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CHAPTER 1

Introduction

Today we are witnessing a huge data deluge all around us. 10 megapixel

cameras are now a norm while even up to 60 mega pixel cameras are

available in market. Sampling process remains dominated by Nyquist

formulation, thus leading to denser uniform sampling grids. This has

led to two specific problems. We require more sophisticated sampling

devices to be able to sample at such high resolution. Also we need

much bigger storage space to store high quality signals (We will be

primarily looking at audio, images, video signals).

In order to facilitate easy transfer of signals, we resort to lossy compres-

sion techniques. For most purposes there is essentially not much per-

ceptual difference between the original signal and the lossy compressed

version. This prevailing paradigm can be summarized as SAMPLE

THEN COMPRESS paradigm.

Compression essentially is based on looking at the signal in some or-

thogonal basis (Fourier, DCT, Wavelet, etc.) and keeping only those

coefficients in the basis which contain essential signal information. We

can think of these coefficients as linear measurements on the signal

samples.

Compression also leads to generation loss. Every time we go through

the process of Decompress → Process → Compress a signal, we intro-

duce another generation of loss to the signal. After certain generations,

compression artifacts start dominating and signal becomes useless for

further processing.

What if we could make such measurements directly before sampling?

Consider a 10 million pixels image in which essential information is

1



2 1. INTRODUCTION

carried in just 10 thousand wavelet coefficients. Suppose a sampling

process could directly give us these 10 thousand measurements, then we

could have made our sampling system much simpler as well as avoided

the post sampling compression process altogether! But this looks like

a pipe dream. For how would the sampling process know as to which

10 thousand coefficients are really important in a given image? And

then this number could vary from image to image. For a low detail

image of say a plain background, very few coefficients might be required

while for a highly detailed image of a garden with variety of flowers,

many more coefficients might be required. Moreover, making such

specific measurements will require having elaborate analog circuitry

dedicated for combining information from different samples into these

measurements. Isn’t there a way out?

It turns out that there is indeed a way around. Compressed sensing

provides the necessary mathematical framework for working with re-

duced number of signal measurements rather than the huge size original

signals while still retaining all necessary signal information to achieve

high quality perceptual experience. This novel way of working with

signals can be called as COMPRESS THEN SAMPLE paradigm.

In this book, we will take a tour of principles of compressed sensing

and see its applications.

1.1. Notation

∀: for all (for each)

∃: there exists

=⇒ : implies

⇐⇒ : if and only if

∈: belongs to

/∈: doesn’t belong to

⊂: Proper subset

⊆: Subset

⊃: Proper superset



1.1. NOTATION 3

⊇: Superset

�: Much less than

�: Much greater than

≺: less than (partial order)

�: less than or equal to (partial order)

�: greater than (partial order)

�: greater than or equal to (partial order)(
N
K

)
: Binomial coefficient N choose K

E: Expectation operator

N: The set of natural numbers (1 onwards)

P: Probability of something

Q: The set of rational numbers

R: The field of real numbers (a.k.a. the real line)

C: The field of complex numbers

RN : The N-dimensional Euclidean space

CN : The N-dimensional complex space

RM×N : The vector space of M ×N real matrices

CM×N : The vector space of M ×N complex matrices

Z: The set of integers

Z+: The set of positive integers

x: A signal in the signal space CN

‖x‖0: l0-“norm” of a vector (number of non-zero entries)

‖x‖2: l2 norm (Euclidean norm) of a vector

‖x‖1: l1 norm (sum of absolute values) of a vector

‖x‖∞: l∞ norm (maximum absolute value) of a vector

|x|: Vector of absolute values of entries in x

x+: Positive part of x

x−: Negative part of x [x = x+ − x−]

〈x, y〉: Inner product

A: a matrix

AT : Transpose

AH: Hermitian transpose

A: Complex conjugate
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A−1: Inverse

A†: Pseudo-inverse

A = UΣV H: Singular value decomposition

A = QΛQH: Eigen value decomposition

det(A): Determinant of a matrix

|A|: Matrix of absolute values of entries of A

λ: An eigen value

σ: A singular value

Λ: A diagonal matrix of eigen values of A

Σ: A diagonal matrix of singular values of A

A � 0: Positive definite (p.d.)

A � 0: Positive semidefinite (p.s.d.)

ai: i-th column in a matrix A

ai: i-th row in a matrix A

‖A‖F : Frobenius norm of a matrix

‖A‖S: Sum norm of a matrix

‖A‖M : Max norm of a matrix

‖A‖2: Spectral norm of a matrix

‖A‖1: Max column sum norm of a matrix

‖A‖∞: Max row sum norm of a matrix

I: Identity matrix

0: Zero matrix

1: One matrix

N : Dimension of ambient signal space

D: Dimension of representation space (number of atoms in a dictio-

nary)

M : Dimension of measurement space (number of measurements)

S: Number of signals in an MMV problem or multi-channel recovery

problem

K: Sparsity level

Ω: The set of indices {1, 2, . . . , N}
Γ: A subset of indices Γ ⊆ Ω
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CΓ: The vector space of signals by restricting signals to entries indexed

by Γ or setting entries indexed by Ω \ Γ to 0.

D: A dictionary (either a set of atoms or its matrix representation)

Φ: A sensing matrix

φi: A column vector in a sensing matrix

Ψ: An orthonormal basis (or its corresponding matrix representation)

(D, K)-sparse: A signal which is K-sparse in a dictionary D
α: A representation of a signal x in a dictionary D [x = Dα]

e: Approximation error [x = Dα+e] or measurement error [y = Φx+e]

∆: Sparse recovery process (algorithm) α̂ = ∆(D, x) or x̂ = ∆(Φ, y) or

x̂, α̂ = ∆(Φ,D, y)

µ: Dictionary coherence

δ: Restricted isometry constant

X: An ensemble of signals

Y : An ensemble of measurements

E: An ensemble of error vectors

A: An ensemble of repersentations

log: Logarithm to base 10

ln: Natural logarithm [to base e]

log2: Logarithm to base 2

1.2. Useful functions

The function sgn : R→ R is defined as

sgn(x) =


1 x > 0

0 x = 0

−1 x < 0

(1.2.1)

We define an extension sgn : RN → RN as

sgn(x) = (sgn(x1), sgn(x2), . . . , sgn(xN)) (1.2.2)

δ : N× N→ {0, 1}
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δ(i, j) =

1 i = 0

0 i 6= 0
(1.2.3)

Also written as δij or δi,j.

1.3. Outline of the book
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CHAPTER 2

Sparse Signal Models
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2.1. Outline

In this chapter we develop initial concepts of sparse signal models.

We begin our study with a review of solutions of under-determined

systems. We build a case for solutions which promote sparsity.

We show that although the real life signals may not be sparse yet they

are compressible and can be approximated with sparse signals.

8
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We then review orthonormal bases and explain the inadequacy of those

bases in exploiting the sparsity in many signals of interest. We develop

an example of Dirac Fourier basis as a two ortho basis and demonstrate

how it can better exploit signal sparsity compared to Dirac basis and

Fourier basis individually.

We follow this with a general discussion of redundant signal dictionar-

ies. We show how they can be used to create sparse and redundant

signal representations.

We study various properties of signal dictionaries which are useful in

characterizing the capabilities of a signal dictionary in exploting signal

sparsity.

In this chapter, our signals of interest will typically lie in the finite N -

dimensional complex vector space CN . Sometimes we will restrict our

attention to the N dimensional Euclidean space to simplify discussion.

We will be concerned with different representations of our signals of

interest in CD where D ≥ N . This aspect will become clearer as we go

along in this chapter.

Sparsity

We quickly define the notion of sparsity in a signal.

We recall the definition of l0-“norm” (don’t forget the quotes) of x ∈ CN

given by

‖x‖0 = | supp(x)|

where supp(x) = {i : xi 6= 0} denotes the support of x.

Informally we say that a signal x ∈ CN is sparse if ‖x‖0 � N .

More generally if x = Dα where D ∈ CN×D with D > N is some signal

dictionary (to be formally defined later), then x is sparse in dictionary

D if ‖α‖0 � D.

Sometimes we simply say that x is K-sparse if ‖x‖0 ≤ K where K < N .

We do not specifically require that K � N .



10 2. SPARSE SIGNAL MODELS

An even more general definition of sparsity is the degrees of freedom a

signal may have.

As an example consider all points on the surface of a unit sphere in

RN . For every point x belonging to the surface |x|2 = 1. Thus if

we choose the values of N − 1 components of x then the value of

the remaining component is automatically fixed. Thus the number

of degrees of freedom x has on the surface of the unit sphere in RN is

actually N − 1. Such a surface represents a manifold in the ambient

Euclidean space. Of special interest are low dimensional manifolds

where the number of degrees of freedom K � N .

2.2. Sparse solutions for under-determined linear systems

The discussion in this section is largely based on chapter 1 of [21].

Consider a matrix Φ ∈ CM×N with M < N .

Define an under-determined system of linear equations:

Φx = y (2.2.1)

where y ∈ CM is known and x ∈ CN is unknown.

This system has N unknowns and M linear equations. There are more

unknowns than equations.

Let the columns of Φ be given by φ1, φ2, . . . , φN .

Column space of Φ (vector space spanned by all columns of Φ) is de-

noted by C(Φ) i.e.

C(Φ) =
N∑
i=1

ciφi, ci ∈ C.

We know that C(Φ) ⊂ CM .

Clearly Φx ∈ C(Φ) for every x ∈ CN . Thus if y /∈ C(Φ) then we have

no solution. But, if y ∈ C(Φ) then we have infinite number of solutions.
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Let N (Φ) represent the null space of Φ given by

N (Φ) = {x ∈ CN : Φx = 0}.

Let x̂ be a solution of y = Φx. And let z ∈ N (Φ). Then

Φ(x̂+ z) = Φx̂+ Φz = y + 0 = y.

Thus the set x̂ +N (Φ) forms the complete set of infinite solutions to

the problem y = Φx where

x̂+N (Φ) = {x̂+ z ∀ z ∈ N (Φ)}.

Example 2.1: An under-determined system As a running exam-

ple in this section, we will consider a simple under-determined system

in R2. The system is specified by

Φ =
[
3 4

]
and

x =

[
x1

x2

]
with

Φx = y = 12.

where x is unknown and y is known. Alternatively[
3 4

] [x1

x2

]
= 12

or more simply

3x1 + 4x2 = 12.

The solution space of this system is a line in R2 which is shown in

fig. 2.1.

Specification of the under-determined system as above, doesn’t give us

any reason to prefer one particular point on the line as the preferred

solution.

Two specific solutions are of interest
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−6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6
−6

−5

−4

−3

−2

−1

0

1

2

3

4

5

6

Solution of 3x
1
 + 4 x

2
 = 12

x
1
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2

 

 

Solution line

Figure 2.1. An under-determined system 3x1 + 4x2 = 12

• (x1, x2) = (4, 0) lies on the x1 axis.

• (x1, x2) = (0, 3) lies on the x2 axis.

In both of these solutions, one component is 0, thus leading these so-

lutions to be sparse.

It is easy to visualize sparsity in this simplified 2-dimensional setup but

situation becomes more difficult when we are looking at high dimen-

sional signal spaces. We need well defined criteria to promote sparse

solutions. �

2.2.1. Regularization

Are all these solutions equivalent or can we say that one solution is

better than the other in some sense? In order to suggest that some
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solution is better than other solutions, we need to define a criteria for

comparing two solutions.

In optimization theory, this idea is known as regularization. We

define a cost function J(x) : CN → R which defines the desirability

of a given solution x out of infinitely possible solutions. The higher

the cost, lower is the desirability of the solution. Thus the goal of the

optimization problem is to find a desired x with minimum possible cost.

