;

F1GURE 12.1. Simultaneous Orthogonal Matching Pursuit

e X is the input signal matrix of dimensions N x S. There are
S signals being estimated jointly.

e D is the sparsifying dictionary in which sparse representations
are sought.

e d, denotes the w-th atom in D.

e The iteration number within the algorithm is maintained in a

variable t.
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e A denotes the sparse representation matrix.

e A’ denotes the estimate of A at the end of ¢t-th iteration.

e In every iteration, a new atom is chosen. Thus |[Af| =¢.

e R represents the measurement residual matrix inside the algo-
rithm. It is computed as R = X — DA.

At the end of t-th iteration, we get the t-th estimate of R as

R'=X —DA"

The columns inside R are referred to as r® with 1 < s < S.

The value of 7* at the end of ¢-th iteration is denoted as r%*.

Once A! has been identified, we can club those atoms in the

matrix P:.
e ®&,: is N x ¢t matrix. B = @j\tX is t x S matrix. The rows of
B correspond to the non-zero indices in the representations in

A!. They are assigned to rows in A’ indexed by A’.

For the special case of S = 1, the algorithm reduces to well known
OMP.

Step 2 of the algorithm is the greedy selection step. We are taking
the [,-norm of correlations of each atom with all signal residuals and
trying to find out the atom with maximum correlation over all signals.
The atom so found contributes maximum energy to all signals out of

all the remaining atoms (not chosen so far).

Different authors have taken different choices of ¢ in their construction
of simultaneous-OMP algorithm. In [39, 40] a value of ¢ = 1 is taken.
Thus, it becomes the absolute sum of correlations of an atom with the

residuals at previous iterations.

In [26, 27, 28, 31] l5 and [, are proposed for weak matching pursuit
for the multiple signal setting.

In [15] I3 norm is considered.

[13] provides a general analysis applicable for ¢ > 1.
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This approach is likely to be most effective when all the input signals
are well approximated by the same set of atoms. Otherwise, we may

need to consider a different greedy selection criterion.

There are some equivalent ways to represent the greedy selection term
_1H 1 H _
max| R, = [B Dl = DRy

where 1/¢+1/¢ = 1.

Essentially each column of R1D represents the inner product (r**=1 d,,)
for all signals 1 < s < S.

For the case of ¢ = 1, we can expand ||Rt_1Hdeq as

S
_1H st—
IR dlle =D 1 dy)|
s=1

And we can simplify it as

max||Rd, ||, = R D]y = |[D¥ R
wEN

Here, the operator-1 norm is nothing but max column sum norm. Sim-

ilarly operator-oo norm is the max row sum norm.

Step (4) and (5) are typically implemented using least squares algo-

rithms.

Since the residual R is orthogonal to all atoms chosen in A*, hence no
atom in A’ can be chosen again in later steps. Thus no atom is chosen

twice in this algorithm.

12.2.0.1. Halting criteria. There are several obvious possibili-

ties for halting criteria

e Stop the algorithm after a fixed number of iterations (say K).
e Wait until the Frobenius norm of the residual ||R'||r declines

to a level e.
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e Halt the algorithm when the maximum total correlation be-
tween an atom and the residual drops below a threshold 7 i.e.
DR s00 < T

These different halting criteria help solve different flavors of simulta-

neous sparse approximation problems.

12.3. Thresholding recovery guarantees

In this section [25] we will develop some recovery guarantees for the
p-thresholding algorithm. These guarantees will apply for all K-sparse

signal matrices in the presence of noise.

The analysis in this section is a worst case analysis since a) it applies to
all signals, b) it provides only sufficient conditions (and not conditions

which are both necessary and sufficient) for the recovery.
Recall that our basic signal model is
X =DA+FE
where A = supp(.A). We can also write it as
X =Dr\A,+E

i.e. picking up the columns indexed by A in D and rows indexed by A
in A.

For economy of expression let us denote A = A,. Thus, we have

X =Dp\A+FE.

We will also use

A=\, k)

Recall from (12.1.2) that an atom dy, is selected in A’ if it satisfies

| X, > X, YEkeA, VigA.
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We choose K = |A| such atoms. In case of tie, we can simply choose
any of the tied atoms. An easy choice would be to select the atom

which comes first in the matrix representation of the dictionary D.

A representation A from the equation can be recovered correctly (up
to the least squares error) if its support has been identified correctly.

For this we require that

min||d; X|, > %ﬁXIIleXIIp- (12.3.1)
We will tighten the recovery condition by taking a lower bound on the
L.H.S. and an upper bound on the R.H.S..
On the R.H.S., it is easy to see that

g df' X, = [ D5X o (12.3.2)

Recall that by (p,00) norm we mean taking [, norm of each row and

then finding the maximum.
Applying triangular inequality we get

IDRX oo = [DRe(DaA + E)lpo0 < [ DYDaAllp,o0 + IPRE ] pyoo
(12.3.3)

We can apply alternative triangular inequality on the L.H.S. as
min||dj’ X [, = min||dg' (DA A + E)|,
o gH H
2> min|dy (DaAll, — max||dy Ell, (12.3.4)

= Ig1€ill\l‘|d£’DAA|lp - ||D/I\{E||p,00’

Thus, the tightened recovery condition can be rewritten as
min|di Dy Ally = [|DX Ellpoe > [PN-DaAllpoo + DR Ellpoc- (12.3.5)
We have replaced the > with > (further tightening the condition).

Bringing the terms related to the error matrix £ on the L.H.S., we get

1Dy E

poo + | DXeEllpoo < min||dy DaAllp = | DXDAA oo (12.3.6)
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Let us closely examine the term |dfDyAll,. Consider the matrix
DHDyA. We have

H
DIDAA=|dy, ... dy.| DrA
L
= | 1| DpA
dx

41 Dy A

K

_deDAA
Thus, the term [|d} DyAl|, for A\ € A is the p-norm of k-th row in
DD, A.
Now we can write
DIDN\A = A+ (D{Dy —I)A.

Taking the p-norm on the k-th row and applying triangle inequality
la 4+ b|] > |a|] — |b| on the R.H.S., we obtain

145, DaAllp > llall, — (DA Da — DAl

where a* denotes the k-th row of A. Note that rather than taking
the p-norm of k-th row in (DD, — I) A, we have taken the maximum

p-norm across all rows in this inequality.
Therefore the inequality (12.3.6) can be satisfied whenever

IDX Ellpcc I Ellp oo < minfla®[l,—[[(DXDa—T) Allp oo =D DAA oo
(12.3.7)

Recall that for two arbitrary matrices A, B, we have the result

| AB]]p,o0

—2 = < ||A =||A )
HBHp,OO —H HOO%OO H HLOO

Thus
[AB|lp00 < [[All1,00 [ Bllp,oc0-
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Applying this, we can write
I(PADs = DAllpoo < IPXDa = Ill1,0ll Allpoc

and
IDADAAlpso < IDY-Dall1.00 1 Allp,oo-

Any row of (DY Dy —1I) contains the inner product of an atom dy, with
all other atoms indexed by A. Thus,

IDADa — 100 = max > [dkdy)| = p(A).
JGA\{k‘}
Similarly
DRl = mix 3 ey i) = pa ().
JEA
Thus

(DA D = D Allpoo + IPXDaAllpoc < (IDXDa = Ill100 + | PR Dallro) [ Allpoc
= (1" (A) + i (A)) [|A] oo

Thus, putting back in the inequality (12.3.7), we get a further tightened

inequality as

IDX Ellpoc + DR Ellp oo < minfla®ll, — (17 (A) + pa () [[Allp.co-
(12.3.8)

We can capture our analysis so far in the following theorem.

Theorem 12.1 If

IDX Ellpoc + PR Ellp oo < minfla’ll, = (11"(A) + pa(A)) [ Allp,oc
(12.3.9)
then p-thresholding recovers the support A from X = DA+ E.

Moreover, the reconstructed coefficients satisfy
A = A5z < (14 pi™(A) - [|E]l1-2 (12.3.10)

where || - |12 is the mazimum ly norm of any column.

I|E||1—2 gives the maximum energy in any of the error vectors.
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PROOF. Most of the derivation has been completed in (12.3.8).
Once the support has been correctly identified, then from X = Dy A +

E. we obtain
A=D| (Dy\A+E)=A+DL\E.

Note that

IA = Allss2 = [[A = A1
From above, we get

|4 = Allisz = [DLE] 1.
Now

IDAEll152 < | Ell-2l DL

using the consistency of operator norms.
We can separately show that (TODO HOW)
IDAll> < 1+ " (A).

This completes the theorem. 0

12.4. Performance guarantees for S-OMP

In this and following sections we will develop theoretical results for
the performance of S-OMP for different types of sparse approximation

problems.

The idea of greedy selection ratio (first developed for the analysis of
OMP in signal signal setting [34]) is fundamental to the analysis in
many of following results. We develop it here before getting into more

specific results.

Let X = DA* where A* is the optimal solution to the problem (Joint-Py).
Let A = supp(A*).

We introduce the N x K matrix Dy which contains the good atoms
indexed by A.
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Let the N x (D — K') matrix Dje contain the remaining atoms not used

in the construction of X from A*.

Recall the definition
R =X - X!
and consider DY R!. Observe that each row of the K x S matrix DY R

lists the inner product between a fixed atom in Dy and the S columns
of R'.

The rows of the (D — K) x S matrix DR’ have an analogous inter-

pretation.

The algorithm chooses another optimal atom if and only if the ratio
o IDE Ry
DR Rl -0
is strictly less than one i.e. p < 1. Here ¢ is given by
1 1
+

p (12.4.1)

E.g. forq=1, ¢ = 0.

Just like the analysis of single vector setting, we can call this ratio as

greedy selection ratio.

12.5. S-OMP recovery guarantee for Exact sparse problem

We present a result showing that S-OMP for the (Joint-P() problem in
terms of ERC.

Theorem 12.2 [13] Let X = DA* where A* is the optimal solu-
tion to the problem (Joint-Py). Let A = supp(A*).

A sufficient condition for S-OMP for ¢ > 1 to recover A* is that
|Dld;|| <1V j ¢ A. (12.5.1)
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Equivalently the sufficient condition in terms of Fxact Recovery
Coefficient 1s:
ERC(D,A) > 0. (12.5.2)

PRroOOF. For the exact sparse problem, it is easy to see that residuals

in R! belong to the column space of Dy. The Projection operator for
DA is
H
D\Dl, = Dy(DID,) 1D = (DL) DH,

Clearly

H

R' = (DL) DIR.

Putting it back in (12.4.1), we obtain

H
IDER!|y Ik (DR) DR[|y oo
p = =
DX Bl oo IDA Bl o0

Using the result
[AB|lp—o0 < [|Allool| Bllp-s00

we can write
H T B H H T " H pt
1D (D) DE R llgsoe < 1D (DL el DE Rl
Putting it back, we obtain
i (pi\" t
p <D (DL) " lloo < IIDEDacll
It is easy to see that

| Dl Dy

1 = max||DYd; .

Thus if (12.5.1) holds, then p < 1 which is the sufficient condition to
ensure that an atom from A will be picked up in every iteration of
S-OMP. U

We can now use coherence and Babel function based bounds which
ensure that ERC(D, A) < 1.
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Recall the relationship between ERC and coherence.
1— (2K — 1)
1—(K—-1u

ERC(A) >
This gives us the result that whenever

1 1
K<—(1+—)
2 p

ERC and Babel function are related as follows.
1= (K = 1) = u(K)
1— (K —1)

then ERC(A) > 0.

ERC(A) >

Thus if
p (K —1) + i (K) <1
then ERC is positive.

12.6. Approximation with a sparsity bound

This flavor of sparse approximation problem can be stated as

min || X —DA|r subject to || Allsow—0 < K. (SPARSE)
AeCP.s

K is the upper limit of row-Iy norm allowed on the representation matrix

A i.e. the maximum number of non-zero rows allowed in A is K.

|X —DA||F is the Frobenius norm of approximation error for a specific
choice of A. Thus we wish to minimize the approximation error subject

to maximum number of atoms that can be chosen from the dictionary

D.

If Agpt solves the optimization problem, then the corresponding ap-

proximation of the signal matrix X is given by X = DA

We have the following theoretical guarantee.



414 12. JOINT RECOVERY ALGORITHMS

Theorem 12.3 [/0] Assume that ju (K) < 1. Given an input ma-
triz X, suppose that A,y solves (SPARSE) and that X = DA,
After K iterations, S-OMP will produce an approzimation XX that

satisfies the error bound

1 — i (K) 2
X—XElp< |1+ SK————| | X — X||p. 12.6.1
IX = X¥1p < |14 SKE T | 1X = Kl (126)

In words, S-OMP is an approzimation algorithm for (SPARSE).

We also note that if signals in X are truly sparse and can be represented

exactly by the atoms indexed by A, then
X=X
and S-OMP will indeed recover it under the conditions of theorem 12.3.
PROOF. Suppose that some solution of (SPARSE) involves K atoms

indexed in Agpy.
We can rewrite

R=X-X'=(X-X)+(X-X.
We put this in (12.4.1) to obtain

IDE(X —X) + DEE — X[y

p= I — e (12.6.2)
HDG (X - X) + DG (X - Xt)“q’—wo

Since X is the least squares estimate of X over the columns in Dg,
hence

DH(X — X) =0.
This term goes away from the denominator.

Applying the triangular inequality we see that

”Dg(X _X)”oo—mo + ||D]§I(X _Xt)“oo—wo

p= = =
IDE(X = X)loosoo  IDE(X = XY)[loomsoe

(12.6.3)
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The 2nd fraction in this equation can be bound as follows. Let DTG be
the pseudo-inverse of Dg. Then following the steps similar to [34], we

can show that

DH(X — X"l oosso0
| fl(A 3” 2% < ||DLDgll11. (12.6.4)
DG (X = X)[[oo—so0

It can be shown that (HOW? )

IDE ~ Dllomne _ IDEX ~ X e
IPER = Xl IDEI5 I = X0

(12.6.5)

O

12.7. Joint /; minimization recovery guarantee

We now present a recovery guarantee for the equivalence of (Joint-Py)
and (Joint-Py) problems. This guarantee establishes the conditions
under which basis pursuit can be used safely for solving the sparse

recovery problem in multiple signal setting.

Theorem 12.4 [13] Let X = DA* where A* is the optimal solu-
tion to the problem (Joint-Pg). Let A = supp(A*).

A sufficient condition for A* to be the solution of (Joint-Py) is
that
|Dld;|| <1V j ¢ A. (12.7.1)

Coefficient 1s:
ERC(D,A) > 0. (12.7.2)

PROOF. Suppose that there exists another feasible representation
B such that

X = Dy A = DaBBy (12.7.3)
where A # A’ and A’ = supp(B).
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Let us add few more symbols to help out in the proof. We have A, B €
CP*EK. Let K = |A| and K’ = |A’|. Then Dy € CVN*K and Dy €
CN*K" Further, A3 € CX*% and B,, € CK'*5,

Further, let us denote
A={A\,Aa, ..., Ak}
and

N = {w,wa, ..., wx}.

We note that the set A’ should contain at least one index different
from indices in A. Otherwise, it would have been a subset of A and

that would contradict minimality of A as a solution of (Joint-Py).
We need to show that under the condition (12.7.1)
A1 < [1Bllp,1- (12.7.4)

holds. Recall that

D
A s = lla Nl = > lall, (12.7.5)
=1

ieA
i.e. it is the sum of [, norms of the non-zero rows of A4*.

The atoms indexed by A are linearly independent, otherwise we could
have found a solution with lower row — 0 norm for (Joint-Py). Note

that we cannot say something like this for A’.
Thus, from (12.7.3), we get

A = (DLDA,) B,. (12.7.6)
Here <D/T\DA/> is a K x K’ matrix.

Writing down A} as
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and B, as
b
ﬁA, =
Z_)wK,
we can see that
K/
o =3 (DiDy) b (12.7.7)
j=1 N

where (DRDA/> s the (4, j)-th entry of the K x K’ matrix DDy

J
In words, a row vector in A} on the L.H.S. is a linear combination of
the row vectors in B,, on the R.H.S. where the coefficients of the linear
combination come from the corresponding row in the pre-multiplying

matrix.
Taking [, norm on both sides and applying triangular inequality we get

o
=3
j=1

|a™

(D), |18 (12.78)

Taking ) . over both sides we get

K K K’
Zl ||Q/\i p < ZZ
i

i=1 j=1
Recall from (12.7.5) that L.H.S. is nothing but ||.A*(,1.

(Do) |11 (12.7.9)

Interchanging the order of sums on the R.H.S. we get

K K
Ay <D ) (DLDA%‘ 1547],- (12.7.10)
j=1 i=1
Let us look at the term
K
3 (D/T\DA/>
i=1 g
We can write
DA/ = [dwl e dwK’]

where {wq,...,wg} =N
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Thus
DDy = |Djdu, ... Dida,,
Consequently
K
> |(2hDx), | = IDhd
i=1

Now, if w; € A, then
IDRdu [ < 1
and if w; ¢ A, then due to (12.7.1)
1D} du, |l < 1.

We have already established that there is at least one w; € A’ such that
w; ¢ A. Thus, putting in (12.7.10), we obtain

K/
1A |2 < D 1121l = 1Bllp.1-
j=1
Thus, if (12.7.1) holds, then A* is necessarily the solution of both
(Joint-Py) and (Joint-Py) problems. O

We see that the condition (12.7.1) is not different from the condition
for the recovery using [; minimization for the signal signal setting. We
have not been able to show anything so far which can demonstrate that
[y minimization can take advantage of the presence of multiple signals

in the uniqueness guarantees.

From theorem 12.4 it is easy to specialize the results in terms of coher-

ence and Babel function.



CHAPTER 13

Rank Aware and MUSIC based Algorithms for

Joint Sparse Recovery
This chapter is largely drawn from [13, 19].

13.1. [y norm minimization

We begin our discussion with the problem

~

A=arg min || A|ow_o subject to X = DA. (Joint-Py)
AecCDxS
In general, the results will be equally valid for the MMV (multiple

measurement vector) problem in compressed sensing setting.

~

X =arg min || X|;ow—0 subject to Y = ®X. (Joint-CSy)

XeCNxs

We will keep switching between the two settings (sparse representation
and compressed sensing) during the chapter to have the flavor of both
settings. Wherever a result is applicable only for one setting, we will

specifically mark them.

13.1.1. Uniqueness of [; norm minimization

We will assume that the solution to (Joint-Py) is unique. This can be

observed from the conditions developed for the single signal setting.

Theorem 13.1 [13] The matriz A is the unique solution to (Joint-Py)
if X = DA and
-~ 1
| A row—o0 < ispark(D). (13.1.1)

419
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Note: We are not saying that A itself is a unique solution. It may
happen that A is non-sparse or not sufficiently sparse. In general,
X = DA has infinite solutions. All, we are saying that a particular
solution A is unique (in row sparsity sense), if it satisfies (13.1.1). If
no solution satisfies (13.1.1), then there is no wunique (in row sparsity

sense) solution to (Joint-Py).

Proor. If (13.1.1) holds, then for every a® with 1 < s < S, we
have
la®]lo < %spark(D).
Since x® = Da?, the uniqueness-spark condition for single signal setting

says that a® is unique, establishing the uniqueness of A O
An alternative proof is presented below.

PROOF. Assume that (13.1.1) holds for two different solutions of
(Joint-Py) namely A and B. Then
1
max (|| Al row—0s || Bllrow—0) < 5 spark(D).
Using triangle inequality for row — 0-“norm”, we have
| A = Bllrow—0 < || Allrow—0 + | Bllrow—0 < spark(D). (13.1.2)

On the other hand, since 0 = D(A — B), if we consider the first column
of (A — B) say =, we have
Dy = 0.
This means that either v = 0 or
I7llo = spark(D).
Consequently
A = Bllsow—0 = [[7[lo = spark(D)
which contradicts (13.1.2). Thus, the only possibility is v = 0 (i.e. the

first columns of A and B are same).

The same logic requires each column of (A — B) to be zero leading to

A = B and thus providing uniqueness guarantee. 0
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So far the uniqueness result is same as the result for single signal set-
ting. What is the advantage that we obtain by having so many signals

in the signal matrix X7

This is answered in the following uniqueness result which incorporates
the rank of A as and additional feature. Going forward we will simply

characterize the requirements on .4 which ensure its uniqueness.

Theorem 13.2 [13] Let rank(X) denote the rank of the signal
matriz X . Obviously rank(X) < S. Matriz A will be the unique
solution to the problem (Joint-Py) if

| A row—0 < % [spark(D) — 1 + rank(X)]. (13.1.3)

PrOOF. We have X € CV*5. Suppose, we have X = DA = DB
where A, B € CP*9 and A # B.

Let nullity(A) denote the dimension of the null space of a matrix A
and rank(A) denote its rank.

We have
nullity (A) < nullity(X) (13.1.4)

and

nullity (B) < nullity(X). (13.1.5)

Similarly, for the ranks, we have the relations
rank(A) > rank(X) (13.1.6)

and

rank(B) > rank(X). (13.1.7)

Let A, = supp(A) and Ay, = supp(B). A, corresponds to the non-zero

rows of A and A, corresponds to the non-zero rows of B.

Let A, = A, N Ay. It corresponds to the rows which are non-zero in
both A and B.
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A,UA, identifies all the atoms in D which are involved in the construc-
tions X = DA and X = DB.

Al = A, \ A identifies atoms which are involved only in the construction
X =DA.

A} = Ay \ A identifies atoms which are involved only in the construction
X =DB.

A. identifies atoms which are involved in both constructions.
Let us construct a matrix

D' = |Dy, D Dy (13.1.8)
The submatrix [DAQ DAC] corresponds to atoms for supp(A) and the
submatrix [DAC Dy, ] corresponds to atoms for supp(B).
Let 74 = || Allrow—0 and 75 = || B||row—o-
Let r. = |A.| (i.e. the number of atoms common to both supports).

Let A, (resp. Bp) be the submatrix of A (resp. B) constructed by
picking rows indexed by A/ (resp. A}) .

Let A, and B, be submatrices of A and B constructed by picking rows
indexed by A.. Then

A, B.
X = [DAQ DAC} [AJ - [DAC DA/J 5 (13.1.9)
A simple manipulation gives us
Aq
0=D(A-B)=|Dy, Da Dy |A-B.. (13.1.10)
~B,
From (13.1.10) we have
Aq
nullity(D’) > rank | | A. — B.| |- (13.1.11)

B,
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It is easy to see that

Aq
rank | | A. — B.| | > max(rank(A,), rank(5y)). (13.1.12)
_B,

Without loss of generality, we consider 4, only.
Also, we can see that
nullity (A,) < nullity(A) + r.. (13.1.13)

Consider the linear systems Ay = 0 and A,y = 0. The former has r,
more constraints. So its solution space (the null space of A) is at most

reduced by r. dimensions.

This leads to

rank(A) — r. < rank(A,). (13.1.14)
Combining, we have
Aq
nullity(D’) > rank | | A. — B.| | > rank(A) — r. > rank(X) — r..
~B,
(13.1.15)
Simplifying
nullity (D) > rank(X) — r.. (13.1.16)

By the definition of spark we have

rank([DNz Dy, DAg])ZSpark([DAg Da, DAg])—lzspark(D)—l.
(13.1.17)

Combining all of the above, we have
ro + 15 — re = #Cols( [DA; Da, DA/J)
—rank([Dy, Dy, Dy|)+nullity([Dy, Da. Dyy))
> spark(D) — 1 4 rank(X) — ..

This gives us
Tq + 7y > spark(D) — 1 4 rank(X). (13.1.18)
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Thus if there are two distinct solutions of (Joint-Py) problem, then
| Allrow—o0 + [|Bllrow—0 > spark(D) — 1 + rank(X).

Hence, if
1
| A row—0 < §(spark(D) — 1+ rank(X))

then A is necessarily the unique solution. O

Theorem 13.3 [15] If
11
[ Allrow—0 < 5(; + rank(X)) (13.1.19)

where v is the coherence of D, then A is the unique solution to
(Joint-Py).

PRrRoOOF. Recall that

Thus

Thus
1.1 1
| A row—0 < 5(;+rank(X)) = || Allrow—0 < §(Spark(D)—1+rank(X)).

O

Theorem 13.4 [15] If
1
||.A||mw_0 < ,LLl/Q(G) -+ 5 rank(X) (13120)

then A is the unique solution to (Joint-Py).

We recall that G is the Gram-matrix for D and ji1/2(G) is the smallest
number m such that the sum of magnitudes of a collection of m off-
diagonal entries in a single row or column of the Gram matrix G is at

least %
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PROOF. We recall that
spark(D) > 2p12(G) + 1.

Thus
2111 /2(G) < spark(D) — 1.

The rest is a simple application of theorem 13.2. U

An alternative rendition of theorem 13.2 in the context of compressed

sensing would be as follows (Joint-CSy)

Theorem 13.5 [13] Matriz X will be the unique solution to the
problem (Joint-CSy) if

1
| X | row—0 < 5 [spark(®) — 1 + rank(Y)]. (13.1.21)

Let us spend some time understanding this result. In CS setting, we
have a flexibility to choose the number of measurements M in the
sensing matrix ®. In general, for well designed sensing matrices, the
spark increases as the number of measurements increase. Assuming
K = || X|l;ow—0 remains fixed, we see that spark(®) can be decreased
if rank(Y") is high. Thus, with high rank measurement matrices, the

number of required measurements can be reduced.

Alternatively, if rank(Y") increases and spark(®) remains constant (num-
ber of measurements doesn’t change), then higher levels of sparsity

(higher K = || X ||row—0) can be supported.

In the best case, we would have rank(Y) = K. Then

spark(®) — 1+ K
2
gives us the required condition as spark(®) > K + 1. When spark(®)

K <

also takes up its largest value M + 1 (i.e. the matrix & is full rank),
then we can simplify the condition as M > K + 1. Therefore, in the
best case scenario only K + 1 measurements per signal are enough to

ensure uniqueness of the sparse signal matrix.
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We recall that for the SMV (single measurement vector) setting, the

minimum number of required measurements is 2K.

Theorem 13.2 provides a uniqueness condition on ||A||;ow_o in terms of
spark of the dictionary D and rank of the signal matrix X. It would
be interesting to have a sufficient condition in terms of the rank of the
representation matrix A. Moreover, if we could show that such a con-
dition is also necessary, then we would have established the sharpness

of the condition.

The next result shows that we can replace rank(X) with rank(A) in
(13.1.3).

Theorem 13.6 [19] The sufficient condition of (13.1.3) in theo-

rem 13.2 is equivalent to

Al w0 < % [spark(D) — 1 + rank(4)] . (13.1.22)

PRrOOF. Since rank(X) < rank(A), hence if (13.1.3) is true, the
(13.1.22) is also true.

We now need to show that (13.1.22) also implies (13.1.3).

We note that rank(A) < || A||row_o i-e. the rank of A is not larger than

the number of non-zero rows in .A. Putting this in (13.1.22) we obtain
1
| A row—0 < 5 [spark(D) — 1 + || A|lrow—o] -
Simplifying, we get
K = || All;ow_0 < spark(D) — 1.

This means that spark(D) > K + 1. Thus, any set of K columns is
linearly independent. In particular, if A = supp(A), then the subdic-
tionary Dy with columns indexed by A must be full rank. Finally, with
X = DA, gives us rank(X) = rank(A4, ) = rank(A) since all the rows
in A not indexed by A are zero. Finally rank(X) = rank(.4) means
that the (13.1.22) implies (13.1.3). O
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The next result shows that the conditions (13.1.3) and (13.1.22) are

both necessary and sufficient for uniqueness in (Joint-Pg) problem.