In optimization literature, the cost function is one type of objective

function. While the objective of an optimization problem might be

either minimized or maximized, cost is always minimized.

We can write this optimization problem as

minimize
x

J(x)

subject to y = Φx.
(2.2.2)

If J(x) is convex, then its possible to find a global minimum cost solu-

tion over the solution set.

If J(x) is not convex, then it may not be possible to find a global

minimum, we may have to settle with a local minimum.

A variety of such cost function based criteria can be considered.

2.2.2. l2 regularization

One of the most common criteria is to choose a solution with the small-

est l2 norm.

The problem can then be reformulated as an optimization problem

minimize
x

‖x‖2

subject to y = Φx.
(P2)

In fact minimizing ‖x‖2 is same as minimizing its square ‖x‖2
2 = xHx.
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So an equivalent formulation is

minimize
x

xHx

subject to y = Φx.
(P2)

Example 2.2: Minimum l2 norm solution for an under-determined

system We continue with our running example.

We can write x2 as

x2 = 3− 3

4
x1.

With this definition the squared l2 norm of x becomes

‖x‖2
2 = x2

1 + x2
2 = x2

1 +

(
3− 3

4
x1

)2

=
25

16
x2

1 −
9

2
x1 + 9.

Minimizing ‖x‖2
2 over all x is same as minimizing over all x1.

Since ‖x‖2
2 is a quadratic function of x1, we can simply differentiate it

and equate to 0 giving us

25

8
x1 −

9

2
= 0 =⇒ x1 =

36

25
= 1.44.

This gives us

x2 =
48

25
= 1.92.

Thus the optimal l2 norm solution is obtained at (x1, x2) = (1.44, 1.92).

We note that the minimum l2 norm at this solution is

‖x‖2 =
12

5
= 2.4.

It is instructive to note that the l2 norm cost function prefers a non-

sparse solution to the optimization problem.

We can view this solution graphically by drawing l2 norm balls of dif-

ferent radii in fig. 2.2. The ball which just touches the solution space

line (i.e. the line is tangent to the ball) gives us the optimal solution.
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Figure 2.2. Minimum l2 norm solution for the under-

determined system 3x1 + 4x2 = 12

All other norm balls either don’t touch the solution line at all, or they

cross it at exactly two points. �

A formal solution to l2 norm minimization problem can be easily ob-

tained using Lagrange multipliers.

We define the Lagrangian

L(x) = ‖x‖2
2 + λH(Φx− y) (2.2.3)

with λ ∈ CM being the Lagrange multipliers for the (equality) con-

straint set.

Differentiating L(x) w.r.t. x we get
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∂L(x)

∂x
= 2x+ ΦHλ. (2.2.4)

By equating the derivative to 0 we obtain the optimal value of x as

x∗ = −1

2
ΦHλ. (2.2.5)

Plugging this solution back into the constraint Φx = y gives us

Φx∗ = −1

2
(ΦΦH)λ = y =⇒ λ = −2(ΦΦH)−1y. (2.2.6)

In above we are implicitly assuming that Φ is a full rank matrix thus,

ΦΦH is invertible and positive definite.

Putting λ back in eq. (2.2.5) we obtain the well known closed form

least squares solution using pseudo-inverse solution

x∗ = ΦH(ΦΦH)−1y = Φ†y. (2.2.7)

We would like to mention that there are several iterative approaches

to solve the l2 norm minimization problem (like gradient descent and

conjugate descent). For large systems, they are more effective than

computing the pseudo-inverse.

The beauty of l2 norm minimization lies in its simplicity and availability

of closed form analytical solutions. This has led to its prevalence in

various fields of science and engineering. But l2 norm is by no means

the only suitable cost function. Rather the simplicity of l2 norm often

drives engineers away from trying other possible cost functions. In the

sequel, we will look at various other possible cost functions.

2.2.2.1. Convexity. Convex optimization problems have a unique

feature that it is possible to find the global optimal solution if such a

solution exists.

The solution space Ω = {x : Φx = y} is convex. Thus the feasible

set of solutions for the optimization problem (2.2.2) is also convex.

All it remains is to make sure that we choose a cost function J(x)
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which happens to be convex. This will ensure that a global minimum

can be found through convex optimization techniques. Moreover, if

J(x) is strictly convex, then it is guaranteed that the global minimum

solution is unique. Thus even though, we may not have a nice looking

closed form expression for the solution of a strictly convex cost function

minimization problem, the guarantee of the existence and uniqueness

of solution as well as well developed algorithms for solving the problem

make it very appealing to choose cost functions which are convex.

We remind that all lp norms with p ≥ 1 are convex functions. In

particular l∞ and l1 norms are very interesting and popular where

l∞(x) = max(xi), 1 ≤ i ≤ N

and

l1(x) =
N∑
i=1

|xi|.

In the following section we will attempt to find a unique solution to

our optimization problem (2.2.2) using l1 norm.

2.2.3. l1 regularization

In this section we will restrict our attention to the Euclidean space case

where x ∈ RN , Φ ∈ RM×N and y ∈ RM .

We choose our cost function J(x) = l1(x).

The cost minimization problem can be reformulated as

minimize
x

‖x‖1

subject to Φx = y.
(P1)

Example 2.3: Minimum l1 norm solution for an under-determined

system We continue with our running example.
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Again we can view this solution graphically by drawing l1 norm balls

of different radii in fig. 2.3. The ball which just touches the solution

space line gives us the optimal solution.
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Figure 2.3. Minimum l1 norm solution for the under-

determined system 3x1 + 4x2 = 12

As we can see from the figure the minimum l1 norm solution is given

by (x1, x2) = (0, 3).

It is interesting to note that l1 norm solution promotes sparser solutions

while l2 norm solution promotes solutions in which signal energy is

distributed amongst all of its components. �

Its time to have a closer look at our cost function J(x) = ‖x‖1. This

function is convex yet not strictly convex.
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Example 2.4: ‖x‖1 is not strictly convex Consider again x ∈ R2.

For x ∈ R2
+ (the first quadrant),

‖x‖1 = x1 + x2.

Hence for any c1, c2 ≥ 0 and x, y ∈ R2
+:

‖(c1x+ c2y)‖1 = (c1x+ c2y)1 + (c1x+ c2y)2 = c1‖x‖1 + c2‖y‖1.

Thus, l1-norm is not strictly convex. Consequently, a unique solution

may not exist for l1 norm minimization problem.

As an example consider the under-determined system

3x1 + 3x2 = 12.

We can easily visualize that the solution line will pass through points

(0, 4) and (4, 0). Moreover, it will be clearly parallel with l1-norm ball

of radius 4 in the first quadrant. See again fig. 2.3. This gives us

infinitely possible solutions to the minimization problem (P1).

We can still observe that

• these solutions are gathered in a small line segment that is

bounded (a bounded convex set) and

• There exist two solutions (4, 0) and (0, 4) amongst these solu-

tions which have only 1 non-zero component.

�

For the l1 norm minimization problem since J(x) is not strictly convex,

hence a unique solution may not be guaranteed. In specific cases, there

may be infinitely many solutions. Yet what we can claim is

• these solutions are gathered in a set that is bounded and con-

vex, and

• among these solutions, there exists at least one solution with

at most M non-zeros (as the number of constraints in Φx = y).
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Theorem 2.1 Let S denote the solution set of l1 norm mini-

mization problem (P1). S contains at least one solution x̂ with

‖x̂‖0 = M .

Proof. We have

• S is convex and bounded.

• Φx∗ = y ∀ x∗ ∈ S.

• Since Φ ∈ RM×N is full rank and M < N , hence rank(Φ) = M .

Let x∗ ∈ S be an optimal solution with ‖x∗‖0 = L > M .

Consider the L columns of Φ which correspond to supp(x∗).

Since L > M and rank(Φ) = M hence these columns linearly depen-

dent.

Thus there exists a vector h ∈ RN with supp(h) ⊆ supp(x∗) such that

Φh = 0.

Note that since we are only considering those columns of Φ which

correspond to supp(x), hence we require hi = 0 whenever x∗i = 0.

Consider a new vector

x = x∗ + εh

where ε is small enough such that every element in x has the same sign

as x∗.

As long as

|ε| ≤ min
i∈supp(x∗)

|x∗i |
|hi|

= ε0

such an x can be constructed.

Note that xi = 0 whenever x∗i = 0.

Clearly

Φx = Φ(x∗ + εh) = y + ε0 = y.
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Thus x is a feasible solution to the problem (P1) though it need not be

an optimal solution.

But since x∗ is optimal hence, we must assume that l1 norm of x is

greater than or equal to the l1 norm of x∗

‖x‖1 = ‖x∗ + εh‖1 ≥ ‖x∗‖1 ∀ |ε| ≤ ε0.

Now look at ‖x‖1 as a function of ε in the region |ε| ≤ ε0.

In this region, l1 function is continuous and differentiable since all vec-

tors x∗ + εh have the same sign pattern. If we define y∗ = |x∗| (the

vector of absolute values), then

‖x∗‖1 = ‖y∗‖1 =
N∑
i=1

y∗i .

Since the sign patterns don’t change, hence

|xi| = |x∗i + εhi| = y∗i + εhi sgn(x∗i ).

Thus

‖x‖1 =
N∑
i=1

|xi|

=
N∑
i=1

(y∗i + εhi sgn(x∗i ))

= ‖x∗‖1 + ε
N∑
i=1

hi sgn(x∗i )

= ‖x∗‖1 + εhT sgn(x∗).

The quantity hT sgn(x∗) is a constant. The inequality ‖x‖1 ≥ ‖x∗‖1

applies to both positive and negative values of ε in the region |ε| ≤ ε0.

This is possible only when inequality is in fact an equality.

This implies that the addition / subtraction of εh under these condi-

tions does not change the l1 length of the solution. Thus, x ∈ S is also

an optimal solution.
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This can happen only if

hT sgn(x∗) = 0.

We now wish to tune ε such that one entry in x∗ gets nulled while

keeping the solutions l1 length.

We choose i corresponding to ε0 (defined above) and pick

ε =
−x∗i
hi

.

Clearly for the corresponding

x = x∗ + εh

the i-th entry is nulled while others keep their sign and the l1 norm is

also preserved. Thus, we have got a new optimal solution with L − 1

non-zeros at the most. It is possible that more than 1 entries get nulled

this operation.

We can repeat this procedure till we are left with M non-zero elements.

Beyond this we may not proceed since rank(Φ) = M hence we cannot

say that corresponding columns of Φ are linearly dependent. �

We thus note that l1 norm has a tendency to prefer sparse solutions.

This is a well known and fundamental property of linear programming.

2.2.4. l1 norm minimization problem as a linear

programming problem

We now show that (P1) in RN is in fact a linear programming problem.

Recalling the problem:

minimize
x∈RN

‖x‖1

subject to y = Φx.
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Let us write x as u− v where u, v ∈ RN are both non-negative vectors

such that u takes all positive entries in x while v takes all the negative

entries in x.

Example 2.5: x = u− v Let

x = (−1, 0, 0, 2, 0, 0, 0, 4, 0, 0,−3, 0, 0, 0, 0, 2, 10).

Then

u = (0, 0, 0, 2, 0, 0, 0, 4, 0, 0, 0, 0, 0, 0, 0, 2, 10).

And

v = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 3, 0, 0, 0, 0, 0, 0).

Clearly x = u− v. �

We note here that by definition

supp(u) ∩ supp(v) = ∅

i.e. support of u and v do not overlap.

We now construct a vector

z =

[
u

v

]
∈ R2N .