Theorem 13.7 [19] The condition (13.1.22)

| Allww—o < 5 [spark(D) — 1+ rank(A)]
or equivalently the condition (13.1.3)

[ All o < 5 [spark(D) — 1+ rank(X)]

s both necessary and sufficient condition for A to be the unique

solution of (Joint-Pg) problem.

Proor. We have already proved in theorem 13.2 and theorem 13.6

that the conditions are sufficient.

We now need to show that the conditions are necessary too. For this
we need to show that there exists a representation matrix A with P =
rank(A) and K = || A||row—o such that if 2K > spark(D) — 1 4+ P then
A cannot be uniquely determined. In other words, for such an A there
exists another matrix B with ||B||;ow—0 < K such that X = DB.

We start with
2K > spark(D) — 1+ P <= spark(D) <2K — P+ 1.

Define T' = 2K — P+ 1. Then spark(D) < T means that there exists an
index set I' with 7" = |I'| such the columns of Dr are linearly dependent.
In other words, there exists a vector v € CT such that Drv = 0. Now

construct V € CT*5 as

v=lv ..



138 RANK AWARE AND MUSIC BASED ALGORITHMS FOR JOINT SPARSE RECOVERY

i.e. V consists of S repetitions of v. We construct a representation
matrix A with supp(A) C I' as follows

Vvl:KfPJrl,:

AF,: - -[P—l 0

Ox—pPtixs

The rows in A not indexed by I' are zero. The rows in A indexed
by I' with |[I'| = T' = 2K — P + 1 are constructed as in the equation
above. First K — P + 1 rows are picked directly from V. The next
P — 1 rows consist of an identity matrix of size P — 1 followed by
all 0s. The next K — P + 1 rows are all zeros. Thus, total rows are
K-P+1+P—-1+K—-P+1=2K — P+ 1="1T. Note that since
K > P,hence K —P+1>0.

First K — P + 1 rows of A may be non-zero. The next P — 1 rows are
definitely non-zero. All other rows are zero. Thus a maximum of K

rows in A are non-zero. Hence || Alliow_0 < K.

Now construct another matrix B as follows. Keep supp(B) C I'. Fur-

ther, construct

BF,: - XF,: -V
By construction B is also K row sparse.

Now
DB = DrBr = Dr(Ap — V) = DrAr = DA

Thus both B and A are K-row sparse solutions to the problem X =
DA. This means that (13.1.22) is a necessary condition for uniqueness.

O

Let us rewrite the previous two results for the CS setting also.
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Theorem 13.8 [19] The sufficient condition of (13.1.21) in theo-

rem 13.5 is equivalent to

1
| X || row—0 < 5 [spark(®) — 1 + rank(X)]. (13.1.23)

Theorem 13.9 [19] The condition (13.1.23)

| X || row—0 < % [spark(®) — 1 + rank(X)]
or equivalently the condition (13.1.21)

| X || row—0 < % [spark(®) — 1 + rank(Y)]

s both necessary and sufficient condition for A to be the unique

solution of (Joint-CSy) problem.

The results above validate the relevance of rank of the representation
matrix or the signal matrix or the measurement matrix in the joint
sparse recovery problem. Our next goal is to develop practical algo-
rithms which can leverage the rank information and successfully per-
form joint recovery with lesser number of measurements or higher levels

of sparsity.

The first algorithm on this journey will be based on the MUSIC prin-

ciple.

13.2. The MUSIC principle

Before proceeding further, we take a slight detour to an interesting

algorithm from signal processing literature.

13.2.1. The MUSIC principle

The inverse of the norm of the projection of a vector
in the essential range of a Hermitian operator on to

its noise subspace is infinite.
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MUSIC [32] stands for MUlitple Slignal Classification.

Let A € C™" be a Hermitian matrix with eigen values |A;| > |Ag| >

- > |A\y|and corresponding (unit norm) eigen vectors vy, v, ..., Up.
Let the number of non-zero eigen values be m. Then the eigen values
Amats---,An are all zero and the eigen vectors v,,,1,...,v, span the

null space of A.

In typical situations, the first m eigen values would be significant while
the rest n —m would be very small. In this case, we say that the eigen

vectors vpy,11, - .., U, span the noise subspace of A.

We can now form the projection operator for the noise subspace of A
as
Proise = Z UjU]H- (1321)
j>m
We say that the essential range of A is spanned by the vectors
V1, ..., Unp. Since A is Hermitian, hence the noise subspace is orthog-
onal to the essential range. Therefore, a vector x is in the essential

range if and only if its projection to the noise subspace is zero, i.e. if
|| Paoise||2 = O. (13.2.2)

This is equivalent to writing
1

— = 0. 13.2.3
||Pnoise$||2 ( )

The equation (13.2.3) can be treated as a characterization of the essen-

tial range of A. This characterization is known as the MUSIC principle.

13.2.2. Applications in signal processing

Here is a simple application of the MUSIC principle for harmonic fre-

quency detection.

Consider a signal which is a superposition of two time-harmonic signals

of different frequency with noise.
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Ty = a167M" 4 a9e??™ 4 w,,. (13.2.4)

Assume that the random variables w,, are i.i.d.. The amplitudes a; and
as are also random variables and independent. The frequencies w; and

wy are fixed but unknown. Our goal is to find these frequencies.

We can form the correlation matrix:
Apm = E(x,70) (13.2.5)

Assume that we have N samples of z,,. Since the different terms of x,,

are independent, we can write
A=E(a[>)s's* + E(|as)?) 252" + 021y (13.2.6)
where the n-th component of the vector s* is given by

T jwin

sl = el

and o2 = E(|w,|?) is the noise variance
0= n :

The decomposition of A can be looked in two parts. The first part
covers the essential range of A spanned by the vectors s' and s2. The
second part is the noise subspace with a very small eigen value corre-

sponding to the noise variance.

The correlation matrix A can be estimated accurately by taking multi-
ple snapshots of N-sample vectors of x,,. Once the correlation matrix
has been obtained, its eigen value decomposition can be carried out.
After that, we can keep the first two eigen vectors (corresponding to
the largest eigen values) as part of the essential range and take rest of
the eigen vectors as our noise subspace. From them, we can compute

the projection operator for the noise subspace Pygjse.

In order to find the actual frequencies w; and wy, we plot the following

as a function of w
1

||Pnoise3w”2

(13.2.7)

where s* is an N-length vector whose n-th entry is given by e/,
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The resulting plot is expected to have two peaks at the frequencies wq

and ws. This plot is known as the MUSIC pseudospectrum.

We note that for this algorithm to work, we need a) large number
of samples z,, and b) large number of frequencies w over which the

pseudospectrum is evaluated.

13.3. MUSIC based joint recovery

We now explore how we can use the MUSIC principle in joint recovery
problem [19].

The MUSIC principle can be directly applied when the rank of X in
X =DA or rank of Y in Y = ®X equals K which is the row sparsity
level of the representation matrix A in the sparse approximation setting

or the row sparsity level of the signal matrix X in CS setting.
In rest of the section, we will work with the CS setting.

Recall that from the relation Y = ®X | we have rank(Y") < rank(X) <
K. The last inequality is due to the fact that X may have less than K

non-zero rows, and even then we call it K-row sparse.

Now rank(Y) = K implies that
rank(Y) = rank(X) = K. (13.3.1)

With A = supp(X), we have
Y = ®pX, (13.3.2)
with Y € CM*5 &, ¢ CM*K and X, € CK*S,

Since rank(®,) = K too, the column spaces of Y and &, are same
ie. C(Y) = C(®,). This means that we have complete visibility into
the column space of ®, through the column space of Y. In particular,

every ¢; lies in the column space of Y.

Assuming that (13.1.23) is satisfied, we know that X is a unique sparse
solution. This means that any ¢; with i ¢ A (i.e. outside ®,) will not
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lie entirely in the column space of Y. If it did, we could easily construct

an alternative K-row sparse solution.

We are now ready to apply the MUSIC principle. Consider the or-
thogonal complement of the column space of Y. Clearly, the vectors
¢; with i € A fall into its null space and ¢; with i ¢ A have a non-zero

projection in this space.

We construct a basis U for the column space of Y by orthogonaliza-
tion U = orth(Y’). We then construct the projection operator for the

orthogonal complement of the column space of Y as
pP=1-UU"
Based on the discussion above we have the result:
(I —UU")¢s||, = 0,if and only ifi € A. (13.3.3)

Therefore, if we select K atoms from ® which minimize ||(I—UU)g; ]|

or alternatively maximize

1
(I = UU™) il

(the MUSIC pseudo-spectrum) we have identified our submatrix ®,.

After this, the recovery process is a simple least square step given by

X, =0y (13.3.4)

Let us summarize the algorithm

e We construct an orthonormal basis U for the column space of
Y.

e We construct the projection operator for the orthogonal com-
plete of C(Y) as I — UU*.

e We select K atoms from ® whose projection has minimum
norm.

e We construct ®, and then compute X using least squares.
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We note that this procedure is not iterative at all. In one iteration,
we are able to identify the whole of support. Rest is plain old least

squares.

With Gaussian sensing matrices having spark(®) = M + 1 with prob-
ability 1, MUSIC algorithm can fully recover K-sparse signals jointly
with as less as M = K + 1 measurements. Moreover this works for any
X as long as rank(X) = K. A single SVD of Y is enough to compute
the orthonormal basis U. Computationally also the algorithm is much

simpler than the traditional SMV recovery algorithms.

It is also quite easy to identify, whether we can use MUSIC or not. For
this, we simply need to find the rank of Y. If it equals K, we can use
it. This can be determined as we do the SVD of Y or we can use any

other means for finding the rank.

The only problem is that the MUSIC principle breaks when we have
rank(Y’) < K. We need to develop some other rank aware algorithms
for this case. But before we go into that, let us establish that the
traditional joint recovery algorithms like S-OMP (OMPMMYV), mix-

norm minimization (BP style), thresholding etc. are rank-blind.

13.4. Rank blindness in joint recovery algorithms

The typical methods used for joint recovery are S-OMP (OMPMMYV),
p-thresholding, and mixed [, , norm minimization. They are straight-
forward generalizations of corresponding SMV algorithms: OMP, thresh-
olding and BP.

In this section, we show that these algorithms are effectively rank

blind. By being rank blind we mean that

e The algorithms do not allow for perfect recovery in the full
rank case.
e The worst case behavior of such algorithms approaches that

of the corresponding SMV problem.
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13.4.1. Greedy methods

Two popular greedy methods are thresholding [25] and SOMP [40].

The thresholding algorithm can be written in following steps. We first
compute

h = ||(I)HY||row—q
where row — ¢ stands for taking the [, norm of each row of the matrix
®HY . Thus h € RY.

The second step is
A = supp(h|x)
i.e. the indices of K largest entries in h are considered as part of the

support for X.

Once the support has been identified, the recovery is done by least
squares:
X, =0y (13.4.1)

The S-OMP algorithm has also been previously discussed.

We recall that Chen and Huo [13] showed that ERC(®) < 1 is a suf-
ficient condition for the success of S-OMP in the worst case. The
condition is identical to the OMP recovery guarantee. For the SMV
case, Tropp [34] had shown that ERC is also a necessary condition for
recovery guarantee. We show next that the necessary condition for
recovery using SOMP also approaches ERC condition and this condi-
tion is independent of the rank of X. This implies that the S-OMP

algorithm is not able to exploit rank information in the worst case.

Theorem 13.10 [19/ (S-OMP is not rank aware) Let k be such

that 1 <k < K. Let A be an indez set with K = |A| such that
max||®} ¢;]], > 1. (13.4.2)
JEA

Then, there exists an X with supp(X) = A and rank(X) = k that
cannot be recovered by S-OMP from Y = &X.
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(13.4.2) says that ERC condition is not satisfied for the subdicitonary
®,. Since, k varies between 1 to K, we are saying that SOMP will fail

for every rank in the worst case.

PROOF. Due to Tropp [34, theorem 3.10], since ERC is not satisfied,
there exists a K-sparse vector x for the SMV problem for which OMP
will fail. Let x be such a vector with supp(z) = I' and y = ®x such
that OMP incorrectly selects atom j* ¢ A at the first step with

oty

> mz}\x|¢f]y| +e (13.4.3)
1€

for some € > 0. In words, the inner product of ¢;« with the measure-
ment vector y is larger than the inner product of y with all the atoms

in ®, and the minimum difference is a positive number e.

We now construct a rank-1 matrix X € CV*5 as
X £ [x r ... x} .
It is easy to see that this matrix cannot be recovered by S-OMP from

Y = ®X for any choice of [, norm is the matching step in S-OMP.

The next step is to show that there exist other matrices with rank
between 1 and K which also cannot be recovered by S-OMP. For this,

we will introduce a slight perturbation in X as follows.

Define
X=X+E

where supp(E) € A and max||¢pf®E||, < S%% such that X has rank k
J
with 1 <k < K.
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Further, define Y = ®X. We now show that SSOMP will pick j* as the

first atom for this example.

oY [ly = g5 (2 X + PE) |,

> |5 eX |, — g5 @El,
1 1€
> S4|pj.Pr| - Sq§
> S%maxlng(I)ﬂ + St
naxlg; 3 (13.4.4)

_ H 2 €
= max||¢; ®X ||, + S5
> max {6/ X, + |6}/, )
> Y,
2> max||¢;" Y[,

The steps use the triangle inequality and basic manipulations. Due to
this, in the very first iteration itself, SSOMP will choose an incorrect

atom. Thus, X cannot be recovered. 0

13.4.2. Mixed [, [; minimization

Another approach based on the generalization of BP is
X = argmin|| X|,1 st.0X =Y. (13.4.5)
X

A similar approach can be used to show that this algorithm is also
rank-blind.

We recall that the for the corresponding SMV program which is basis
pursuit or /; minimization, the necessary and sufficient condition for
the recovery of vectors x with support I' is given by the Null Space
Property

lzcll < [lzre]l ¥ 2 € N(®) (13.4.6)

Theorem 13.11 [19] (The l,, 1y minimization is not rank aware.)
Let k be such that 1 < k < K. Suppose that there exists z € N (D)
such that

lzalls > llzaell (13.4.7)
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for some support A, |A| = K. Then there exists an X with
supp(X) = A, rank(X) = k such that l,,l; minimization program

cannot recover X fromY = ®X.
PROOF. Skipped. U

We have established so far that the traditional joint recovery algo-
rithms are not rank aware. It is now time to explore some rank aware

algorithms.

13.5. Rank aware algorithms

13.5.1. Rank aware thresholding

In rank blind thresholding [19], we compute
h = [[27Y [|row—g

The change that we will make here is, we will replace Y with U =

orth(Y'). The rest of the steps essentially remain same.

(1) Compute h = || LU || ;o2

(2) Find A = supp(h|k)

(3) Compute X, = &Y.

(4) Fill rest of the rows with zeros.

When K is unknown, we can choose K either by applying a fixed cut-off

0 to the larger entries in h.

There is one particular difference here. While standard g-thresholding
can work with a variety of choices for ¢, only /5 norm is suitable for
rank aware thresholding. This is due to the fact that only /5 norm is
invariant to the (arbitrary) choice of the orthonormal basis, U for the

column space of Y.
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Theorem 13.12 [19] LetY = ®X with | supp(X)| = K, rank(X) =
K and K < spark(®) — 1. Then rank aware thresholding is guar-

anteed to recover X.

Proor. Skipped. 0

Clearly, M = K + 1 measurements are sufficient to recover X, as long

as @ has full spark.

Challenge Is a RIP based analysis of rank aware thresholding
possible?

13.5.2. Rank aware S-OMP

The S-OMP algorithm can be easily made rank aware by making some

changes in the matching and selection of next candidate index.

We recall that in standard S-OMP

N = arg max| 6} B*|l,

ig Ak
and
Ak+1 —_ Ak U {)\kJrl}
where RF is the residual matrix at the end of k-th iteration.
The essential change we are going to make is how A\*! is chosen by
replacing R* with U* = orth(R*).

N = arg ma| 6/ U4

igAF
Since U is an (arbitrary) orthonormal basis, hence the only suitable

choice of norm is again ¢ = 2.

We recall the idea of greedy selection ratio which is an essential cri-

terion for deciding whether a pursuit algorithm is proceeding correctly
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or not. In our rank aware S-OMP, the ratio takes the form:

e
max|¢5 Ul

J

p="" <. 13.5.1
max|| ¢/ U2 ( )
JEQ

Challenge Can we perform a RIP analysis of rank aware S-OMP?

Challenge One of the operations in Joint-CoSaMP is threshold-
ing for choosing the 2K indices in the matching step and K indices
later in the least squares step. The Joint-CoSaMP currently de-
fined uses a rank-blind thresholding scheme. What happens if we
replace the rank-blind thresholding scheme with rank-aware one?

Would that help in improving the performance of Joint-CoSaMP?

Why this? CoSaMP was developed in the first place since OMP
couldn’t provide guarantees for noisy recovery. The rank aware
thresholding and OMP are also only for noiseless recovery. A
rank-aware joint-CoSaMP might provide performance guarantees

for noisy recovery also.

13.6. [; norm minimization

Challenge Can we do rank aware analysis of BPIC for compressed

sensing in joint recovery setting?

Challenge Can we do rank aware analysis of cosamp! (cosamp!)

for compressed sensing in joint recovery setting?

13.7. Digest



CHAPTER 14

Dictionary Learning

14.1. Introduction

When designing a dictionary for a particular application, we have sev-
eral options [30]. On the one hand we can go through the long list of
analytically constructed or tunable dictionaries and select one of them
as suitable for the application in concern. On the other hand, we can
actually take up a number of real example signals from our application
and try to construct a dictionary which is optimized for these. Dictio-
nary learning (DL) [33, 21] is a process which attempts to solve the
problem of constructing a dictionary directly from the set of example
signals. The atoms of a learnt dictionary come from the underlying
empirical data of training set of example signals for the specific appli-
cation. While analytically constructed dictionaries are typically meant
for only specific applications, the learning method allows one to con-
struct dictionaries for any family of signals which are amenable to the
sparse and redundant representations model. This certainly comes at
a cost. Learnt dictionaries have to be held completely in memory ex-
plicitly as they happen to be usually structure less. Thus they don’t
provide an efficient implementation of analysis (Dfx) and synthesis
(Do) operators. Thus using them in applications leads to more com-

putational costs.

We start by formalizing the notation for DL. We consider a set of S

example signals put together in a signal matrix X € CV**. Consider a

dictionary D € CN*P. Let o € CP be the sparsest possible represen-

tation of z* in D with 2! = Da’+e¢'. We put all o’ together in a matrix

A € CP*3. Then we have X = DA + E where E € CV*5 represents
441
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approximation error. We are looking for best dictionary from the set
of possible dictionaries such that we are able to get sparse representa-
tions of x' with low approximation error. We can quantify the notion
of good approximation by putting an upper bound on the norm of ap-
proximation error as ||e’||; < e. Combining these ideas, we introduce
the notion of a sparse signal model denoted as Mp g which con-
sists of a dictionary D providing K-sparse representations for a class
of signals (from which the example signals are drawn) with an upper
bound on approximation error given by €. The DL problem essentially

tries to learn best model M based on the example signals X.

We can formulate the DL problem as an optimization problem as fol-
lows:
s
minimize Z || o
i=1

DAai}e, (14.1.1)

subject to ||z° — Dallls <€, i=1,...,5.
In this version, we are trying to minimize total sparsity of a while using
the upper bound on approximation error as optimization constraint.
We are not enforcing sparsity constraint that ||of|lp < KV 1< < 8S.
Alternatively we can also write:

s
minimize Z |z" — Da'|3
D{ai}s 1

(14.1.2)
subject to |[af]lo < K, i=1,...,85.

In this version we are trying to minimize approximation error while
keeping K-sparsity as optimization constraint. We are not enforcing

the constraint that ||e’||s < e.

Alas, there doesn’t exist any computationally tractable algorithm to
solve these optimization problems. An alternative is to consider a

heuristic iterative approach presented in fig. 14.1.

Some possible halting criteria are:

e Stop after a fixed number of iterations
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Choose an initial dictionary DY ;
Initialize iteration counter k =1 ;

repeat
Obtain representations o’ for 2 with the given D*~! and sparsity level
K using some sparse recovery algorithm ;
Obtain new dictionary DF from the signals x* and their representations
al;

until halting criteria is true;

F1GURE 14.1. Dictionary learning: iterative approach

e Stop when ||ef|]; < € for all examples

e Stop when no further progress in ||e*||.
For initialization of the algorithm, we have few options.

e We can start with a randomly generated dictionary.

e We can select D examples from X and put them together as
our starting.

e Or we can start with some analytical dictionary suitable for

the application domain. dictionary

Two popular algorithms implementing this approach are MOD (Method
of Optimal Directions) and K-SVD.

In MOD [23], dictionary update is formulated as
DF = argrrgnHX — DA"||% (14.1.3)
A straight forward least squares solution is obtained as

DF = X (AR (14.1.4)

K-SVD [1] is slightly different. Rather than recomputing whole dictio-
nary at once by solving the LS problem, it updates atoms of D one by
one. Let j be the index of atom d; being updated. Consider the error

Ej=X =) dff
kit
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By refers to the k-th row of A i.e. entries for atom dj in all examples.
Essentially F; means the approximation error when the atom d; (and
corresponding entries in .A) has been dropped from consideration. We

can see that
| X — DA|% = |E; — d;5] |-

On the L.H.S. we have total approximation error. On the R.H.S. we
have the same expressed in terms of E; and d; where E; doesn’t depend
on d;. Clearly an optimal d; is one which can minimize R.H.S. This
can easily be obtained by rank-1 approximation of F;. The rank-1
approximation gives us both d; as well as the entries in j-th row of
A given by ;. There is a small catch though. In general the rank-1
approximation can lead to a dense 3; meaning the atom d; gets used
in many signal representations. We wish to avoid that. We don’t
want d; to appear in more signal representations. For this, we identify
representations ' in which atom d; appears, and let them be indexed
by I'." We then restrict £ to signals indexed by I' to avoid a dense
B;. Rank-1 approximation can be easily obtained using singular value
decomposition. We perform SVD of E;r = UXVH. We then pick
u1,01,v1. g is the new update for d;. Further oyv; is the update for
Bjr. Rest of §; is left with zero entries. We repeat the process for each

of the atoms in D to obtain next update of D.

14.2. Unique dictionary and matrix factorization

Although, most of the methods for dictionary learning are heuristic in
nature, there exist some results which provide theoretical guarantees
of uniqueness of existence of an overcomplete dictionaries for a given

set of training data under certain conditions.

In this section, we study one such result [2]. The dictionary learning
process would be modeled as a matrix factorization problem in the

following.
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14.2.1. Assumptions
We will make several assumptions in advance. The first one is:

e We assume that all signals 2 have a sparse representation in
the (unknown) dictionary D. Then X = DA. There is no

sparse approximation error.

With this assumption, the problem becomes a matrix factorization

problem where we see the factorization of X as

X =DA

In order to simplify our life for the theoretical analysis to follow, we

will make many more assumptions

Support: Let o denote the spark of D i.e. o = spark(D)). We assume
that all (unknown) sparse representations satisfy

o

3

This ensures that the representations o are the unique spars-

la’flo <

est representations of 2% in D. Off course both D and A are
unknown.

Richness: We know that there are ([lz) possible choices of K atoms
out of the (unknown) dictionary D. Each of these set of K
elements span a subspace of CV. We will assume that for each
such subspace, there are at least (K + 1) signals in X. Thus,
total number of signals is at least (K + 1)(7).

Non-degeneracy: Given a group of K + 1 signals built using a par-
ticular set of K atoms, in general their rank (of the matrix
composed by putting them together) is expected to be K or
less. We will assume that the rank is exactly K and is not
less. This helps in ensuring that signals from one subspace
may not be confused with signals from other subspace. We
further assume that if we take K + 1 signals belonging to

different (unknown yet) subspaces, then their rank would be
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exactly K + 1. Thus, we are saying that no-degeneracies in

the construction of the signals is allowed.

The non-degeneracy assumption helps ensure following. Every repre-
sentation has exactly K non-zero entries. Any set of K representations
(of K signals) belonging to a K-subspace is necessarily linearly inde-

pendent. Thus, there are no cases like duplicate signals floating around.

With these assumptions, we will develop a constructive though ex-
tremely inefficient procedure for carrying out the matrix factorization

and identify our dictionary X = DA.

14.2.2. Equivalent dictionaries

Before moving over to the main result, let us mention certain transfor-
mations creating equivalent dictionaries (i.e. the sparsity of represen-

tations is not affected).

Suppose we exchange p-th atom and g-th atom in D to construct a new
dictionary D’. It is easy to see that if we also exchange p-th row and

g-th row in A to construct a new representation matrix A’, then
X=DA=DA.

Similarly, if we change the sign of p-th atom in D (i.e. replace d, with
—d,) to construct a new dictionary D', then changing the sign of p-th

row in A to construct A’ provides the new factorization. i.e.:
X=DA=DA.

Thus, these dictionaries and corresponding sparse representations are
equivalent. This transformation can be easily captured using a signed
permutation matrix. A signed permutation matrix is a matrix where
each row and each column of the matrix has exactly one non-zero entry

and that entry has exactly the value of 1 or —1. Then

D' =DP.
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Now, since PPT = I, hence
A =PTA.
We can now clearly see that
X =DA=DPP"A=DA.

Note that the desired properties of D (atoms being unit norm and
spanning the whole of CV, representations being sparse and unique)

do not change through these transformations.

So, if a matrix factorization process can find out any D’ such that
D’ = DP for some signed permutation matrix P, then we have achieved

our factorization.

14.2.3. Uniqueness result

We have the following main result for existence of a matrix factorization
of X.

Theorem 14.1 Under the assumptions stated above, the factor-
ization of X is unique, i.e. the factorization X = DA for which
(i) D € CN*P with normalized columns; and (i) A € CP*5 with
K non-zeros in each column, is unique. This uniqueness is up to
a right-multiplication of D by a signed permutation matrix, which

does not change the desired properties of D and A.

Proor. We will present a constructive procedure which constructs
a dictionary D’ and a representation matrix A’ from the given signal

matrix X subject to D' = DP where P is a signed permutation matrix.

We note that since all representations are K-sparse in D and K < 7,
hence once the dictionary D (or its permutation D' = DP) has been
found, the corresponding representations .4 (or A") can be easily found

by solving the sparse signal recovery problem.

Our process for recovery of D' = DP from X will consist of following

stages.
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D

Clustering: We will divide columns (signals) X into R = (}

) sets
{G1,Gs, ..., G}

where each set includes all the signals that share the same
support (i.e. they use the same atoms from D).

We will identify the index set of support for G; with the
symbol A; C Q where Q@ = {1,2,..., D} is the index set for
all atoms.

Detecting pairs: We will detect pairs of sets G; and G; that share
exactly one mutual atom. In other words A;NA; = {k} where
k is the index of the only atom shared between the supports
of G; and Gj.

Extracting atoms: We will extract the mutual atom by analysis of
G; and (. By analyzing all the pairs G; and G; we will be
able to identify all atoms in D subject to a permutation and

sign change. This way we will form the complete dictionary
D'

Stage 1: Clustering the signals. As per our assumptions, any
group of K signals in X is linearly independent. And any such group

spans a K dimensional subspace of C.

In this stage our objective is to identify the specific R = (2) K-
dimensional subspaces which can cover the whole set of S signals. And
we will divide the S signals in X into groups based on their embedding

subspace.