We can now verify that

‖x‖1 = ‖u‖1 + ‖v‖1 = 1T z.

And

Φx = Φ(u− v) = Φu− Φv =
[
Φ −Φ

] [u
v

]
=
[
Φ −Φ

]
z

where z � 0.

Hence the optimization problem (P1) can be recast as

minimize
z∈R2N

1T z

subject to
[
Φ −Φ

]
z = y

and z � 0.

(P1(LP))
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This optimization problem has the classic Linear Programming struc-

ture since the objective function is affine as well as constraints are

affine.

Let z∗ =

[
u∗

v∗

]
be an optimal solution to the problem (P1(LP)).

In order to show that the two optimization problems are equivalent, we

need to verify that our assumption about the decomposition of x into

positive entries in u and negative entries in v is indeed satisfied by the

optimal solution u∗ and v∗. i.e. support of u∗ and v∗ do not overlap.

Since z � 0 hence 〈u∗, v∗〉 ≥ 0. If support of u∗ and v∗ don’t overlap,

then we have 〈u∗, v∗〉 = 0. And if they overlap then 〈u∗, v∗〉 > 0.

Now for the sake of contradiction, let us assume that support of u∗ and

v∗ do overlap for the optimal solution z∗.

Let k be one of the indices at which both uk 6= 0 and vk 6= 0. Since

z � 0, hence uk > 0 and vk > 0.

Without loss of generality let us assume that uk > vk > 0.

In the equality constraint

[
Φ −Φ

] [u
v

]
= y

Both of these coefficients multiply the same column of Φ with opposite

signs giving us a term

φk(uk − vk).

Now if we replace the two entries in z∗ by

u′k = uk − vk

and

v′k = 0
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to obtain an new vector z′, we see that there is no impact in the equality

constraint [
Φ −Φ

]
z = y.

Also the positivity constraint

z � 0

is satisfied. This means that z′ is a feasible solution.

On the other hand the objective function 1T z value reduces by 2vk for

z′. This contradicts our assumption that z∗ is the optimal solution.

Hence for the optimal solution of (P1(LP)) we have

supp(u∗) ∩ supp(v∗) = ∅

thus

x∗ = u∗ − v∗

is indeed the desired solution for the optimization problem (P1).

2.3. Sparsity in orthonormal bases

We start this section with a quick review of orthonormal bases and or-

thogonal transforms for finite dimensional signals x ∈ CN . We look at

several examples of sparse signals in different orthonormal bases. We

then demonstrate that while an orthonormal bases is a complete rep-

resentation of all signals x ∈ CN yet, its not a good tool for exploiting

the sparsity in x adequately.

We present an uncertainty principle which explains why a pair of or-

thonormal bases (like Dirac and Fourier basis) cannot have sparse rep-

resentation of the same signal simultaneously.

We then demonstrate that a combination of two orthonormal bases can

be quite useful in creating a redundant yet sparse representation of a

larger class of signals which could not be sparsely represented in either

of the two bases individually.
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This motivates us to discuss more general over-complete signal dictio-

naries in the next section.

2.3.1. Orthonormal bases and orthogonal transforms

In DSP, we often convert a finite length time domain signal into a

different domain using finite length transforms. Some of the most

common transforms are discrete Fourier transform, the discrete co-

sine transform, and the Haar transform. They all belong to the class

of transforms called orthogonal transforms.

Orthogonal transforms are characterized by a pair of equations

x = Ψα (2.3.1)

and

α = ΨHx (2.3.2)

where Ψ is an orthonormal basis for the complex vector space CN .

In particular, the columns of Ψ are unit norm, and orthogonal to each

other. Thus if we write

Ψ =
[
ψ1 ψ2 . . . ψN

]
then

〈ψi, ψj〉 = δ(i− j).

In other way:

Ψ−1 = ΨH .

Eq. (2.3.1) is known as the synthesis equation (x is synthesized by

columns of Ψ). Eq. (2.3.2) is known as the analysis equation as we

compute the coefficients in α by taking the inner product of x with

columns of Ψ.

Ψ is known as synthesis operator while ΨH is known as analysis oper-

ator.

Orthogonal transforms preserve the norm of the signal:

‖x‖2
2 = ‖α‖2

2. (2.3.3)
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This result is commonly known as Parseval’s identity in signal pro-

cessing community.

More generally, orthogonal transforms preserve inner products

〈x, y〉 = 〈Ψx,Ψy〉 ∀ x, y ∈ CN . (2.3.4)

Example 2.6: Dirac basis and sparse signals The simplest or-

thogonal transform is the identity basis or the standard ordered basis

for CN .

Ψ = IN .

Ψ−1 = ΨH = IHN = IN .

In this basis

x = INα = α.

We will drop N from suffix for convenience and refer to the matrix as

I only.

This basis is also known as Dirac basis. The name Dirac comes from

the Dirac delta functions used in signal analysis in continuous time

domain.

The basis consists of finite length impulses denoted by ei where

e1 = (1, 0, . . . , 0),

e2 = (0, 1, . . . , 0),

...

eN = (0, 0, . . . , 1)

If a signal x consists of a linear combination of few K � N impulses,

then its a sparse signal in this basis. For example the signal

x = (3, 4, 0, 0,−2, 0, 0, . . . , 0, 0, 0)

is 3-sparse in Dirac basis since

x = 3e1 + 4e2 − 2e5
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can be expressed as a linear combination of just 3 impulses.

In contrast if we consider a complex sinusoid in CN , there is no way

we can find a sparse representation for it in the Dirac basis. �

2.3.2. Fourier basis and sparse signals

The most popular finite length orthogonal transform is DFT (Discrete

Fourier Transform).

We define the N -th root of unity as

ω = exp

(
j2π

N

)
. (2.3.5)

Clearly

ωN = exp(j2π) = 1.

We define the synthesis matrix of DFT as

Ψ = FN =
1√
N

[
ωkn
]
∀ 0 ≤ k ≤ N − 1, 0 ≤ n ≤ N − 1 (2.3.6)

where

ωkn = exp

(
j2πkn

N

)
.

k iterates over rows of FN while n iterates over columns of FN . The

definition is actually symmetric. Hence

FN = FTN .

Note that we have multiplied with 1√
N

to make sure that columns of

FN are unit norm.

The columns of FN forms the Fourier basis for signals in CN .

Example 2.7: Fourier basis for N = 2 2nd root of unity is given

by

ω = exp(jπ) = −1.
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F2 =
1√
2

[
ω0 ω0

ω0 ω1

]
=

1√
2

[
1 1

1 −1

]
In this case

FH2 = F2.

�

Example 2.8: Fourier basis for N = 3 3rd root of unity is given

by

ω = exp

(
j2π

3

)
= −0.5 + 0.866j.

F3 =
1√
3

ω
0 ω0 ω0

ω0 ω1 ω2

ω0 ω2 ω4

 =
1√
3

1 1 1

1 −0.5 + 0.866j −0.5− 0.866j

1 −0.5− 0.866j −0.5 + 0.866j


In this case

FH3 =
1√
3

1 1 1

1 −0.5− 0.866j −0.5 + 0.866j

1 −0.5 + 0.866j −0.5− 0.866j


�

Example 2.9: Fourier basis for N = 4 4th root of unity is given

by

ω = exp

(
j2π

4

)
= j.

F4 =
1

2


ω0 ω0 ω0 ω0

ω0 ω1 ω2 ω3

ω0 ω2 ω4 ω6

ω0 ω3 ω6 ω9

 =
1

2


ω0 ω0 ω0 ω0

ω0 ω1 ω2 ω3

ω0 ω2 1 ω2

ω0 ω3 ω2 ω1

 =
1

2


1 1 1 1

1 j −1 −j
1 −1 1 −1

1 −j −1 j


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In this case

FH4 =
1

2


1 1 1 1

1 −j −1 j

1 −1 1 −1

1 j −1 −j


�

We drop the suffix N wherever convenient and simply refer to the

synthesis matrix as F .

If a signal x is a linear combination of only a few (K � N) complex

sinusoids, then x has a sparse representation in the DFT basis F.

Example 2.10: Sparse signals in F4 Consider the following signal

x =
(
−0.5 0.5− j 1.5 0.5 + j

)
Its representation in F4 is given by

α = FH4 x =
(

1 −2 0 0
)
.

Clearly the signal is 2-sparse in F4.

Now consider a signal e2 which is sparse in the Dirac basis

e2 =
(

0 1 0 0
)
.

Its representation in F4 is

α = FH4 e2 =
(

0.5 0.5j −0.5 0.5j
)
.

Thus we see that while e2 is sparse in I4, it is not at all sparse in F4.

�

2.3.3. An uncertainty principle

As we noted, Dirac basis can give sparse representations for impulses

but not for complex sinusoids. Vice versa Fourier basis can give sparse

representations for complex sinusoids but not impulses.
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Can we claim that a signal cannot be simultaneously represented both

in time (Dirac basis) and in frequency domain (Fourier basis)?

More generally, let Ψ and X be any two arbitrary orthonormal bases

for CN .

For some x ∈ CN Let

x = Ψα = Xβ (2.3.7)

where α and β are representations of x in Ψ and X respectively. Can

we claim something for the relationship between sparsity levels ‖α‖0

and ‖β‖0?

The answer turns out to be yes, but it depends on how much the two

bases are similar or close to each other. The results in this section were

originally developed in [22].

Definition 2.1 The proximity between two orthonormal bases

Ψ and X where

Ψ =
[
ψ1 . . . ψN

]
and

X =
[
χ1 . . . χN

]
is defined as the maximum absolute value of inner products be-

tween the columns of these two bases:

µ(Ψ,X ) = max
1≤i,j≤N

|〈ψi, χj〉|. (2.3.8)

This is also known as mutual coherence of the two orthonormal

bases.

If the two bases are identical, then clearly µ = 1. If any vector in Ψ is

very close to some vector in X then we will have a very high value of

µ close to 1.

If the vectors in Ψ and X are highly dissimilar, then we will have very

low value of µ close to 0.
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Example 2.11: Proximity or mutual coherence of Dirac and

Fourier bases As an example, we consider the mutual coherence

between Dirac and Fourier bases.

For some small values of N (the dimension of ambient space CN) the

values are tabulated in table 1.

Table 1. Mutual coherence of Dirac and Fourier bases

N µ

2 0.7071

4 0.5000

6 0.4082

8 0.3536

For larger values of N we can see the variation of µ in fig. 2.4. �

We present some results related to mutual coherence of two orthonor-

mal bases.

Theorem 2.2 The product of two orthonormal bases Ψ and X for

CN given by ΨHX forms an orthonormal basis by itself.

Proof. Consider the matrix ΨHX

ΨHX =

ψ
H
1

. . .

ψHN

[χ1 . . . χN

]
=


ψH1 χ1 ψH1 χ2 . . . ψH1 χN

ψH2 χ1 ψH2 χ2 . . . ψH2 χN
...

...
. . .

...

ψHNχ1 ψHNχ2 . . . ψHNχN


Any column of the product matrix is

ψH1 χi

ψH2 χi
...

...

ψHNχi

 = ΨHχi
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Figure 2.4. Mutual coherence for Dirac and Fourier bases

But then Ψ preserves norms, hence

‖ΨHχi‖2 = ‖χi‖2 = 1.

Thus each column of the product ΨHX is itself a unit norm vector.

Consider the inner product of two columns of ΨHX

〈ΨHχi,Ψ
Hχj〉 = χHj ΨΨHχi = χHj χi = δ(i− j).

Thus, the columns of ΨHX are orthogonal to each other.

Hence ΨHX forms an orthonormal basis. �

Remark. A more general result would be to show that the set of

orthonormal bases forms a group under the matrix multiplication op-

eration. The identity element is the Dirac basis. The inverse of an

orthonormal basis is also an orthonormal basis. The product of two
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orthonormal bases is also an orthonormal basis. The matrix multipli-

cation satisfies associative law.

Theorem 2.3 Mutual coherence of two orthonormal bases Ψ and

X for the complex vector space CN is bounded by

1√
N
≤ µ(Ψ,X ) ≤ 1. (2.3.9)

Proof. Since columns of both Ψ and X are unit norm, hence

|〈ψi, χj〉| cannot be greater than 1. Now if Ψ = X then we have

µ(Ψ,X ) = 1. This proves the upper bound.

Now consider the matrix ΨHX which forms an orthonormal basis by

itself.

Consider any column of this matrix
ψH1 χi

ψH2 χi
...

...

ψHNχi

 = ΨHχi

Since the column is unit norm, hence some of squares of the absolute

values of entries of the column is 1. Thus the absolute value of each of

the entries cannot be simultaneously less than 1√
N

.

Hence there exists an entry (in each column) such that

|ψHj χi| ≥
1√
N
.

Hence we get the lower bound on mutual coherence of Ψ and X given

by

µ(Ψ,X ) ≥ 1√
N
.

�
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Theorem 2.4 Mutual coherence of Dirac and Fourier bases is 1√
N

.

i.e.

µ(I,F) =
1√
N
. (2.3.10)

Proof. theorem 2.3 shows that

µ(I,F) ≥ 1√
N
.

We just need to show that its in fact an equality.

Consider i-th column of I as ei.

Consider j-th column of F:

fj =
1√
N


ω0

ωj

ω2j

...

ω(N−1)j


where ω is the N -th root of unity. Then

〈ei, fj〉 =
1√
N
ω−(i−1)j =⇒ |〈ei, fj〉| =

1√
N
.

This doesn’t depend on the choice of i-th column of I and j-th column

of F.

Hence

µ(I,F) =
1√
N
.

. �

With basic properties of mutual coherence in place, we are now ready to

state an uncertainty principle on the sparsity levels of representations

of same signal x in two different orthonormal bases:

Theorem 2.5 For any arbitrary pair of orthonormal bases Ψ, X
with mutual coherence µ(Ψ,X ), and for any arbitrary non-zero
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vector x ∈ CN with representations α and β correspondingly, the

following inequality holds true:

‖α‖0 + ‖β‖0 ≥
2

µ(Ψ,X )
. (2.3.11)

Moreover for unit-length x

‖α‖1 + ‖β‖1 ≥
2√

µ(Ψ,X )
. (2.3.12)

Proof. Dividing x by ‖x‖2 doesn’t change l0 “norm” of α and β.

i.e. ∥∥∥∥ α

‖x‖2

∥∥∥∥
0

= ‖α‖0.

Hence without loss of generality, we will assume that ‖x‖2 = 1.

We are given that xHx = 1, x = Ψα and x = Xβ. Since Ψ and X are

orthonormal bases hence ‖α‖2 = ‖β‖2 = 1 also.

We can write as

1 = xHx

= (Ψα)H(Xβ) = αHΨHXβ

=
N∑
i=1

N∑
j=1

αiβjψ
H
i χj

=

∣∣∣∣∣
N∑
i=1

N∑
j=1

αiβjψ
H
i χj

∣∣∣∣∣
≤

N∑
i=1

N∑
j=1

|αi||βj||ψHi χj|

≤ µ(Ψ,X )
N∑
i=1

N∑
j=1

|αi||βj|

= µ(Ψ,X )‖α‖1‖β‖1
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where we note that

‖α‖1‖β‖1 =

(
N∑
i=1

|αi|

)(
N∑
j=1

|βj|

)
=

N∑
i=1

N∑
j=1

|αi||βj|

and

µ(Ψ,X ) ≥ |ψHi χj|.

Hence we get the inequality

µ(Ψ,X )‖α‖1‖β‖1 ≥ 1 (2.3.13)

Using the inequality between algebraic mean and geometric mean

√
ab ≤ a+ b

2
∀ a, b ≥ 0

we get

‖α‖1 + ‖β‖1 ≥ 2
√
‖α‖1‖β‖1 ≥

2√
µ(Ψ,X )

.

This is an uncertainty principle for the l1 norms of the two representa-

tions. We still have to get the uncertainty principle for l0 case.

We assume that

‖α‖0 = A

and

‖β‖0 = B

Consider the sets

XA = {v : v = Ψa and ‖a‖0 = A, ‖a‖2 = 1}

and

XB = {v : v = X b and ‖b‖0 = B, ‖b‖2 = 1}.

Clearly

x ∈ XA ∩XB.

The representations a for vectors v in XA have exactly A non-zero

entries and are all unit norm representations. Which of them would

have the longest l1 norm ‖a‖1?
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This can be written as an optimization problem of the form

maximize
v∈XA

‖a‖1 where a = ΨHv. (2.3.14)

Let the optimal solution for this problem be va with corresponding

representation a∗ = ΨHva. Clearly

‖a∗‖1 ≥ ‖α‖1.

Similarly from the set XB let us find the vector vb with maximum l1

norm representation in X

maximize
v∈XB

‖b‖1 where b = XHv. (2.3.15)

Let the optimal solution for this problem be vb with corresponding

representation b∗ = XHvb. Clearly

‖b∗‖1 ≥ ‖β‖1.

Returning back to the inequality

‖α‖1‖β‖1 ≥
1

µ(Ψ,X )

we can write

‖a∗‖1‖b∗‖1 ≥
1

µ(Ψ,X )
.

An equivalent formulation of the optimization problem (2.3.14) is

maximize
a

‖a‖1

subject to ‖a‖2
2 = aHa = 1

and ‖a‖0 = A.

(2.3.16)

This formulation doesn’t require any specific mention of the basis Ψ.

Let the optimal value for this problem be given by

‖a∗‖1 = g(A) = g(‖α‖0)

Here we consider the optimization problem to be parameterized by the

l0-“norm” of a, i.e. ‖a‖0 = A and we write the optimal value as a

function g of the parameter A.
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Then by symmetry, optimal value for the problem (2.3.15) is

‖b∗‖1 = g(B) = g(‖β‖0)

Thus we can write

g(‖α‖0)g(‖β‖0) ≥ 1

µ(Ψ,X )
. (2.3.17)

This is our intended result since we have been able to write the in-

equality as a function of l0 “norm”s of the representations α and β.

In order to complete the result, we need to find the solution of the

optimization problem (2.3.16) given by the function g.

Without loss of generality, let us assume that the A non-zero entries

in the optimization variable a appear in its first A entries and rest are

zero. This is fine since changing the order of entries in a doesn’t affect

any of the norms of concern ‖a‖0, ‖a‖1 and ‖a‖2.

Let us further assume that all non-zero entries of a are strictly posi-

tive real numbers. This assumption is valid since only absolute values

are used in this problem. Specifically for any a with non-zero com-

plex entries (a1, a2, . . . , aA, 0, . . . , 0) there exists a′ with positive entries

(|a1|, |a2|, . . . , |aA|, 0, . . . , 0) such that ‖a‖0 = ‖a′‖0, ‖a‖1 = ‖a′‖1 and

‖a‖2 = ‖a′‖2, hence solving the optimization problem for complex a is

same as solving the optimization problem for a with strictly positive

first A entries.

Using Lagrange multipliers, the l0 constraint vanishes (since the as-

sumptions mentioned above allow us to focus on only the first A coor-

dinates of a), and we obtain

L(a) =
A∑
i=1

ai + λ

(
1−

A∑
i=1

a2
i

)
. (2.3.18)

Differentiating w.r.t. ai and equating to 0 we get

1− 2λai = 0 =⇒ ai =
1

2λ
. (2.3.19)
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The l2 constraint requires

A∑
i=1

a2
i = A

1

4λ2
= 1 =⇒ λ =

√
A

2

Thus

ai =
1√
A

and

‖a‖1 =
A∑
i=1

|ai| =
√
A.

Thus the optimal value of the optimization problem (2.3.16) is

g(A) =
√
A =

√
‖α‖0.

Similarly

g(B) =
√
B =

√
‖β‖0.

Putting back in (2.3.20) we get√
‖α‖0‖β‖0 ≥

1

µ(Ψ,X )
. (2.3.20)

Applying the algebraic mean-geometric mean inequality we get the

desired result

‖α‖0 + ‖β‖0 ≥
2

µ(Ψ,X )
. (2.3.21)

�

This theorem suggests that if two orthonormal bases have low mutual

coherence then

• the two representations for x cannot be jointly l1-short and

• the two representations for x cannot be jointly sparse.

Challenge Can we show that the above result is sharp? i.e. For a

pair of orthonormal bases Ψ and X , it is always possible to find a

non-zero vector x with corresponding representations x = Ψα and
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x = Xβ which satisfies the lower bound

‖α‖0 + ‖β‖0 =
2

µ(Ψ,X )
? (2.3.22)

Example 2.12: Sparse representations with Dirac and Fourier

bases We showed in theorem 2.4 that

µ(I,F) =
1√
N
.

Let x ∈ CN . Let its representation in F be given by

x = Fα.

Applying theorem 2.5 we have

‖x‖0 + ‖α‖0 ≥
2

µ(Ψ,X )
= 2
√
N.

This tells us that a signal cannot have fewer than 2
√
N non-zeros in

both time and frequency domain together.

�

2.3.4. Linear combinations of impulses and sinusoids

What happens if a signal x is a linear combination of few complex

sinusoids and few impulses?

The set of sinusoids and impulses involved in the construction of x

actually specifies the degrees of freedom of x. This is the indicator of

inherent sparsity of x provided this set of component signals of x is

known a-priori.

In absence of prior knowledge of component signals of x, we attempt

to look for a sparse representation of x in one of the well understood

orthonormal bases. Here we are specifically looking at the two bases

Dirac and Fourier.

While the Dirac basis can provide sparse representation for impulses, si-

nusoids have dense representation in Dirac basis. Vice versa, in Fourier
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basis, complex sinusoids have sparse representation, yet impulses have

dense representations. Thus neither of the two bases is capable of

providing a sparse representation for a combination of impulses and

sinusoids.

The natural question arises if there is a way to come up with a sparse

representation for such signals by combining the Dirac and Fourier

basis?

2.3.5. Dirac Fourier basis

Now we develop a representation of signals x ∈ CN in terms of a

combination of Dirac basis I and Fourier basis F.

We define a new synthesis matrix

H =
[
I F

]
∈ CN×2N . (DF)

We can write I as

I =
[
e1 . . . eN

]
.

Let us write F as

F =
[
f1 . . . fN

]
This enables us to write H as

H =
[
e1 . . . eN f1 . . . fN

]
We will look for a representation of x using the synthesis matrix H as

x = Hα (2.3.23)

where α ∈ C2N .

Since this representation is under-determined and C(H) = CN hence

there are always infinitely many possible representations of x in H.
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We would prefer to choose the sparsest representation which can be

stated as an optimization problem

minimize
α

‖α‖0

subject to x = Hα.
(P0)

Example 2.13: Sparse representation using Dirac Fourier Ba-

sis Consider N = 4.

Then the Dirac Fourier basis is

H =


1 0 0 0 .5 .5 .5 .5

0 1 0 0 .5 .5j −.5 −.5j
0 0 1 0 .5 −.5 .5 −.5
0 0 0 1 .5 −.5j −.5 .5j


Let

x = 3e1 − 2f2 =
(

2 −j 1 j
)
.

A sparse representation of x in H is

α =
(

3 0 0 0 0 −2 0 0
)
.