Note that if we randomly select K signals from X, then the K-subspace
spanned by them need not be one of the subspaces in R K-dimensional

subspaces covered by atoms in the dictionary.

Consider any set of K + 1 signals from X. As per our non-degeneracy
assumption, if they belong to same subspace, the rank would be K,
otherwise the rank would be K 4 1. There are ( Kil) possible groups

of K + 1 signals in X. We iterate through each such group. If the
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rank of the group is K, then we keep the group, otherwise we discard
the group. The moment we find one group with rank K, we exclude
all signals in it from further identification of groups. Thus, after the
identification of first group, we are left with S — K — 1 signals from
which we now form our K + 1 size groups. Proceeding this way, we
would be able to find all the (I[;) groups with non-overlapping sets of
K +1 signals. Since it is given that S > (K +1) (2), at least one group

corresponding to each K-subspace would indeed be found.

If there are more than (ID() groups, then we need to merge groups
coming from same subspace. We can do this by iterating through all
possible pairs of groups and seeing if their combined rank is K. If yes,

then we merge the groups. Otherwise, we keep them separate.

Finally, we look at all the remaining signals in X. For each such signal,
we see its combined rank with each of the R = ([D() groups identified
above. The signal will belong to the subspace spanned by one of the

groups. We will merge our signal to that group.

We note that this clustering process is indeed impractical.

Stage 2: Detecting pairs with mutual atom. Given the R
sets of signals {G;}1.,, there are R(R —1)/2 pairs of groups. Amongst

them we have to identify pairs which share exactly one atom.

Consider any two groups G}, and G,. Each of them have rank K. The
corresponding (unknown) atoms are indexed by index sets A, and A,
respectively (both of which are unknown). If, no atoms are common
between the supports of the two groups, then A, N A, = @. In order
to represent, the signals in the merged group, we will need all the 2K
atoms. We need to check if these atoms will be linearly independent
or not. Since it is given that 2K < o (the spark), hence any set of
2K atoms is linearly independent. Thus, the rank of the merged group
(Gp,G,) is 2K. It cannot be higher, since the rank of each group is

K. It cannot be lower since the non-degeneracy assumption makes sure
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that all the 2K atoms are used in representation of signals and 2K < o

ensures that these atoms are independent.

Continuing with the same logic, if [A,NA,| = 1 (i.e. one of the atoms is
common between the two groups), then the rank of the merged group
Gp, G, is 2K —1. Conversely, if the rank of the merged group is 2K —1,
then it belongs to a 2K — 1 dimensional subspace. Thus only 2K —
1 atoms in the combined set of 2K atoms are linearly independent.
But since 2K < o, hence any set of 2K distinct atoms is linearly
independent. Hence, an atom must be common between the pair of

groups.

Similarly, we can notice that if rank of the merged group G,, G, is less

than 2K — 1, then more than one atoms is common between them.

Thus, we iterate over R(R—1)/2 pairs of atoms and identify those pairs
which have exactly one atom in common. The next job is to extract
the atom which is common to the support of both groups in such a

pair.

Stage 3: Extracting the common atom. Let a pair of groups
be G, and G,. All signals in G, are from the same K-dimensional
subspace. Due to non-degeneracy assumption, any K signals from G,
are linearly independent. Thus, if we pick any K atoms from G, they
will form a basis. Let us construct one such basis from both G, and
G,. Let those bases be B, and B, where both B,, B, € CV*¥,

Let d be an atom common to both subspaces. Then, there exists some
vector v, such that (any vector in a subspace is a linear combination

of basis vectors)

d = By,
and a vector v, such that

d = Byv,.

Thus, we have the relationship

Byv, = Byv, <= Byv, — Byvy = 0.
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Note that at this stage although B, and B, are known, the vectors v,

and v, are unknown. A slight re-arrangement of this equation gives us

B, —B,] “p] —0
Yq
Defining v = [Up] ,and By, = [Bp —Bq} we get
Yq
Bp+qv =0.

Thus, the vector v belongs to the null space of B,;,. We further note
that the matrix B, has rank 2L — 1 since it spans the subspace of the
merged group of G, and G,. Thus, a vector v from the null space of
By
right singular vector.

+q¢ can be obtained by performing SVD of B,,, and taking the last

Once v has been obtained, we can break it into v, and v, easily. Then
B,v, gives us a vector parallel to the common atoms (up to a scaling
factor and a sign change). We simply normalize this vector and treat

this as our common atom we were looking for.

Continuing the same way for the R(R — 1)/2 pairs, we will obtain all
our atoms. For each group, there are exactly K other groups which
share an atom with it. Thus, total number of pairs having one atom
in common are RK /2. We will end up extracting RK/2 atoms out of
which only D are unique (subject to a sign change). We scan through
the list of atoms. For each atom, we rescan the list and prune those
atoms which are parallel to it. Proceeding this way, we will end up

with our desired set of D atoms.

Once the atoms have been obtained, we can put them together into
our desired dictionary D’ Recall that the obtained dictionary contains
the atoms of original dictionary subject to a permutation of order of

atoms and changes in the sign of atoms.
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After the dictionary has been identified, then finding the representa-
tions A is a straightforward job of solving the ly-“norm” minimization

problem.

We note that there are many possibilities in the constructive algorithm
which can affect the choice of atoms. For example, in stage 2, the order
in which we select pairs of groups can be done in many different ways.
Yet, all possible ways will lead to same set of atoms in D up to the

simple differences of order of atoms and sign. 0

It is possible to ease some of the assumptions made at the beginning

of this section. We will not delve into this issue for now.

14.3. Digest



CHAPTER 15

Distributed Compressed Sensing

15.1. Introduction

The material in this chapter is based on [5]. We consider the prob-
lem of joint measurement for CS in sensor networks that are able to
exploit intra signal dependencies as well as inter signal dependencies.
We introduce the notion of joint sparsity over the ensemble of signals

obtained from multiple sensors.

15.1.1. Notation

Let A 2 {1,2,...,S} denote the set of indices for the S signals (from

S sensors) in the ensemble.

We denote each signal in the ensembles as z, with s € A and assume
that z, € RYV.

We use z5(n) to denote sample n in signal s.

Without loss of generality we assume that the signals are sparse in the

canonical basis, i.e. the sparsifying dictionary is D = I.

We denote by ®,, the sensing matrix for signal s; ®, € RMs*" and, in
general, the entries of &, are different for each signal s.
We have the measurement vectors as
A
ys = Dyuy (15.1.1)

where each y, € RMs consists of M, random measurements of x,. We
will be focusing on Gaussian sensing matrices in the sequel. Note that
we are not considering measurement noise at the moment.

453
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TABLE 1. Symbols used in this chapter

Symbol Purpose
N Dimension of ambient space RY for signals
RV Signal space
T A signal belonging to RV
K Sparsity level when all signals have same sparsity level
K. Sparsity level of the common component
K Sparsity level of the independent component of s-th signal
S Number of sensors
X Combined signal vector X € RVS
D, Sensing matrix for s-th signal
M, Number of measurements for s-th signal
M Total number of measurements
) Combined sensing matrix for all signals
M Number of measurements for each signal if same

The total number of measurements are defined as

S
MA> M, (15.1.2)
s=1

We define X € RSN, Y € RM and & € RM*N g4

x1 Y1 o, 0 ... 0
xa ™ ya|”| gaoa |’ ?2 (15.1.3)
rs Ys 0 0 ... &g
With these definitions we can write
Y =0X.
We note that ® has a block diagonal structure.
X represents a signal ensemble of the signals {zq,xs,...,zg}. Usually

we expect all signals in the ensemble to be highly correlated, thus

exhibiting high inter-signal dependencies.
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15.2. Framework for joint sparsity

We now propose a general framework for quantifying the sparsity of a

signal ensemble X.

Consider a signal z € RY with K < N non-zero entries. There are two
components of this representation. The locations of non-zero entries
and their values. We can construct a factored representation of x by
writing

r = P0

where § € RE is a vector consisting of non-zero entries of z and P is a
matrix constructed by choosing the K columns of an N x N identity
matrix indexed by the locations of the non zero entries in . The matrix

P can thus be considered as an identity submatrix.

Example 15.1: Location-value factored representation of x Let
z = (0 2300 0 —1>. Clearly

(0] [o o 0]
9 100
3 01 0| [-2
ol=100 0|3
0 00 0f |-1
0 000
1| [0 0 1]

t

Clearly any K-sparse signal can be written in this form. We now
consider the set of all possible K-sparse signals with 1 < K < N. For
each value of K and specific choice of locations in x, there is a specific

identity submatrix.

We now define P as the set of all identity submatrices of size N x K
with 1 < K < N. This set covers all possible location matrices for

all signals with different sparsity levels. It is interesting to note that
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this set happens to be a finite set (|P| = 2V). We refer to P as the

sparsity model.

For a particular signal © € R¥, the set of possible factorizations of x
is given by
{P € Plz = P6}.

Clearly there are more than one factorizations possible for a signal

unless its sparsity level is N (i.e. completely non-sparse).

Definition 15.1 Let 2 € R be some signal and P be a sparsity
model for RY. Let {P € P|x = PO} be the set of all factorizations
of  in the context of P. Among these factorizations, the unique
representation with smallest dimensionality of 6 exists. The spar-
sity level of x in the context of the sparsity model P is defined
as the dimensionality of 6 corresponding to the unique minimal

factorization.

For the signal ensemble case with X € R%Y, we consider factorizations
of the form X = PO where P € R%V*9 is known as the location

matrix and © € R? is known as the value vector.

Example 15.2: L et 2, = (4 10 o) and 7, = (4 0 0 5).

Then X = (4 -1 00 400 5). A possible factorization of X
can be

o O O = O O

O O O = O O O =
o O O O O O+~ O
_ o O O O o o O

Note that in this example P is not an identity submatrix. We also note

that if we take the signals xy and x5 separately then both are 2-sparse
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and their overall sparsity is 4. But in the factorization presented above

© € R? thus giving a joint sparsity of 3 to X.

Also note that P in this factorization is full rank. O

Definition 15.2 A joint sparsity model (JSM) is defined in
terms of a set P of admissible location matrices P with varying

number of columns.

Note that the definition doesn’t require P to be an identity submatrix.

Definition 15.3 For a given signal ensemble X € RV, the set
of matrices P belonging to a joint sparsity model P for which a
factorization X = PO is possible is known as the set of feasible

location matrices for X. The set is denoted by

Pr(X) 2 {P c P|X = PO}

Definition 15.4 The joint sparsity level J of the signal ensem-
ble X is the number of columns of the smallest matrix P € Pp(X).

There are several natural choices for what matrices P should be con-
sidered as members of a joint sparsity model P. In this chapter our

focus will be on models known as common / innovation component

JSMs.

In an common / innovation components model, each signal z is gen-

erated as a sum of two components:

e A common component z¢ which is present in all signals.
e An innovation component z, which is unique to each signal.
Ts =20+ 25,5 € A.

It is possible that either the common component or the innovation

components might be zero in specific situations.
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We can now factor the common and innovation components as
20 = Pclc, 2,=Pbs, jeEA

where 0 € R¥¢ and each 6, € R® have non-zero entries. The matrices

Pe and P; are identity submatrices.

We can now write

o]
X1 PC P1 0 0 )
To Po 0 P ... 0 !
. - . . . . . 02
Ts PC O 0 PS :

| 05 ]

Definition 15.5 The common / innovations joint sparsity
model P for a signal ensemble X of S signals belonging to R¥ is

defined as a set of matrices of the form

Pe P, 0 ... 0
Pr 0 P ... 0O

S (15.2.1)
Pe 0 0 ... Py

where P € RV*Ec¢ and P, € RY*Xs are identity sub-matrices
of N x N identity matrix; K¢ is the sparsity level of the com-
mon component zo and K, are the sparsity levels of innovation

components z, with s € A.

We note that the factorization of X is not unique.

Example 15.3: Common / innovations model Continuing from

previous example, consider

zc:(4 00 0),

21:<0 10 0)
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and
z2=<0 00 5)

We see that

X1 =20+ 21 To=2zco+ 29.
The factorization presented in previous example is a common / inno-
vations factorization. Off course we can choose zo = 0 leading to a

completely different factorization. This is given by

1 1000
~1 0100
0 000 0|]4
0| _pg_ |00 00|
1 0010|]4
0 000 0|]|5
0 0000
5 000 1)

Again we see that P is full rank but with © € R*.

An interesting variation is to consider
2o=(3 -1 0 0),
a=(100 0

22=<1 10 5)

This gives us the factorization

and

[ 4] [1 01 0 0 0]
—1 01000 O0|[3]
0 0000GO0O0||-1
O:p@:0000001
4 1 00100[]1
0 01 0010|]|1
0 00000 O[5
|5 00000 1
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This factorization has © € RS. Interestingly we note that P is not full
rank and its first column can easily be constructed by combining third
and fourth columns. This gives us a straight-forward way of reducing

the sparsity level of the factorization. O

If a signal ensemble X = PO,0 € R® were to be generated by a
selection of Po and {P;}scp, where all the S + 1 identity submatrices
share a common column vector, then P would not be full rank (as seen
in previous example). Here we can easily reduce P by removing one of

the columns from any of the identity submatrices under concern.

In other cases, we may observe that © has some zero-valued entries,
i.e. we have may have 65(k) = 0 for some s € A and some 1 < k < K,
or ¢ (k) = 0 for some 1 < k < K¢. In this case, we can simply remove

the corresponding column from P.

The process of removing columns from P to get a new matrix () such

that X = QO where ©' € R%~! is known as sparsity reduction.

Example 15.4: Sparsity reduction Continuing with previous ex-
ample, we first remove third column from P. This also changes the

factorization as

[ 4] [1 0 0 0 0]
—1 001000, 1
0 ooooo_1
(J:P@:ooooo0
4 L0100,
0 01010

0 00000—5—
|5 000 0 1]
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We note that a new 0 entry has appeared which can be removed safely

giving us
[ 4] [1 0 0 0]
—1 0100
0 000 0f]4
0 _pg_ |0 00 0|1
4 100 0|]|1
0 01 10|]|5
0 0000
|5 ] 0 0 0 1]

O

As we see from this example, sparsity reduction, when present, reduces

the effective joint sparsity of a signal ensemble.