This representation is 2-sparse.

Thus we see that Dirac Fourier basis is able to provide a sparser repre-

sentation of a linear combination of impulses and sinusoids compared

to individual orthonormal bases (the Dirac basis and the Fourier basis).

�

This gives us motivation to consider such combination of bases which

help us provide a sparse representation to a larger class of signals. This

is the objective of the next section.

In due course we will revisit the Dirac Fourier basis further in several

examples.
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2.3.6. Two-ortho basis

Before we leave this section, let us define general two-ortho bases.

Definition 2.2 Let Ψ and X be any two CN×N matrices whose

columns vectors form orthonormal bases for the complex vector

space CN individually.

We define

H =
[
Ψ X

]
∈ CN×2N . (2.3.24)

Then columns of H form a two-ortho basis for CN .

The mutual coherence of a two ortho basis is defined as

µ(H) = µ(Ψ,X ).

Clearly columns of H span CN .

We present a very interesting result about the null space of H.

Theorem 2.6 For a two ortho basis H =
[
Ψ X

]
with low coher-

ence, the non-zero vectors in the null space of H are not sparse.

Concretely

‖v‖0 ≥
2

µ(H)
∀ v ∈ N (H). (2.3.25)

Proof. Let v ∈ N (H) be some non-zero vector.

Now let vψ and vχ be first N and last N entries of v. Then[
Ψ X

] [vψ
vχ

]
= 0 =⇒ Ψvψ = −X vχ = y 6= 0.

If y were 0 then, both vψ and vχ would have to be 0 which is not the

case since by assumption v 6= 0.

We note that vψ and −vχ are representations of same vector y in two

different orthonormal bases Ψ and X respectively, and ‖−vχ‖0 = ‖vχ‖0.
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Applying theorem 2.5 we have

‖v‖0 ≥ ‖vψ‖0 + ‖vχ‖0 ≥
2

µ(H)
. (2.3.26)

We also note that since the orthonormal bases preserve norm, hence

‖y‖2 = ‖vψ‖2 = ‖vχ‖2.

This shows us that the energy of a null space vector is evenly distributed

in the two components corresponding to each orthonormal basis. �

Challenge For a two-ortho basis H =
[
Ψ X

]
is it possible to

find a null space vector v satisfying the lower bound

‖v‖0 =
2

µ(H)
? (2.3.27)

Let x ∈ CN be any arbitrary signal. Then its representation in H is

given by

x = Hα. (2.3.28)

Obviously for all z ∈ N (H) (α + z) is also a representation of x.

What we are particularly interested in are sparse representations of x.

A major concern for us is to ensure that a sparse representation of x

in H is unique. Under what conditions such is possible?

Formally, let α and β be two different representations of x in H. Can

we say that if α is sparse then β won’t be sparse?

This is established in the next uncertainty principle.

Theorem 2.7 Let x ∈ CN be any signal and let H be a two ortho

basis defined in (2.3.24). Let α and β be two distinct representa-

tions of x in H i.e.

x = Hα = Hβ.
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Then the following holds

‖α‖0 + ‖β‖0 ≥
2

µ(H)
. (2.3.29)

This is an uncertainty principle for the sparsity of distinct repre-

sentations in two ortho basis.

Proof. Let

e = α− β

be the difference vector of representations of x.

Clearly

He = Hα−Hβ = x− x = 0.

Thus e ∈ N (H). Applying theorem 2.6, we get

‖e‖0 ≥
2

µ(H)
.

But since e = α− β hence we have

‖α‖0 + ‖β‖0 ≥ ‖e‖0 ≥
2

µ(H)
.

�

Challenge For a two-ortho basisH =
[
Ψ X

]
is it possible to find

a vector x with two alternative representations α and β satisfying

the lower bound

‖α‖0 + ‖β‖0 ≥
2

µ(H)
? (2.3.30)

This theorem suggests as that if µ(H) is small (i.e. the coherence

between the two orthonormal bases is small) then two representations

of x cannot be simultaneously sparse.

Rather if a representation is sufficiently sparse, then all other represen-

tations of x are guaranteed to be non-sparse providing the uniqueness

of sparse representation.

This is stated formally in the following uniqueness theorem.
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Theorem 2.8 If a representation of x in the two ortho basis H =[
Ψ X

]
has fewer than 1

µ(H)
non-zeros, then it is necessarily the

sparsest one possible, and any other representation must be denser.

Proof. Let α be a candidate representation with

‖α‖0 <
1

µ(H)
.

Let β be any other candidate representation. By applying theorem 2.7

we have

‖α‖0 + ‖β‖0 ≥
2

µ(H)
.

This gives us

‖β‖0 ≥
2

µ(H)
− ‖α‖0 =⇒ ‖β‖0 >

1

µ(H)
.

Thus we find that

‖β‖0 > ‖α‖0

which is true for every representation β of x in H other than α.

Hence α is the sparsest possible representation of x in H. �

We note here that any arbitrary choice of two bases may not be help-

ful in coming up with a two ortho basis which can provide us sparse

representations for our signals of interest. In next few sections, we will

explore this issue further in the more general context of signal dictio-

naries.

Challenge So there are signals for which a sufficiently sparse (and

unique) representation doesn’t exist in a given two-ortho basis.

What kind relationships may exist between different (insufficiently)

sparse representations of such signals?
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2.4. Sparse and redundant representations

2.4.1. Dictionaries

Definition 2.3 A dictionary for CN is a finite collection D of

unit-norm vectors which span the whole space.

The elements of a dictionary are called atoms and they are de-

noted by φω where ω is drawn from an index set Ω.

The whole dictionary structure is written as

D = {φω : ω ∈ Ω} (2.4.1)

where

‖φω‖2 = 1 ∀ ω ∈ Ω

and

x =
∑
ω∈Ω

cωφω ∀ x ∈ CN .

We use the letter D to denote the number of elements in the dic-

tionary, i.e.

D = |Ω|.

This definition is adapted from [34].

The indices may have an interpretation, such as the time-frequency

or time-scale localization of an atom, or they may simply be labels

without any underlying meaning.

Note that the dictionary need not provide a unique representation for

any vector x ∈ CN , but it provides at least one representation for each

x ∈ CN .

When D = N we have a set of unit norm vectors which span the whole

of CN . Thus we have a basis (not-necessarily an orthonormal basis).

A dictionary cannot have D < N . The more interesting case is when

D > N .
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2.4.2. Redundant dictionaries and sparse signals

With D > N , clearly there are more atoms than necessary to provide a

representation of signal x ∈ CN . Thus such a dictionary is able provide

multiple representations to same vector x. We call such dictionaries

redundant dictionaries or over-complete dictionaries.

In contrast a basis with D = N is called a complete dictionary.

A special class of signals is those signals which have a sparse represen-

tation in a given dictionary D.

Definition 2.4 A signal x ∈ CN is called (D, K)-sparse if it can

be expressed as a linear combination of at-most K atoms from the

dictionary D where K � D.

It is usually expected that K � N also holds.

Let Λ ⊂ Ω be a subset of indices with |Λ| = K.

Let x be any signal in CN such that x can be expressed as

x =
∑
λ∈Λ

bλφλ where bλ ∈ C. (2.4.2)

Note that this is not the only possible representation of x in D. This is

just one of the possible representations of x. The special thing about

this representation is that it is K-sparse i.e. only at most K atoms

from the dictionary are being used.

Now there are
(
D
K

)
ways in which we can choose a set of K atoms from

the dictionary D.

Thus the set of (D, K)-sparse signals is given by

Σ(D,K) = {x ∈ CN : x =
∑
λ∈Λ

bλφλ}.

for some index set Λ ⊂ Ω with |Λ| = K.

This set Σ(D,K) is dependent on the chosen dictionary D. In the sequel,

we will simply refer to it as ΣK .
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Example 2.14: K-sparse signals for standard basis For the

special case where D is nothing but the standard basis of CN , then

ΣK = {x : ‖x‖0 ≤ K}

i.e. the set of signals which has K or less non-zero elements. �

Example 2.15: K-sparse signals for orthonormal basis In con-

trast if we choose an orthonormal basis Ψ such that every x ∈ CN can

be expressed as

x = Ψα

then with the dictionary D = Ψ, the set of K-sparse signals is given by

ΣK = {x = Ψα : ‖α‖0 ≤ K}.

�

We also note that set of vectors {αλ : λ ∈ Λ} with K < N form a

subspace of CN .

So we have
(
D
K

)
K-sparse subspaces contained in the dictionary D. And

the K-sparse signals lie in the union of all these subspaces.

2.4.3. Sparse approximation problem

In sparse approximation problem, we attempt to express a given signal

x ∈ CN using a linear combination of K atoms from the dictionary

D where K � N and typically N � D i.e. the number of atoms in

a dictionary D is typically much larger than the ambient signal space

dimension N .

Naturally we wish to obtain a best possible sparse representation of x

over the atoms φω ∈ D which minimizes the approximation error.

Let Λ denote the index set of atoms which are used to create a K-sparse

representation of x where Λ ⊂ Ω with |Λ| = K.

Let xΛ represent an approximation of x over the set of atoms indexed

by Λ.
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Then we can write xΛ as

xΛ =
∑
λ∈Λ

bλφλ where bλ ∈ C. (2.4.3)

We put all complex valued coefficients bλ in the sum into a list b.

The approximation error is given by

e = ‖x− xΛ‖2. (2.4.4)

Clearly we would like to minimize the approximation error over all

possible choices of K atoms and corresponding set of coefficients bλ.

Thus the sparse approximation problem can be cast as a minimization

problem given by

min
|Λ|=K

min
b

∥∥∥∥∥x−∑
λ∈Λ

bλφλ

∥∥∥∥∥
2

. (2.4.5)

If we choose a particular Λ, then the inner minimization problem be-

comes a straight-forward least squares problem. But there are
(
D
K

)
possible choices of Λ and solving the inner least squares problem for

each of them becomes prohibitively expensive.

We reemphasize here that in this formulation we are using a fixed dic-

tionary D while the vector x ∈ CN is arbitrary.

This problem is known as (D, K)-sparse approximation problem.

A related problem is known as (D, K)-exact-sparse problem where

it is known a-priori that x is a linear combination of at-most K atoms

from the given dictionary D i.e. x is a K-sparse signal as defined in

previous section for the dictionary D.

This formulation simplifies the minimization problem (2.4.5) since it is

known a priori that for K-sparse signals, a 0 approximation error can

be achieved. The only problem is to find a set of subspaces from the(
D
K

)
possible K-sparse subspaces which are able to provide a K-sparse

representation of x and amongst them choose one. It is imperative to

note that even the K-sparse representation need not be unique.
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Clearly the exact-sparse problem is simpler than the sparse approx-

imation problem. Thus if exact-sparse problem is NP-Hard then so

is the harder sparse-approximation problem. It is expected that solv-

ing the exact-sparse problem will provide insights into solving the

sparse problem.

In theorem 2.8 we identified conditions under which a sparse represen-

tation for a given vector x in a two-ortho-basis is unique. It would be

useful to get similar conditions for general dictionaries. such conditions

would help us guarantee the uniqueness of exact-sparse problem.

2.4.4. Synthesis and analysis

The atoms of a dictionary D can be organized into a N ×D matrix as

follows:

Φ ,
[
φω1 φω2 . . . φωD

]
. (2.4.6)

where Ω = {ω1, ω2, . . . , ωN} is the index set for the atoms of D. We

remind that φω ∈ CN , hence they have a column vector representation

in the standard basis for CN .

The order of columns doesn’t matter as long as it remains fixed once

chosen.