15.2.1. Example joint sparsity models

In this chapter we will consider three specific examples of common /

innovation joint sparsity models which arise in real life.

15.2.1.1. JSM-1: Sparse common component -+ innova-
tions. In this model, we suppose that each signal contains a common
component z¢ that is sparse plus an innovation component z, that is

also sparse.

Thus JSM-1 model P consists of all matrices of the form (15.2.1) with
Ko <« N as well as K, < N for all s € A.

Assuming that the sparsity reduction is not possible, the joint sparsity
is given by
J=FEKc+) K,
seA
Example 15.5: JSM-1 examples Consider a group of sensors mea-

suring temperature in an outdoor locality. The temperature readings
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xs have both temporal (intra-signal) as well as spatial (inter-signal)

dependencies (correlations).

Global factors such as sun and weather conditions have an effect as z¢
which is common to all sensors as well as structured enough to have a

sparse representation in some basis.

Local factors such as shade, water or animals, contribute localized in-

novations zs that are also structured (hence sparse in some basis). [

15.2.1.2. JSM-2: Common sparse supports. In this model,
the common component z¢ is zero and each innovation component zg
is sparse. Further all the innovations share the same sparse support

but can have entirely different non-zero values.

In this model, P is the set of matrices P given by (15.2.1) where Po = &
(i.e. Ko =0)and P, = P for all s € A.

P is an identity submatrix of size N x K with K < N. The columns in

P correspond to the support common to all signals z, in the ensemble

{xS}SEA'

We have
zs = PO, Vs € A with 6, € RE.

The matrices P from JSM-2 are always full rank. Therefore no sparsity

reduction is possible. Thus we have the joint sparsity as

J =SK.

Example 15.6: JSM-2 examples In acoustic and RF sensor arrays
each sensor acquires a replica of the same Fourier sparse signal but

with phase shifts and attenuations caused by signal propagation.

Another example is MIMO communications. U

This model is also known as MMV (multiple measurement vectors) set-

ting (see next chapter) or simultaneous sparse approximation problem
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15.2.1.3. JSM-3: Non-sparse common component + sparse
innovations. In this model we assume that each signal consists of
an arbitrary common component zo which is non-sparse and a sparse

innovation component z.

Thus the sparsity level of the common component is Ko = N. The
JSM-3 model P is the set of matrices given by (15.2.1) where Po = I
(the N x N identity matrix). Thus we have 6o € RY while 6, € R¥:.

Assuming that sparsity reduction is not possible, the joint sparsity is

given by

J=N+> K.

sEA

In a special case where the the sparse innovations share a common

support, we have
P,=P K,=KVYseA.

In this case, K columns out of the first N columns in P can be expressed
as linear combination of corresponding columns in P;. Thus clearly a
sparsity reduction is possible, leading to the joint sparsity level given
by

J=N+(5-1K.

We note that in this case since each of z; are non-sparse (as z. is non-
sparse) hence separate CS recovery for these signals is not possible if
the number of measurements M < N for any sensor. It turns out that
joint CS recovery can indeed take advantage of the common structure

and make CS recovery possible with M < N per sensor.

Example 15.7: JSM-3 examples A practical situation is where dif-
ferent sensors are recording several sources with a common background
noise. The background noise is not sparse in any basis but individual

sources have sparse representations. O
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15.3. Theoretical bounds on measurement rates

We recall from (15.1.1) that the number of measurements made by each

sensor are different and are given by y, = ®,x, where &, € RMs*V,

We define a tuple of number of measurements from each sensor as

M 2 (M, My, ... Mg).

We will be looking for conditions on M such that perfect recovery of
X is possible given Y (see (15.1.3)). In this chapter we will be mostly

looking at conditions for noiseless recovery.

Recovering X essentially involves obtaining a factorization of X = PO
from the measurement ensemble Y = ®X. Some observations are in

order

e Not every entry in © affects every measurement in Y. The
common component 0 affects every measurement. But inno-
vation components 6, impact only corresponding measurement
vector ¥s.

e Thus if an entry O(7) (with 1 < j < J) doesn’t affect any sig-
nal coefficient z4(-) in sensor s, then the corresponding mea-
surement vector y, provides no information about O(j).

e The recovery process must identify a location matrix P from
the set of feasible matrices Pr(X) for the signal ensemble X

while neither X nor Pp(X) are known.

15.3.1. Modeling dependencies using bipartite graphs

We introduce a graphical representation that captures the dependencies

between the measurements in Y and the value vector © given by
Y = oPO.

The matrix P € Pp(X) defines the sparsities of the common and inno-
vation components K¢ and K, 1 < s < S, as well as the joint sparsity
J=Ko+ Y7 K,
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We define the following vertices for a graphical representation of de-

pendencies.

e The set of value vertices Vi, has elements with indices j €
{1,...,J} representing the entries of the value vector O(j).
e The set of measurement vertices V;; has elements with

indices (s, m) representing the measurements ys(m) with s € A
and m € {1,..., M}.

We have |Vy/| = J and |Vy;| = M see (15.1.2).

We now introduce a bipartite graph G = (Vi,, V), E), that represents
the relationships between the entries of the value vector and measure-

ments.

The set of edges is defined as follows

e The sensor s measures every entry in 6, (the innovation com-
ponent). No other sensor measures it. Hence entries in the
measurement, vector y, must be responsible for the recovery
of entries in ;. Thus the corresponding value vertices are
connected to each measurement vertex (s,m) € Vj; for 1 <
m < M. These 04(-) entries over 1 < s < S correspond to
je{Kec+1,Kc+2,...,J} vertices in the set V.

e For the first K vertices in V4, which correspond to 6, we have
to be more careful. If for some sensor s, both z¢(n) and zg(n)
are non-zero (i.e. an entry in the innovation component and
common component appears at the same index), then that
sensor cannot resolve zo(n) and zg(n) separately. In other
words, a sensor s can contribute to the recovery of a non-zero
entry in z¢ at some index 1 < n < N only if the corresponding
entry in the innovation component z;(n) = 0. The identity
submatrices P and P, will have the following difference. The
n-th column from Iy will be kept in P while it will be dropped
in P,. Only such dependences are useful in the bipartite graph
G. Formally, for every j € {1,2,..., Ko} C V4, and s € A such



466 15. DISTRIBUTED COMPRESSED SENSING

that the column j of P does not also appear as a column of P,
we have an edge connecting j € Vi, to each vertex (s,m) € Vi
for 1 <m < M,.

Essentially, ys(m), the m-th measurement of sensor s, measures ©(j)
if the vertex j € Vi, is linked to the vertex (s,m) € V), in the graph G.
An example graph is presented in fig. 15.1. We note that this graph is
applicable for a specific factorization of X. For a different factorization
with a different P, the graph will naturally change accordingly. At the

time of signal recovery, the graph is not known to us.

Value vector coefficients

Measurements

FIGURE 15.1. Bipartite graph for DCS
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15.3.2. Quantifying redundancies

Our objective is to minimize the number of measurements required to
recover the signal perfectly. Thus we would like to exploit all possi-
ble redundancies between the locations of the non-zero entries in the

common and innovation components.

As discussed before if zo(n) # 0 and z,(n) # 0 for some sensor s and

some 1 < n < N, then we cannot recover both entries from sensor s.

Thus we will need to recover z¢(n) using other sensors which do not

feature this overlap.

Now consider a subset of signals I' C A under a feasible representation
given by P and ©. We quantify the size of this overlap in the follow-
ing definition. For a particular location matrix P we also denote the

sparsity level of the common component as K¢ (P).

Definition 15.6 The overlap size for the set of signals I' C A,
denoted K¢ (T, P), is the number of indices in which there is over-
lap between the common and the innovation component supports

at all signals s ¢ T'.

Ke(T,P)2 [{n€{l,...,N}: 2¢(n) # 0 and Vs ¢ T, z,(n) # 0}|.
(15.3.1)
We also define K¢(A, P) = K¢(P) and K¢(@, P) = 0.

Essentially for I' C A, the overlap size K¢ (I, P) provides the number
of entries in ¢ which must be recovered by measurements from sensors
in I' as every sensor s outside I' has an overlap with those entries in its

innovation component.

For each entry counted in K¢ (I, P), some sensor in [' must take one

measurement to account for that entry of the common component.

The definition K¢ (A, P) = Ko (P) is quite natural since when all sen-
sors are considered in I' then they together should be able to identify

all entries in the common component.
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With this, we can now introduce the idea of conditional sparsity

akin to conditional probability.

Definition 15.7 The conditional sparsity of the set of signals
I is the number of entries of the vector © that must be recovered

by measurements y,,s € I':

Keona(T, P) (ZK ) + Ko(T, P). (15.3.2)

sel’

The joint sparsity gives the number of degrees of freedom for the signals
in A, while the conditional sparsity gives the number of degrees of
freedom for signals in I' when the signals in A \ I are available as side

information.

We can also define a joint sparsity for signals in I" as follows.

Definition 15.8 The joint sparsity of the set of signals I" is the

number of entries of © that affect these signals.

&oint(ra P) J= Kcond F P (ZK >+KC(P>_KC(A\F7P>
sel

(15.3.3)

We note that Keona(A, P) = Kioint(A, P) = J.

15.3.3. Measurement bounds

With the definitions in place, we are now ready to develop some mea-
surement bounds for DCS recovery. The bounds are of two forms. One
form states how many measurements M are sufficient for guaranteed
recovery. The second form states the necessary measurements below
which no recovery is possible. The bounds are provided in terms of the
subsets I' C A, since the cost of sensing the common components can
be amortized across sensors. Essentially it may be possible to reduce

the measurement rate at one sensor s; € I' as long as other sensors in
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I' offset the rate reduction. This rate reduction is developed in terms

of the notion of conditional sparsity defined above.

Theorem 15.1 Achievable known P Assume that a signal ensem-
ble X is obtained from a common / innovation component JSM
P. Let M = (My,...,Ms) be a measurement tuple, let {®Ps}sep
be random matrices having My rows of i.i.d. Gaussian entries for
each s € A, and write Y = ®X. Suppose there exists a full rank
location matriz P € Pp(X) such that

Z Ms Z Kcond(rp P) (1534)

sel’
for allT" C A. Then with probability one over {®,}en , there exists
a unique solution O to the system of equations Y = CIDP@; hence,

the signal ensemble X can be uniquely recovered as X = Po.

Theorem 15.2 Assume that a signal ensemble X and measure-
ment matrices {Ps}sen follow the assumptions of theorem 15.1.
Suppose that there exists a full rank location matriz P* € §p(X)
such that

> M, > Kopna(T, P*) + [T (15.3.5)

sel
for allT' € A. Then X can be recovered uniquely from Y with

probability one over { P} en.

Theorem 15.3 Assume that a signal ensemble X and measure-
ment matrices {®Ps}sen follow the assumptions of theorem 15.1.
Suppose that there exists a full rank location matriz P € Pp(X)
such that

> M, <>> Kona(T, P) (15.3.6)

sel
for some I' C A. Then there exists a solution O such that Y =
®PO but X 2 PO +# X.
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15.4. Practical recover algorithms

15.4.1. Recovery strategies for JSM-1

For simplicity in this section, we will consider the special case with
S =2. Thus A ={1,2}.



Part 3

Inference



CHAPTER 16

Detection with Compressed Measurements

In this chapter we discuss the application of compressed sensing frame-

work for signal detection problems.

We quickly develop the theory of signal detection. We follow this by ex-
tending the theory to include compressed measurements of the received

signal.

16.1. Binary detection theory

The presentation in this section is largely based on [41]. If you are

familiar with it, you may skim through and move on to next section.

Let us begin with some examples of signal detection problems in elec-

trical engineering.

e Detection of objects in air (enemy planes, missiles etc.) in a
radar problem

e Detection of a string of zeros and ones in a digital communi-
cation system

e Detection of pathological tissues in an MRI image.

The transmitted signal undergoes distortion, attenuation and addition

of noise as it travels through the channel before reaching the receiver.

The problem at the receiver is to make a sequence of decisions to re-
construct the original signal in the presence of noise, attenuation and

distortion of the transmitted signal.

e In the digital communication system, the receiver makes a
decision in every bit period whether the bit is 1 or 0.

472
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e In the radar problem, receiver continually makes decisions

whether a target is present or not.

16.1.1. Binary hypothesis testing

Each of these situations can be modeled in terms of a statistical frame-

work known as binary hypothesis testing problem.

Definition 16.1 A binary hypothesis testing problem for our
purposes can be described as follows. The system consists of a
source, a medium and a receiver. The source can operate in one
of two modes. For each mode, the source generates a different
signal. The signal is modified as it travels through the medium
and reaches the receiver. The receiver makes observations on the
signal. Based on the observations the receiver makes a decision

whether the source was operating in one or the other mode.

If we call the modes as mode 0 and mode 1, the receiver has two

hypotheses.

e The null hypothesis denoted as H, stands for the sit-
uation where the source is operating in mode 0.
e The alternate hypothesis denoted as H; stands for the

situation where the source is operating in mode 1.

The receiver makes a decision whether null (Hp) or the alternate

(Hy) hypothesis is true.

Since this problem involves only two hypotheses, hence its known

as a binary hypothesis testing problem.

Example 16.1: Binary hypothesis testing problems

e In radar problem, absence of a target is the null hypothesis while the

presence of a target is alternate hypothesis.
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e In pathological tissue detection problem, the absence of a patholog-
ical tissue is the null hypothesis while the presence of such a tissue
is the alternate hypothesis.

e In digital communication problem, bit 0 is the null hypothesis while

bit 1 is the alternate hypothesis.
O

Usually the most common behavior, or the absence of an anomaly is
chosen as the null hypothesis. The opposite hypothesis is chosen as
alternate hypothesis.

In digital communication problem, both hypotheses are equivalent, so
anyone can be called null. Conventionally bit 0 is called the null hy-

pothesis.

In statistical hypothesis testing, we assume that null hypothesis is true,

and estimate the probability of occurrence of the observations accord-

ingly.

If the observations are highly improbable assuming the null hypothesis
then we reject the null hypothesis and decide that alternate hypothesis

1s true.

Definition 16.2 The observation space consists of all possible
observations that a receiver can make. We denote the observation

space as /.

Typically the observation space is Z = R for some value of N and

each observation is a vector y € Z = RV.
Example 16.2: Observation space

e Let bit 0 be coded as 0 volts and bit 1 be coded as 5 volts on an
electrical wire. As the signal travels over the wire, at the receiver,
the voltage would be some z € R volts (based on attenuation and

noise).
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e Let a bit be encoded as a square pulse over a bit period of 1 ms.
Let 10 samples be made during each bit period. The the observation
space is R and each observation is a vector v € R consisting of

10 samples.
O

Since the signal distortion, attenuation and addition of noise are ran-
dom in nature, it is best to describe the observation vector y as a

random variable Y which takes values in the observation space Z.

The r.v. Y is characterized by two conditional probability density

functions based on whether null or alternate hypothesis is true.

o fyin,(y|Ho) denotes the conditional p.d.f. of ¥ assuming null
hypothesis is true.
® fyim, (y|H1) denotes the conditional p.d.f. of ¥ assuming al-

ternate hypothesis is true.

For every observation vector Y the receiver decides whether Hy or H;

is true.

e [, denotes the decision that receiver has chosen the null hy-
pothesis Hy to be true.
e D denotes the decision that receiver has chosen the null hy-

pothesis H; to be true.

The observation space Z is partitioned into two regions Zy and 7 i.e.
Z = ZyU Z.

The receiver operates as follows:

o If y € Z, then decide that Hy is true (denoted as Dq decision).
e If y € Z; then decide that H; is true (denoted as D; decision).

The partitioning is static i.e. it doesn’t adaptively change on past

observations.
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If we look at the whole system, every decision belongs to one of four

possible courses of action.

s true while at the source Hjy is true

—e

(1) Receiver decides H,
(Do|Ho).

(2) Receiver decides H;
(D1|Ho).

(3) Receiver decides H,
(Do|Hy).

(4) Receiver decides H,
(D1|Hy).

s true while at the source Hy is true

—e

s true while at the source H; is true

—e

s true while at the source H; is true

— o

1 and 4 are correct decisions while 2 and 3 are incorrect decisions.

The objective of receiver design is to ensure that incorrect decisions
are minimized. This essentially translates into a prudent partitioning

of observation space Z into Z, and 7.

Some standard terms are used to denote these courses of action in

literature.

Definition 16.3 In radar terminology we either detect a target
correctly or miss a target when its present or create a false alarm

when the target is not present.

e We say that a detection has occurred if receiver decides
H, when H, is true.

e We say that a miss has occurred if receiver decides H,
when H; is true.

e We say that a false alarm has occurred if receiver decides

H; when H is true.
We define the a priori probabilities for the null and alternate hypothe-
ses:

e P(H,) is the probability of null hypothesis to be true (denoted
as Py in the sequel).
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e P(H,) is the probability of alternate hypothesis to be true
(denoted as P; in the sequel).
Naturally Py + P, = 1.
We denote the joint probability of making a decision D; when H; is
true as P(D;, H;).

From Bayes’ rule we have

P(D,, H;) = P(D;|H,)P(H,). (16.1.1)

The conditional probabilities can be obtained by integrating the con-
ditional p.d.f.s fy|m,(y|H;) over the partition Z; which contributes the

decision D;.

Thus we have
PO IH) = [ i (o1H,)dy. (16.1.2)
Z;

Definition 16.4 The probabilities P(D;|H;) have specific names.

e P(D;|H,) is called the probability of detection or de-
tection rate and is denoted as Pp.

e P(Dy|Hy) is called the probability of false alarm or
false alarm rate and is denoted as Pp.

o P(Dy|H,) is called the probability of miss or miss rate

and is denoted as P,;.

We observe that
Py=1-PFPp (16.1.3)

and

P(Do|Ho) = 1 — Pp. (16.1.4)

which doesn’t have a specific name.
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Definition 16.5 We denote the probability of correct decision

by P. and probability of error by P,.

We have
Pc = ]P)(D07 HO) +P(D17Hl)
= P(Do| Ho)P(Ho) + P(D; |H,)P(H,)
=(1— Pr)Py+ Pphy.
Similarly

P, = P(Do, Hl) + P(Dl, HO)
= P(Do|H1)P(H,) + P(D1|Ho)P(Ho)
= Py P, + PrPFs.

(16.1.5)

(16.1.6)

In the sequel we develop different approaches which help us come up

with an appropriate receiver design which minimizes chances of incor-

rect decisions.

We note that
/ fY\Hj (?J|Hj>dy =1L
z

it follows that

fyim; (ylHy)dy + [ fyim; (y[Hy)dy =1
Zo Zl

= | fyu,ylHj)dy =1~ [ fyu,(y|H;)dy.

Zo A

16.1.2. Bayes’ criterion

We start with making some assumptions.

We assume that a priori probabilities Py and P; are known.

(16.1.7)

(16.1.8)

(16.1.9)

Example 16.3: A priori probabilities In a digital communication

system typically P(0) = P(1) = 0.5.

O
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We assign a cost to each of the four possible courses of action. We say
that system incurs a cost of C;; when receiver decides H; is true while

at the source Hj is true.

e Cy is the cost for action (Dy|H,).
e (Y is the cost for action (Dy|Hy).
(D1|Ho).
(D[ Hy).

e (Uj is the cost for action

e (U} is the cost for action

All costs are 0 or greater. The cost of making an incorrect decision is

higher than the cost of making a correct decision. i.e.
Cl() > 000 (16110)

and

OOl > 011. (16111)
Example 16.4: Cost

e In digital communication system, the cost assigned to making a cor-
rect decision is 0 while the cost assigned to making a wrong decision
is 1. Thus miss and false alarm have same costs.

e In radar problem, the cost of a miss is lower than the cost of false

alarm.
O

We develop a notion of risk as the average cost of making the decisions

by the receiver.

Definition 16.6 The risk denoted as R in a binary hypothesis
problem based on Bayes’ criterion is the average cost of making a

decision defined as

1 1
R =E(Cost) = > Y CyP(D;, Hj). (16.1.12)

=0 7=0
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In matrix form, let us define the cost matrix as

C100 C’01
CIO Cll

C = (16.1.13)

and the joint probability matrix as

B []P’(DO,HO) IP’(DO,Hl)] _|a=Pr)p (1-Pp)P,

DH =
P(D,, Hy) P(Dy, Hy) PrP, PpPy
(16.1.14)
Then the risk R is given by
1
R = [1 1} (CoPpy) H (16.1.15)

where o denotes the Hadamard product or element-wise product of two

matrices. See ?77.

Note that element-wise product is not associative with standard matrix

multiplication. Hence we have to keep parentheses in place properly.

Example 16.5: Risk formula If we fully expand the risk formula,
it looks like

R = (1 — PF)P0000+ (1 —PD)P1001 +PFP0010+PDP1011. (16116)

For the digital communication problem cost matrix is given by

Coo Cor| _ [0 1] (16.1.17)

C(10 Cll

O:
10

Thus the risk formula reduces to
R=(1—-Pp)P,+ PrPy = PyP, + Prh,. (16.1.18)
which is same as the probability of error see Equation 16.5.

A receiver with this kind of cost assignment is known as minimum
probability of error receiver since minimizing the risk is equivalent

to minimizing the probability of error.
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Assuming P, = Py = 0.5, this further reduces to

1
R = §(PM+PF). (16.1.19)
O
Let us define the conditional probability matrix as
P(Dy|Hy) P(Do|H 1-P 1-P
P(D1|Hy) P(D;|H;) Pr Pp
The risk expression then becomes
50
R = [1 1] (C o Ppisr) (16.1.21)
1

After some simplification, we can write the risk expression in terms of

integral over Z; as

R - P()Cl() + P1011+

{[P1(Cor — C11) fyim, (y[H1)] = [Po(Cro — Coo) fyime (| Ho) | } dy.
(16.1.22)

Zo
We note that PyCig + PiCy; is a constant since all terms are assumed
to be known and constant.

The risk depends on how we assign points in Z.

We define
La(y) = Pl(Cm - Cll)fY|H1(y’Hl>

and

Ly(y) = Po(Cro — COO)fY\Ho (y|Ho).

Since P1 > 0, C()l > Cll and fy|H1(y|H1> v Yy < Z, hence La(y> >
OVyeZ.

Similarly Ly(y) >0V y € Z.
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The risk expression simplifies to

R = P()Clo + PlCll + / [La(y) - Lb(y)] dy (16123)

Zo

Consider a point y € Z for which L,(y) > Ly(y).

e If we assign the point y to Z; then the risk increases.

e If we assign the point y to Z; then the risk decreases.

Thus the risk is minimized when we assign only those points y € Z to
Zy for which L,(y) < Ly(y).

Thus our decision rule becomes
Hy

La(y) 2 Lo(y) (16.1.24)

1.e.

e Decide H, if L,(y) > Ly(y).
e Decide H otherwise.

Rewriting we get

Hy
P1(Co1 — Cn) fyym, (y1H1) 2 Po(Cro — Coo) fyimo (y|Ho) — (16.1.25)

Hy

or

fyim (Y| Hy) 0 Py(Cro — Coo)
Fyiuy (I Ho) 5y Pr(Cor — Ciy)

(16.1.26)

Definition 16.7 The term of the L.h.s. in (16.1.26) is known as
likelihood ratio which is denoted by
_ fyim (y|Hy)

Ay) = fymo (Y| Ho)

(16.1.27)

where the terms fy|g, (y|H;) also denote the likelihood of hypoth-

esis H; being true given the observation y.
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Thus the likelihood ratio indicates which hypothesis H; is more

likely to have occurred.

Note that A(y) is also a function of y, thus since Y is a random variable
we can think of A(Y") also as a random variable and we can find out its
p.d.f. using the standard techniques of finding the p.d.f. of a function

of a random variable.

Further we can also find out conditional p.d.f. of A(y) given that H,

or H, is true.

Note that while Y € RY might be a random vector, A(Y) is always
a scalar random variable. Naturally if Y is a vector then fy g, (y|H;)

indicates the joint density of elements of Y namely (Y,...,Yy).

We denote the term on the r.h.s. in (16.1.26) as a threshold
~ Py(Cro — Coo)

=" 16.1.28
" P(Cor — Cn) (16.1.28)
Note that n is a non-negative quantity.
Thus our test becomes
H
Aly) = 1. (16.1.29)
Hp

Definition 16.8 The equation (16.1.29) is known as likelihood
ratio test (LRT).

Example 16.6: Likelihood ratio test

For minimum probability of error receiver
Py

77—?1-

For digital communication problem we also have
P=F,=05

Thus n = 1.
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The LRT becomes

U

Since natural logarithm is a monotonically increasing function hence

taking In on both sides, retains the essentials of the rule.
Hence an equivalent decision rule is

H
InA(y) = Iny. (16.1.30)
Hy

Definition 16.9 The equation (16.1.30) is known as log-likelihood
ratio test.
Example 16.7: Log-likelihood ratio test

For minimum probability of error receiver

Inn =In(F) — In(P).

With
Pr=PF =05
we have Inn = 0.
The Log-LRT becomes
In A(y) 2 0.
Ho

O

Example 16.8: Digital communication system with constant
voltage output and additive white Gaussian noise A simple

digital communication system is defined as follows.

e Under H source produces a voltage of 0.

e Under H; source produces a voltage of m.
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e The channel introduces additive white Gaussian noise denoted

by a random variable N with zero mean and variance o2.

e The received signal can be expressed as

H:Y=m+N
Hy:Y=N

where Z = R.

Skipping some of the details, the likelihood ratio is given by

m? — 2ym
Ay) = - e
(y) = exp ( 557 )
An equivalent LRT becomes
Hy 52
> — =
( = m nn+ 8

O

Essentially we are computing a r.v. A(y) from our observation vector

y and comparing it with a threshold 7 for making our decisions.

Any r.v. which is computed from the observed data is known as a

statistic.

Definition 16.10 A statistic is called a sufficient statistic (in
our case for the binary hypothesis testing problem) if it provides
sufficient information for making the binary decision. i.e. no other
statistic from the observations can provide any additional infor-

mation for making the decision.

Thus A(y) is a sufficient statistic for the LRT. When we simplify LRT,
we may get simpler sufficient statistics also. In definition 16.1.2 we

found that y itself was a sufficient statistic.
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16.1.3. Minimax criterion
The Bayes’ criterion assigns costs to decisions and assumes that a priori
probabilities of null and alternate hypotheses are known in advance.

These assumptions may not be valid in many situations. Hence Bayes’

criterion won’t be applicable.

Let us assume that the costs are known but the a priori probabilities

are not known.

Since Py = 1 — P;, we can write risk as a function of P; as follows
R =Coo(1 = Pr) + CioPr + Pi[(C11 — Coo)

(16.1.31)
+ (Co1 — C11) Py — (c10 — Coo) Pr).

Thus risk is a linear function of P; if Py; and Pr do not change.

Assuming a fixed value of P, = Plf we can design a Bayes’ test as

developed in the previous section.

This test is given by

A(y) I—g (1 - P{I)(CIO - C’00) .

- (16.1.32)
Hy Pl (C()l — CH)

This Bayes’ test is optimal for P, = Plf but it becomes suboptimal for

any other value of P;.

But this choice of P, = Plf freezes the observation partition Zy and Z;
thus the false alarm rate and miss rate also get fixed to P = PL and

Py = P,

Thus risk becomes a linear function of P;.