Thus in matrix terminology a representation of x ∈ CN in the dictio-

nary can be written as

x = Φb (2.4.7)

where b ∈ CD is a vector of coefficients to produce a superposition x

from the atoms of dictionary D. Clearly with D > N , b is not unique.

Rather for every vector z ∈ N (Φ), we have:

Φ(b+ z) = Φb+ Φz = x+ 0 = x.

Definition 2.5 The matrix Φ is called a synthesis matrix since

x is synthesized from the columns of Φ with the coefficient vector

b.
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We can also view the synthesis matrix Φ as a linear operator from CD

to CN .

There is another way to look at x through Φ.

Definition 2.6 [Analysis matrix] The conjugate transpose ΦH of

the synthesis matrix Φ is called the analysis matrix. It maps a

given vector x ∈ CN to a list of inner products with the dictionary:

c = ΦHx

where c ∈ CN .

Remark. Note that in general x 6= Φ(ΦHx) unlessD is an orthonormal

basis.

Definition 2.7 [(D, K]-exact-sparse) With the help of synthe-

sis matrix Φ, the (D, K)-exact-sparse can now be written as

minimize
α

‖α‖0

subject to x = Φα

and ‖α‖0 ≤ K

(P0)

Definition 2.8 [(D, K]-sparse approximation) With the help of

synthesis matrix Φ, the (D, K)-sparse approximation can now

be written as
minimize

α
‖x− Φα‖2

subject to ‖α‖0 ≤ K.
(P ε

0)

2.5. p-norms and sparse signals

2.5.1. l1, l2 and l∞ norms

There are some simple and useful results on relationships between dif-

ferent p-norms listed in this section. We also discuss some interesting

properties of l1-norm specifically.
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Definition 2.9 Let v ∈ CN . Let the entries in v be represented

as

vi = ri exp(jθi)

where ri = |vi| with the convention that θi = 0 whenever ri = 0.

The sign vector for v denoted by sgn(v) is defined as

sgn(v) =


sgn(v1)

...

sgn(vN)

 (2.5.1)

where

sgn(vi) =

{
exp(jθi) if ri 6= 0;

0 if ri = 0.
(2.5.2)

Lemma 2.9 For any v ∈ CN :

‖v‖1 = sgn(v)Hv = 〈v, sgn(v)〉. (2.5.3)

Proof.

‖v‖1 =
N∑
i=1

ri =
N∑
i=1

[
rie

jθi
]
e−jθi =

N∑
i=1

vie
−jθi = sgn(v)Hv.

Note that whenever vi = 0, corresponding 0 entry in sgn(v) has no

effect on the sum. �

Lemma 2.10 Suppose v ∈ CN . Then

‖v‖2 ≤ ‖v‖1 ≤
√
N‖v‖2. (2.5.4)

Proof. For the lower bound, we go as follows

‖v‖2
2 =

N∑
i=1

|vi|2 ≤

(
N∑
i=1

|vi|2 + 2
∑
i,j,i6=j

|vi||vj|

)
=

(
N∑
i=1

|vi|

)2

= ‖v‖2
1.

This gives us

‖v‖2 ≤ ‖v‖1.
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We can write l1 norm as

‖v‖1 = 〈v, sgn(v)〉. (2.5.5)

By Cauchy-Schwartz inequality we have

〈v, sgn(v)〉 ≤ ‖v‖2‖ sgn(v)‖2 (2.5.6)

Since sgn(v) can have at most N non-zero values, each with magnitude

1,

‖ sgn(v)‖2
2 ≤ N =⇒ ‖ sgn(v)‖2 ≤

√
N.

Thus, we get

‖v‖1 ≤
√
N‖v‖2.

�

Lemma 2.11 Let v ∈ CN . Then

‖v‖2 ≤
√
N‖v‖∞ (2.5.7)

Proof.

‖v‖2
2 =

N∑
i=1

|vi|2 ≤ N max
1≤i≤N

(|vi|2) = N‖v‖2
∞.

Thus

‖v‖2 ≤
√
N‖v‖∞.

�

Lemma 2.12 Let v ∈ CN . Let 1 ≤ p, q ≤ ∞. Then

‖v‖q ≤ ‖v‖p whenever p ≤ q. (2.5.8)

Proof. TBD �

Lemma 2.13 Let 1 ∈ CN be the vector of all ones i.e. 1 =

(1, . . . , 1). Let v ∈ CN be some arbitrary vector. Let |v| denote the
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vector of absolute values of entries in v. i.e. |v|i = |vi| ∀ 1 ≤ i ≤
N . Then

‖v‖1 = 1T |v| = 1H |v|. (2.5.9)

Proof.

1T |v| =
N∑
i=1

|v|i =
N∑
i=1

|vi| = ‖v‖1.

Finally since 1 consists only of real entries, hence its transpose and

Hermitian transpose are same. �

Lemma 2.14 Let 1 ∈ CN×N be a square matrix of all ones. Let

v ∈ CN be some arbitrary vector. Then

|v|T1|v| = ‖v‖2
1. (2.5.10)

Proof. We know that

1 = 11T

Thus,

|v|T1|v| = |v|T11T |v| = (1T |v|)T1T |v| = ‖v‖1‖v‖1 = ‖v‖2
1.

We used the fact that ‖v‖1 = 1T |v|. �

Theorem 2.15 k-th largest (magnitude) entry in a vector x ∈ CN

denoted by x(k) obeys

|x(k)| ≤
‖x‖1

k
(2.5.11)

Proof. Let n1, n2, . . . , nN be a permutation of {1, 2, . . . , N} such

that

|xn1| ≥ |xn2| ≥ · · · ≥ |xnN
|.

Thus, the k-th largest entry in x is xnk
. It is clear that

‖x‖1 =
N∑
i=1

|xi| =
N∑
i=1

|xni
|
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Obviously

|xn1| ≤
N∑
i=1

|xni
| = ‖x‖1.

Similarly

k|xnk
| = |xnk

|+ · · ·+ |xnk
| ≤ |xn1 |+ · · ·+ |xnk

| ≤
N∑
i=1

|xni
| ≤ ‖x‖1.

Thus

|xnk
| ≤ ‖x‖1

k
.

�

2.5.2. Sparse signals

In this section we explore some useful properties of ΣK , the set of

K-sparse signals in standard basis for CN .

We recall that

ΣK = {x ∈ CN : ‖x‖0 ≤ K}. (2.5.12)

We established before that this set is a union of
(
N
K

)
subspaces of CN

each of which is is constructed by an index set Λ ⊂ {1, . . . , N} with

|Λ| = K choosing K specific dimensions of CN .

We first present some lemmas which connect the l1, l2 and l∞ norms

of vectors in ΣK .

Lemma 2.16 Suppose u ∈ ΣK. Then

‖u‖1√
K
≤ ‖u‖2 ≤

√
K‖u‖∞. (2.5.13)

Proof. Due to lemma 2.9, we can write l1 norm as

‖u‖1 = 〈u, sgn(u)〉. (2.5.14)

By Cauchy-Schwartz inequality we have

〈u, sgn(u)〉 ≤ ‖u‖2‖ sgn(u)‖2 (2.5.15)
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Since u ∈ ΣK , sgn(u) can have at most K non-zero values each with

magnitude 1. Thus, we have

‖ sgn(u)‖2
2 ≤ K =⇒ ‖ sgn(u)‖2 ≤

√
K (2.5.16)

Thus we get the lower bound

‖u‖1 ≤ ‖u‖2

√
K =⇒ ‖u‖1√

K
≤ ‖u‖2. (2.5.17)

Now |ui| ≤ max(|ui|) = ‖u‖∞. So we have

‖u‖2
2 =

N∑
i=1

|ui|2 ≤ K‖u‖2
∞

since there are only K non-zero terms in the expansion of ‖u‖2
2.

This establishes the upper bound:

‖u‖2 ≤
√
K‖u‖∞ (2.5.18)

�

2.6. Compressible signals

In this section, we first look at some general results and definitions

related to K-term approximations of arbitrary signals x ∈ CN . We

then define the notion of a compressible signal and study properties

related to it.

2.6.1. K-term approximation of general signals

Definition 2.10 [Restriction of a signal on an index set] Let x ∈
CN . Let T ⊂ {1, 2, . . . , N} be any index set.Further let

T = {t1, t2, . . . , t|T |}

such that

t1 < t2 < · · · < t|T |.
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Let xT ∈ C|T | be defined as

xT =
(
xt1 xt2 . . . xt|T |

)
. (2.6.1)

Then xT is a restriction of the signal x on the index set T .

Alternatively let xT ∈ CN be defined as

xT (i) =

{
x(i) if i ∈ T ;

0 otherwise.
(2.6.2)

In other words, xT ∈ CN keeps the entries in x indexed by T while

sets all other entries to 0. Then we say that xT is obtained by

masking x with T . As an abuse of notation, we will use any of

the two definitions whenever we are referring to xT . The definition

being used should be obvious from the context.

Example 2.16: Restrictions on index sets Let

x =
(
−1 5 8 0 0 −3 0 0 0 0

)
∈ C10.

Let

T = {1, 3, 7, 8}.

Then

xT =
(
−1 0 8 0 0 0 0 0 0 0

)
∈ C10.

Since |T | = 4, sometimes we will also write

x =
(
−1 8 0 0

)
∈ C4.

�

Definition 2.11 [K-term approximation] Let x ∈ CN be an arbi-

trary signal. Consider any index set T ⊂ {1, . . . , N} with |T | = K.

Then xT is a K-term approximation of x.

Clearly for any x ∈ CN there are
(
N
K

)
possible K-term approximations

of x.
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Example 2.17: K-term approximation Let

x =
(
−1 5 8 0 0 −3 0 0 0 0

)
∈ C10.

Let T = {1, 6}. Then

xT =
(
−1 0 0 0 0 −3 0 0 0 0

)
is a 2-term approximation of x.

If we choose T = {7, 8, 9, 10}, the corresponding 4-term approximation

of x is (
0 0 0 0 0 0 0 0 0 0

)
.

�

Definition 2.12 [Largest entries approximation] Let x ∈ CN be

an arbitrary signal. Let λ1, . . . , λN be indices of entries in x such

that

|xλ1| ≥ |xλ2| ≥ · · · ≥ |xλN |.

In case of ties, the order is resolved lexicographically, i.e. if |xi| =
|xj| and i < j then i will appear first in the sequence λk.

Consider the index set ΛK = {λ1, λ2, . . . , λK}. The restriction of

x on ΛK given by xΛK
(see definition 2.10) contains the K largest

entries x while setting all other entries to 0. This is known as the

K largest entries approximation of x.

This signal is denoted henceforth as x|K . i.e.

x|K = xΛK
(2.6.3)

where ΛK is the index set corresponding to K largest entries in x

(magnitude wise).

Example 2.18: Largest entries approximation Let

x =
(
−1 5 8 0 0 −3 0 0 0 0

)
.

Then

x|1 =
(

0 0 8 0 0 0 0 0 0 0
)
.
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x|2 =
(

0 5 8 0 0 0 0 0 0 0
)
.

x|3 =
(

0 5 8 0 0 −3 0 0 0 0
)

x|4 = x.

All further K largest entries approximations are same as x. �

A pertinent question at this point is: which K-term approximation of x

is the best K-term approximation? Certainly in order to compare two

approximations we need some criterion. Let us choose lp norm as the

criterion. The next lemma gives an interesting result for best K-term

approximations in lp norm sense.

Lemma 2.17 Let x ∈ CN . Let the best K term approximation of

x be obtained by the following optimization program:

maximize
T⊂{1,...,N}

‖xT‖p

subject to |T | = K.
(2.6.4)

where p ∈ [1,∞].