In the following, we will denote the optimal risk for a given P; as R°.
Let us consider the optimal Bayes’ test for extreme values of P;.

If we take P = 0, then the LRT (16.1.29) reduces to
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A(y) 2 oo. (16.1.33)
but since A(y) is a finite quantity, hence we always decide Hy to be
true.

Thus Z = Z,. Hence Py; = 1 and Pr = 0. i.e. we never make a false

alarm and we always miss a target.
Putting these values back in (16.1.31) we get

RO == 000.

If we take P, = 1, then the LRT (16.1.29) reduces to

A(y) = 0. (16.1.34)
thus we always decide H; to be true (since A(y) by definition is non-
negative).

Thus Z = Z,. Hence Py = 0 and Pr = 1. i.e. we never miss a target

and we always make a false alarm when the target is not present.
Putting these values back in (16.1.31) we get

RO - CH.
Since these Bayes’ tests are optimal, hence the optimal risk R is always
lower than the risk decided by the Bayes test for a fixed Plf .

Thus if we consider both optimal and suboptimal risk as functions of

P, we have the equation,

R(Py) < Rplf(Pl)'

But Rplf is a linear function of P;, hence the optimal risk R° is a

concave function of P;.
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Thus there exists a priori probability P, = P;* at which the optimum

risk R° is maximum.
A Bayes test designed with P, = P} thus minimizes the maximum risk.

Since the optimal risk function has a maximum at P, = P; hence, the

linear risk function Rpx has a slope equal to 0.
This gives us the minimax equation:

(Cn — Coo) + (001 - Oll)PM — (Clo — COO)PF =0. (16135)
If the cost of correct decision is 0 (i.e. Cypy = C1; = 0), then the
minimax equation for P, = P} reduces to

C[nPM = Cl()PF. (16136)

Furthermore if the cost of wrong decision is 1 (i.e. Ci9 = Cp; = 1),
then the probability of false alarm equals the probability of miss i.e.

Pr = Py (16.1.37)

16.1.4. Neyman-Pearson criterion

Finally we come to Neyman-Pearson criterion which makes least of

assumptions.

We don’t assume any a priori probabilities. We don’t assume any cost
assignments for the decisions. So neither Bayes’ nor minimax criteria

are useful.

Since Pr and Pp are conditional probabilities, we can still work with
them.

In Neyman-Pearson test we attempt to maximize Pp while keeping

Pr bounded by some predefined value «.

Since Py = 1 — Pp, hence maximizing Pp is equivalent to minimizing
Py.
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Design of the test takes the form of an optimization problem which can

be stated as
minimize Py
(16.1.38)
subject to Pr < a.

where the objective function is Py and the (only) constraint is Pr < a.

We construct the Lagrangian for this optimization problem as

J = Py + M Pr — a) (16.1.39)

where A > 0 is the Lagrange multiplier.

Since Pp — a < 0 and A > 0, hence for any feasible solution to this

optimization problem we have

J < Py

After some algebraic manipulations, we can rewrite it as

J = Sy (Y| Hy)dy + A [1 - Ty, (Y| Ho)dy — o
Zo Zo

(16.1.40)
=M1 —a) +/Z [fyim (W Hy) — Ay, (y|Ho)| dy

Clearly J is minimized when observations for which

Sy, (Y H1) > Ay m, (y|Ho)

are assigned to Z;.

Thus the decision rule becomes

Hy)
_ P (ylH) T (16.1.41)

M) = o)

This looks pretty familiar and is similar to the LRT derived for Bayes’

criterion.
Only thing remaining is to find the value of Lagrangian multiplier \.

We note that fixing a value of X fixes the LRT and hence fixes the value

of Pr also.
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We recall that
Pp =P(D1|Ho) = P(A(y) > A|Ho)

16.1.42
/ fa) o (A(y) | Ho)dA ( )

Thus we choose A by solving the following optimization problem:

maximize A

subject to A>0

Pp = / oy o (A(y) [ Ho)dX < o
A

16.2. Detection with compressed measurements

We now turn our attention to the problem of signal detection with
compressed measurements. The presentation in this section is largely
based on [18].

We pick up one of the simplest detection problems.

We wish to detect the presence of a signal s € RV in the presence of
AWG noise.

The null and alternate hypotheses are described below

Hy:Y =oG

(16.2.1)
H Y =0(s+G)

where G ~ N(0,0%1y) is i.i.d. Gaussian noise vector and ® € RM*¥N

is a known measurement matrix.
Y € RM is the measurement random vector.

One particular realization of the random vectors will be given by
Hy:y=®g

(16.2.2)
Hy:y=®(s+g)
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with g € RY and y € RM.

If s is known in advance, then the optimal choice for ® = s7 € R™*¥,
This is known as the matched filter.

This design has limitations in some situations.

e The design is matched to a specific signal s. If the signal
changes, the detector design becomes useless. Essentially the
detector assumes a lot of a priori information about the signal
vector s.

e The matched filter design doesn’t work if we wish to design a
detector which could work for a large class of signals.

e The design cannot handle distortions in the signal well.

e The design is focused on solving only one problem i.e. the
detection of presence or absence of signal. The design cannot

be used for any other inferencing applications.

An alternative approach is to use a sensing matrix ® € RM*¥ which

computes random projections of the received signal s + N.

This design provides a number of additional features.

e Same sensing matrix can be used for a large class of signals s.
Thus & is universal.

e ® is agnostic to the choice of s, as it makes very weak assump-
tions about s.

e Thus the detection hardware becomes highly flexible and reusable
for a number of situations. It allows us to evolve s over time.

e The design becomes much more robust w.r.t. distortions in
the signal.

e The observation vector Y € RM can be used for other infer-

encing tasks apart from the detection problem also.

Implementation note:
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e In the matched filter design, we can assume that a continuous
signal s(t) + G(t) has been uniformly sampled and then its
dot product with the stored discretized version of s’ is com-
puted. Alternatively the matched filter can be implemented
in analog domain directly. Naturally analog implementation
is extremely tied to the shape of s(t).

e In the CS case, the design would involve some kind of random
demodulator, which will compute ®(s + G) directly during
sampling. Thus we don’t go through the two steps of first
sampling and then computing the matrix vector product. Note
that the random demodulator design will depend on ® and will

not depend on specific signal s(?).

16.2.1. Theory

We note that Y is a Gaussian random vector under both hypotheses.

In particular

o Y ~ N(0,02®®T) under H,.
o Y ~ N(®s,02®dT) under H;.

Let us define

K = o*doT. (16.2.3)

Thus the conditional density functions are given by

1 1 v .4
fY\Ho(y|HO) = W exp (—Ey K y) . (16.2.4)
and
1 1 T
fyim (Y| Hy) = WGXP (—5(9 —®s) K (y— @ )) -

(16.2.5)
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16.2.2. Neyman-Pearson criterion

In this section, we will develop NP criterion for solving the detection
problem in a CS setting. Basic theory for NP criterion was developed

in subsection 16.1.4.

We assume that costs of making detection decisions cannot be assigned

and a priori probabilities P, and F, are not known.
We will maximize Pp subject to the constraint Pr < a.

The likelihood ratio test (LRT) for NP criterion is

M= i)

where A is obtained by solving the inequality

PF = / fy‘HO(y|H0)dy S Q. (1627)
A(y)>A

By taking the logarithm and simplifying an equivalent test is given by

H 1
yT(@DT)"1ds = 02 log(N) + 55T (@2T) " bs = . (16.2.8)
Hy

where we have defined v as a simplified threshold parameter.

We define our compressed detector as

t 2 yT (D7) Ps. (16.2.9)
Thus the LRT test simplifies to

Hy
= (16.2.10)
Hy

It can be shown that ¢ is a sufficient statistic for this binary hypothesis

problem.

We note that both ¢ and v depend on the signal vector s.
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Assuming that @ is a full rank matrix (thus ®®7 is invertible), we now
define

Ppr = T (0d7) 1. (16.2.11)
Clearly
P(%T — Pq)T
and
Plr = Pyr

hence Ppr is an orthogonal projection operator (see ?7) on the row

space of P.

The row space of ® is given by

R(®) = {®T2 V2 € RM}. (16.2.12)

In particular
dPyr = 0T (0PT) 1D = P

Alternatively
Pyr®dT = o1,
Thus if we rewrite ® as
¢T
1
T
¢? (16.2.13)
Pir
where ¢; € RY are the M row vectors of ®, then we have
o1 o1
T T
¢? Pyr = ¢_2 (16.2.14)
Dir Gir

Thus
5T Pyr = T
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Taking transpose on both sides we get

Pord; = ¢i.

Thus Pgr preserves the row space of .

With this notation in place we have
sTOT(®DT) ' ®s = s Pyrs = s” Pirs = s' Ppr Pyrs

= 5T Plr Pyrs = (Pyrs)' (Pprs) = || Pors||3.
(16.2.15)

We now look back at our sufficient statistic ¢ as defined in (16.2.9).
Under Hy we have

t=(0g) (@DT) ' ®s = g" T (®DT) ' Bs. = (g, Pprs)  (16.2.16)

Thus t is an instance of a Gaussian r.v. T with
E(T) = 0.
and

Var(T) = o?|| Pyrs|3.

Under H; we have
t=(P(s+g)) (@P") " Ps
= g" o (®PT) 105 + sT T (BPT) s
= ¢"dT(®DT) ' ®s + || Pprs|? (16:2.17)
= (g, Pors) + || Prs|f3.

Thus ¢ is an instance of a Gaussian r.v. T with
E(T) = || Pyrs|3.

and

Var(T) = o?|| Pyrs|3.
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In summary

T N(0, 02| Pprsl|3) under H, (16.2.18)
N (|| Pyrs||3, 02| Pprs||3) under H,
Thus we have the false alarm rate given by
8
Pr=P t>~|Hy) = _ 16.2.19
F T|H0( 7’ 0) Q (O-HP@TSHQ) ( )
and the detection rate given by
7 = [ Porsll3
Pp="P t>~Hy) = _ = 16.2.20
D T|H1< 7‘ 1) Q ( 0||P<1>TS||2 ( )
The threshold ~ is given by
v = 0| Pyrs|2Q " () (16.2.21)
Putting it back we get
P,
Pp=Q (Q—l(a) - @) . (16.2.22)
o
For the special case when ® = s”, we have
Pyr = P, = s(s's) st (16.2.23)
Thus
P,s = s(sTs) tsTs = s. (16.2.24)
Thus for the matched filter:
Pr=0Q < i ) (16.2.25)
ollsll2
Pp=0 (Ql(a) - ”8“2> . (16.2.26)
o

Thus we see that Pp for the general ® varies w.r.t. the matched filter

case based on the difference between ||s||s and || Pprs||2.
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Since Pgrs is nothing but the orthogonal projection of s on to the row
space of @, hence
[ Porslla < [|sll2 (16.2.27)

Thus if || Pprs||e is close to ||s]|s then, the performance would be quite

good but if || Pyrs|ls < ||s]|2, then the performance would be poor.

Thus in general performance can be quite good or poor depending on
D,

However if ® is a random matrix, then ||Pprs||o strongly concentrates

around /2| s]|».

Before we quickly take a detour into the notion of stable embeddings

in section 3.3.

Let us define
sng 2 sl

o2

(16.2.28)

We can bound the performance of compressed detector as follows.

Theorem 16.1 Suppose that \/%P@T provides a §-stable embed-
ding of (5,{0}). Then for any s € S, we can detect s with error

rate

()<Q< Ha) VLkvhp ) (16.2.29)
and

()>Q< Ha) vb—vhp ) (16.2.30)

PROOF. By assumption @/%Py provides a d-stable embedding of
(5,{0}). Thus as per definition 3.4 we have:

N
VI=0llslls < \/ 71 Porslls < VI+3lsls Vs €S (16.2:31)
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This implies
M P, M
VI—6y/5VENR < Parslle g +01/ 57 VENRV s € 8.
o
since (Q-function is a decreasing function, substituting these bounds in
(16.2.22), we get the result.
O
The natural question at this moment is how do we find matrices for
which q/%Pq;.T provides a d-stable embedding?

Consider a random M dimensional subspace of RY and consider ®
having orthonormal rows spanning this subspace i.e. ® represents a

random orthogonal projection.
Then 7 = JI.

Thus
Pyr = 70,

Hence
| Pyrs||3 = |7 ®s)5 = (27 ®s)" " ®s = || Ds3.

Thus
| Porslla = || ®s][2.

For random orthogonal projections, it is known that
M M
(1= 0) = lIslls < 1Parslls < (1+0)=llsl3 (16.2.32)

with probability exceeding 1 — 2 exp(—cM§?).



APPENDIX A

Useful MATLAB Functions

A.1. General purpose utilities

normalizeColumns
function [ A ] = normalizeColumns( A )

P 9NORMALIZECOLUMNS Normalizes all columns of A
columnNorms = columnWiseNorm (A) ;

! numColumns = size (A, 2);

for i=1:numColumns

> columnNorm = columnNorms (i) ;
if 0 == columnNorm
B continue
end
1p A(:, 1) =A(:, i) / columnNorm;
end

LisTING A.1l. normalizeColumns.m

A.2. Functions for generating signal patterns

simpleSparseVector

function [ x ] = simpleSparseVector( N, K )
P ZSIMPLESPARSEVECTOR Constructs a simple sparse vector

% N : number of elements in the vector
H % K : number of non—zero elements
% x : resultant vector

% Let us construct a zero vector
B x = zeros(N,1);
% let us generate a random permutation of numbers from

10 @ = randperm (N);

499
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% let us put a value in first k positions as identified
12 % in the random permutation

x(q(1:K)) = sign(randn(K,1));

end

LIsTING A.2. simpleSparseVector.m

Example 1.1: Using simpleSparseVector

>> x = simpleSparseVector(10, 5);
>> x’
-1 0 0 0 -1 1 -1 0 1 0
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