Let an optimal solution for this optimization problem be denoted

by xT ∗. Then

‖x|K‖p = ‖xT ∗‖p.

i.e. the K-largest entries approximation of x is an optimal solution

to eq. (2.6.4).

Proof. For p = ∞, the result is obvious. In the following, we

focus on p ∈ [1,∞).

We note that maximizing ‖xT‖p is equivalent to maximizing ‖xT‖pp.

Let λ1, . . . , λN be indices of entries in x such that

|xλ1| ≥ |xλ2| ≥ · · · ≥ |xλN |.

Further let {ω1, . . . , ωN} be any permutation of {1, . . . , N}.
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Clearly

‖x|K‖pp =
K∑
i=1

|xλi|p ≥
K∑
i=1

|xωi
|p.

Thus if T ∗ corresponds to an optimal solution of eq. (2.6.4) then

‖x|K‖pp = ‖xT ∗‖pp.

Thus x|K is an optimal solution to eq. (2.6.4). �

This lemma helps us establish that whenever we are looking for a best

K-term approximation of x under any lp norm, all we have to do is to

pickup the K-largest entries in x.

Definition 2.13 [Restriction of a matrix on an index set] Let

Φ ∈ CM×N . Let T ⊂ {1, 2, . . . , N} be any index set.Further let

T = {t1, t2, . . . , t|T |}

such that

t1 < t2 < · · · < t|T |.

Let ΦT ∈ CM×|T | be defined as

ΦT =
[
φt1 φt2 . . . φt|T |

]
. (2.6.5)

Then ΦT is a restriction of the matrix Φ on the index set T .

Alternatively let ΦT ∈ CM×N be defined as

(ΦT )i =

{
φi if i ∈ T ;

0 otherwise.
(2.6.6)

In other words, ΦT ∈ CM×N keeps the columns in Φ indexed by T

while sets all other columns to 0. Then we say that ΦT is obtained

by masking Φ with T . As an abuse of notation, we will use any of

the two definitions whenever we are referring to ΦT . The definition

being used should be obvious from the context.
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Lemma 2.18 Let supp(x) = Λ. Then

Φx = ΦΛxΛ. (2.6.7)

Proof.

Φx =
N∑
i=1

xiφi =
∑
λi∈Λ

xλiφλi = ΦΛxΛ.

�

Remark. The lemma remains valid whether we use the restriction or

the mask version of xΛ notation as long as same version is used for

both Φ and x.

Corollary 2.19. Let S and T be two disjoint index sets such that for

some x ∈ CN

x = xT + xS (2.6.8)

using the mask version of xT notation. Then the following holds

Φx = ΦTxT + ΦSxS. (2.6.9)

Proof. Straightforward application of Lemma 2.18:

Φx = ΦxT + ΦxS = ΦTxT + ΦSxS.

�

Lemma 2.20 Let T be any index set. Let Φ ∈ CM×N and y ∈ CM .

Then

[ΦHy]T = ΦH
T y. (2.6.10)

Proof.

ΦHy =


〈φ1, y〉

...

〈φN , y〉


Now let

T = {t1, . . . , tK}.



64 2. SPARSE SIGNAL MODELS

Then

[ΦHy]T =


〈φt1 , y〉

...

〈φtK , y〉

 = ΦH
T y.

�

Remark. The lemma remains valid whether we use the restriction or

the mask version of ΦT notation.

2.6.2. Compressible signals

We will now define the notion of a compressible signal in terms of the

decay rate of magnitude of its entries when sorted in descending order.

Definition 2.14 [p-compressible signal] Let x ∈ CN be an arbi-

trary signal. Let λ1, . . . , λN be indices of entries in x such that

|xλ1| ≥ |xλ2| ≥ · · · ≥ |xλN |.

In case of ties, the order is resolved lexicographically, i.e. if |xi| =
|xj| and i < j then i will appear first in the sequence λk. Define

x̂ = (xλ1 , xλ2 , . . . , xλN ). (2.6.11)

The signal x is called p-compressible with magnitude R if there

exists p ∈ (0, 1) such that

|x̂i| ≤ R · i−
1
p ∀i = 1, 2, . . . , N. (2.6.12)

Lemma 2.21 Let x be be p-compressible with p = 1. Then

‖x‖1 ≤ R(1 + ln(N)). (2.6.13)

Proof. Recalling x̂ from (2.6.11) its straightforward to see that

‖x‖1 = ‖x̂‖1

since the l1 norm doesn’t depend on the ordering of entries in x.
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Now since x is 1-compressible, hence from (2.6.12) we have

|x̂i| ≤ R
1

i
.

This gives us

‖x̂‖1 ≤
N∑
i=1

R
1

i
= R

N∑
i=1

1

i
.

The sum on the R.H.S. is the N -th Harmonic number (sum of recipro-

cals of first N natural numbers). A simple upper bound on Harmonic

numbers is

Hk ≤ 1 + ln(k).

This completes the proof. �

We now demonstrate how a compressible signal is well approximated

by a sparse signal.

Lemma 2.22 Let x be a p-compressible signal and let x|K be its

best K-term approximation. Then the l1 norm of approximation

error satisfies

‖x− x|K‖1 ≤ Cp ·R ·K1− 1
p (2.6.14)

with

Cp =

(
1

p
− 1

)−1

.

Moreover the l2 norm of approximation error satisfies

‖x− x|K‖2 ≤ Dp ·R ·K1− 1
p (2.6.15)

with

Dp =

(
2

p
− 1

)−1/2

.

Proof.

‖x− x|K‖1 =
N∑

i=K+1

|xλi| ≤ R
N∑

i=K+1

i−
1
p .
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We now approximate the R.H.S. sum with an integral.

N∑
i=K+1

i−
1
p ≤

∫ N

x=K

x−
1
pdx ≤

∫ ∞
x=K

x−
1
pdx.

Now ∫ ∞
x=K

x−
1
pdx =

[
x1− 1

p

1− 1
p

]∞
K

= CpK
1− 1

p .

We can similarly show the result for l2 norm. �

2.7. Tools for dictionary analysis

In this section we review various properties associated with a dictionary

D which are useful in understanding the behavior and capabilities of a

dictionary.

We recall that a dictionary D consists of a finite number of unit norm

vectors in CN called atoms which span the signal space CN . Atoms of

the dictionary are indexed by an index set Ω. i.e.

D = {dω : ω ∈ Ω}

with |Ω| = D and N ≤ D with ‖dω‖2 = 1 for all atoms.

The vectors x ∈ CN can be represented by a synthesis matrix consisting

of the atoms of D by a vector α ∈ CD as

x = Dα.

Note that we are using the same symbol D to represent the dictionary

as a set of atoms as well as the corresponding synthesis matrix.

We can write the matrix D consisting of its columns as

D =
[
d1 . . . dD

]
This shouldn’t be causing any confusion in the sequel. When we write

the subscript as dωi
where ωi ∈ Ω we are referring to the atoms of the

dictionary D indexed by the set Ω, while when we write the subscript

as di we are referring to a column of corresponding synthesis matrix.
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In this case, Ω will simply mean the index set {1, . . . , D}. Obviously

|Ω| = D holds still.

Often, we will be working with a subset of atoms in a dictionary. Usu-

ally such a subset of atoms will be indexed by an index set Λ ⊆ Ω. Λ

will take the form of Λ ⊆ {ω1, . . . , ωD} or Λ ⊆ {1, . . . , D} depending

upon whether we are talking about the subset of atoms in the dictio-

nary or a subset of columns from the corresponding synthesis matrix.

Often we will need the notion of a sub-dictionary [37] described be-

low.

Definition 2.15 A sub-dictionary is a linearly independent col-

lection of atoms. Let Λ ⊂ {ω1, . . . , ωD} be the index set for

the atoms in the sub-dictionary. We denote the sub-dictionary

as DΛ. We also use DΛ to denote the corresponding matrix with

Λ ⊂ {1, . . . , D}.

Remark. A subdictionary is full rank.

This is obvious since it is a collection of linearly independent atoms.

For subdictionaries often we will say K = |Λ| and G = DHΛDΛ as its

Gram matrix. Sometimes, we will also be considering G−1. G−1 has a

useful interpretation in terms of the dual vectors for the atoms in DΛ

[35].

Let {dλ}λ∈Λ denote the atoms in DΛ. Let {cλ}λ∈Λ be chosen such that

〈dλ, cλ〉 = 1

and

〈dλ, cω〉 = 0 for λ, ω ∈ Λ, λ 6= ω.

Each dual vector cλ is orthogonal to atoms in the subdictionary at

different indices and is long enough so that its inner product with dλ is

one. The dual system somehow inverts the sub-dictionary. In fact the
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dual vectors are nothing but the columns of the matrix B = (D†Λ)H .

Now, a simple calculation:

BHB = (D†Λ)(D†Λ)H = (DHΛDΛ)−1DHΛDΛ(DHΛDΛ)−1 = (DHΛDΛ)−1 = G−1.

Therefore, the inverse Gram matrix lists the inner products between

the dual vectors.

Sometimes we will be discussing tools which apply for general matrices.

We will use the symbol Φ for representing general matrices. Whenever

the dictionary is an orthonormal basis, we will use the symbol Ψ.

2.7.1. Spark

Definition 2.16 [Spark of a matrix] The spark of a given matrix

Φ is the smallest number of columns of Φ that are linearly depen-

dent. If all columns are linearly independent, then the spark is

defined to be number of columns plus one.

Note that the definition of spark applies to all matrices (wide, tall or

square). It is not restricted to the synthesis matrices for a dictionary.

Correspondingly, the spark of a dictionary is defined as the minimum

number of atoms which are linearly dependent.

We recall that rank of a matrix is defined as the maximum number

of columns which are linearly independent. Definition of spark bears

remarkable resemblance yet its very hard to obtain as it requires a

combinatorial search over all possible subsets of columns of Φ.

Example 2.19: Spark

• Spark of the 3× 3 identity matrix1 0 0

0 1 0

0 0 1


is 4 since all columns are linearly independent.
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• Spark of the 2× 4 matrix(
1 0 −1 0

0 1 0 −1

)
is 2 since column 1 and 3 are linearly dependent.

• If a matrix has a column with all zero entries, then the spark

of such a matrix is 1. This is a trivial case and we will not

consider such matrices in the sequel.

• In general for an N×D synthesis matrix, spark(D) ∈ [2, N+1].

�

A naive combinatorial algorithm to calculate the spark of a matrix is

given in fig. 2.5.

Input: Φ

Output: s = Spark of Φ

R← rank(Φ);

foreach j ← 1, . . . , R do

Identify
(
D
j

)
ways of choosing j columns from D columns of Φ;

foreach choice of j columns do

if columns are dependent then

s← j ;

return;

end

end

end

// All columns are linearly independent

s← R+ 1 ;

Figure 2.5. A naive algorithm for computing the spark

of a matrix

Spark is useful in characterizing the uniqueness of the solution of a

(D, K)-exact-sparse problem (see definition 2.7).
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Remark. The l0-“norm” of vectors belonging to null space of a matrix

Φ is greater than or equal to spark(Φ):

‖x‖0 ≥ spark(Φ) ∀ x ∈ N (Φ). (2.7.1)

Proof. If x ∈ N (Φ) then Φx = 0. Thus non-zero entries in x pick

a set of columns in Φ which are linearly dependent. Clearly ‖x‖0 indi-

cates the number of columns in the set which are linearly dependent.

By definition spark of Φ indicates the minimum number of columns

which are linearly dependent hence the result.

‖x‖0 ≥ spark(Φ) ∀ x ∈ N (Φ).

�

We now present a criteria based on spark which characterizes the

uniqueness of a sparse solution to the problem y = Φx.

Theorem 2.23 [Uniqueness-Spark] Consider a solution x∗ to the

under-determined system y = Φx. If x∗ obeys

‖x∗‖0 <
spark(Φ)

2
(2.7.2)

then it is necessarily the sparsest solution.

Proof. Let x′ be some other solution to the problem. Then

Φx′ = Φx∗ =⇒ Φ(x′ − x∗) = 0 =⇒ (x′ − x∗) ∈ N (Φ).

Now based on previous remark we have

‖x′ − x∗‖0 ≥ spark(Φ).

Now

‖x′‖0 + ‖x∗‖0 ≥ ‖x′ − x∗‖0 ≥ spark(Φ).

Hence, if ‖x∗‖0 <
spark(Φ)

2
, then we have

‖x′‖0 >
spark(Φ)

2

for all other solutions x′ to the equation y = Φx.
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Thus x∗ is necessarily the sparsest possible solution. �

This result is quite useful as it establishes a global optimality criterion

for the (D, K)-exact-sparse problem in definition 2.7.

As long as K < 1
2

spark(Φ) this theorem guarantees that the solution

to (D, K)-exact-sparse problem is unique. This is quite surprising

result for a non-convex combinatorial optimization problem. We are

able to guarantee a global uniqueness for the solution based on a simple

check on the sparsity of the solution.

Note that we are only saying that if a sufficiently sparse solution is

found then it is unique. We are not claiming that it is possible to find

such a solution.

Obviously, the larger the spark, we can guarantee uniqueness for signals

with higher sparsity levels. So a natural question is: How large can

spark of a dictionary be? We consider few examples.

Example 2.20: Spark of Gaussian dictionaries Consider a dic-

tionary D whose atoms di are random vectors independently drawn

from normal distribution. Since a dictionary requires all its atoms to

be unit-norms, hence we divide the each of the random vectors with

their norms.

We know that with probability 1 any set of N independent Gaussian

random vectors is linearly independent. Also since di ∈ CN hence a set

of N + 1 atoms is always linearly dependent.

Thus spark(D) = N + 1.

Thus, if a solution to exact-sparse problem contains N
2

or fewer non-

zero entries then it is necessarily unique with probability 1. �

Example 2.21: Spark of Dirac Fourier basis For

D =
[
I F

]
∈ CN×2N
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it can be shown that

spark(D) = 2
√
N.

In this case, the sparsity level of a unique solution must be less than√
N . �

2.7.2. Coherence

Finding out the spark of a dictionary D is NP-hard since it involves

considering combinatorially large number of selections of columns from

D. In this section we consider the coherence of a dictionary which is

computationally tractable and quite useful in characterizing the solu-

tions of sparse approximation problems.

Definition 2.17 [Coherence of a dictionary] The coherence of a

dictionary D is defined as the maximum absolute inner product

between two distinct atoms in the dictionary:

µ = max
j 6=k
|〈dωj

, dωk
〉| = max

j 6=k
|(DHD)jk|. (2.7.3)

If the dictionary consists of two orthonormal bases, then coherence is

also known as mutual coherence or proximity ; see definition 2.1.

We note that dωi
is the i-th column of synthesis matrix D. Also DHD

is the Gram matrix for D whose elements are nothing but the inner-

products of columns of D.

We note that by definition ‖dω‖2 = 1 hence µ ≤ 1 and since absolute

values are considered hence µ ≥ 0. Thus, 0 ≤ µ ≤ 1.

For an orthonormal basis Ψ all atoms are orthogonal to each other,

hence

|〈ψωj
, ψωk
〉| = 0 whenever j 6= k.

Thus µ = 0.



2.7. TOOLS FOR DICTIONARY ANALYSIS 73

In the following, we will use the notation |A| to denote a matrix con-

sisting of absolute values of entries in a matrix A. i.e.

|A|ij = |Aij|.

The off-diagonal entries of the Gram matrix are captured by the matrix

DHD − I. Note that all diagonal entries in DHD − I are zero since

atoms of D are unit norm. Moreover, each of the entries in |DHD− I|
is dominated by µ(D).

The inner product between any two atoms |〈dωj
, dωk
〉| is a measure of

how much they look alike or how much they are correlated. Coherence

just picks up the two vectors which are most alike and returns their

correlation. In a way µ is quite a blunt measure of the quality of a

dictionary, yet it is quite useful.

If a dictionary is uniform in the sense that there is not much variation

in |〈dωj
, dωk
〉|, then µ captures the behavior of the dictionary quite well.

Definition 2.18 [Incoherent dictionaries] We say that a dictionary

is incoherent if the coherence of the dictionary is small.

We are looking for dictionaries which are incoherent. In the sequel we

will see how incoherence plays a role in sparse approximation.

Example 2.22: [ Two ortho bases] We established in theorem 2.3 that

coherence of two ortho-bases is bounded by

1√
N
≤ µ ≤ 1.

In particular we showed in theorem 2.4 that coherence of Dirac Fourier

basis is 1√
N

. �

Example 2.23: Coherence: Multi-ONB dictionary A dictionary

of concatenated orthonormal bases is called a multi-ONB. For some N ,

it is possible to build a multi-ONB which contains N or even N + 1

bases yet retains the minimal coherence µ = 1√
N

possible. �
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Theorem 2.24 A lower bound on the coherence of a general dic-

tionary is given by

µ ≥

√
D −N
N(D − 1)

Definition 2.19 If each atomic inner product meets this bound,

the dictionary is called an optimal Grassmannian frame.

The definition of coherence can be extended to arbitrary matrices Φ ∈
CN×D.

Definition 2.20 [Coherence of an arbitrary matrix] The coher-

ence of a matrix Φ ∈ CN×D is defined as the maximum absolute

normalized inner product between two distinct columns in the ma-

trix. Let

Φ =
[
φ1 φ2 . . . φD

]
.

Then coherence of Φ is given by

µ(Φ) = max
j 6=k

|〈φj, φk〉|
‖φj‖2‖φk‖2

(2.7.4)

It is assumed that none of the columns in Φ is a zero vector.

2.7.2.1. Lower bounds for spark. Coherence of a matrix is easy

to compute. More interestingly it also provides a lower bound on the

spark of a matrix.

Theorem 2.25 For any matrix Φ ∈ CN×D (with non-zero columns)

the following relationship holds

spark(Φ) ≥ 1 +
1

µ(Φ)
. (2.7.5)

Proof. We note that scaling of a column of Φ doesn’t change either

the spark or coherence of Φ. Therefore, we assume that the columns

of Φ are normalized.
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We now construct the Gram matrix of Φ given by G = ΦHΦ. We note

that

Gkk = 1 ∀ 1 ≤ k ≤ D

since each column of Φ is unit norm.

Also

|Gkj| ≤ µ(Φ) = µ(Φ) ∀ 1 ≤ k, j ≤ D, k 6= j.

Consider any p columns from Φ and construct its Gram matrix. This

is nothing but a leading minor of size p× p from the matrix G.

From the Gershgorin disk theorem, if this minor is diagonally dominant,

i.e. if ∑
j 6=i

|Gij| < |Gii| ∀ i

then this sub-matrix of G is positive definite and so corresponding p

columns from Φ are linearly independent.

But

|Gii| = 1

and ∑
j 6=i

|Gij| ≤ (p− 1)µ(Φ)

for the minor under consideration. Hence for p columns to be linearly

independent the following condition is sufficient

(p− 1)µ(Φ) < 1.

Thus if

p < 1 +
1

µ(Φ)
,

then every set of p columns from Φ is linearly independent.

Hence, the smallest possible set of linearly dependent columns must

satisfy

p ≥ 1 +
1

µ(Φ)
.
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This establishes the lower bound that

spark(Φ) ≥ 1 +
1

µ(Φ)
.

�

This bound on spark doesn’t make any assumptions on the structure of

the dictionary. In fact, imposing additional structure on the dictionary

can give better bounds. Let us look at an example for a two ortho-basis

[20].

Theorem 2.26 Let D be a two ortho-basis. Then

spark(D) ≥ 2

µ(D)
. (2.7.6)

Proof. From theorem 2.6 we know that for any vector v ∈ N (D)

‖v‖0 ≥
2

µ(D)
.

But

spark(D) = min
v∈N (D)

(‖v‖0).

Thus

spark(D) ≥ 2

µ(D)
.

�

For maximally incoherent two orthonormal bases, we know that µ =
1√
N

. A perfect example is the pair of Dirac and Fourier bases. In this

case spark(D) ≥ 2
√
N .

2.7.2.2. Uniqueness-Coherence. We can now establish a unique-

ness condition for sparse solution of x = Φα.
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Theorem 2.27 [Uniqueness-Coherence] Consider a solution x∗ to

the under-determined system y = Φx. If x∗ obeys

‖x∗‖0 <
1

2

(
1 +

1

µ(Φ)

)
(2.7.7)

then it is necessarily the sparsest solution.

Proof. This is a straightforward application of theorem 2.23 and

theorem 2.25. �

It is interesting to compare the two uniqueness theorems: theorem 2.23

and theorem 2.27.

theorem 2.23 uses spark, is sharp and is far more powerful than theo-

rem 2.27.

Coherence can never be smaller than 1√
N

, therefore the bound on ‖x∗‖0

in theorem 2.27 can never be larger than
√
N+1
2

.

However, spark can be easily as large as N and then bound on ‖x∗‖0

can be as large as N
2

.

We recall from theorem 2.8 that the bound for sparsity level of sparest

solution in two-ortho basis H =
[
Ψ X

]
is given by

‖x∗‖0 <
1

µ(H)

which is a larger bound than theorem 2.27 for general dictionaries by

a factor of 2.

Thus, we note that coherence gives a weaker bound than spark for

supportable sparsity levels of unique solutions. The advantage that

coherence has is that it is easily computable and doesn’t require any

special structure on the dictionary (two ortho basis has a special struc-

ture).

2.7.2.3. Singular values of sub-dictionaries.
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Theorem 2.28 Let D be a dictionary and DΛ be a sub-dictionary.

Let µ be the coherence of D. Let K = |Λ|. Then the eigen values

of G = DHΛDΛ satisfy:

1− (K − 1)µ ≤ λ ≤ 1 + (K − 1)µ. (2.7.8)

Moreover, the singular values of the sub-dictionary DΛ satisfy√
1− (K − 1)µ ≤ σ(DΛ) ≤

√
1 + (K − 1)µ. (2.7.9)

Proof. We recall from Gershgorin’s theorem that for any square

matrix A ∈ CK×K , every eigen value λ of A satisfies

|λ− aii| ≤
∑
j 6=i

|aij| for some i ∈ {1, . . . , K}.

Now consider the matrix G = DHΛDΛ with diagonal elements equal to

1 and off diagonal elements bounded by a value µ. Then

|λ− 1| ≤
∑
j 6=i

|aij| ≤
∑
j 6=i

µ = (K − 1)µ.

Thus,

−(K−1)µ ≤ λ−1 ≤ (K−1)µ ⇐⇒ 1− (K−1)µ ≤ λ ≤ 1 + (K−1)µ

This gives us a lower bound on the smallest eigen value.

λmin(G) ≥ 1− (K − 1)µ.

Since G is positive definite (DΛ is full-rank), hence its eigen values are

positive. Thus, the above lower bound is useful only if

1− (K − 1)µ > 0 ⇐⇒ 1 > (K − 1)µ ⇐⇒ µ <
1

K − 1
.

We also get an upper bound on the eigen values of G given by

λmax(G) ≤ 1 + (K − 1)µ.

The bounds on singular values of DΛ are obtained as a straight-forward

extension by taking square roots on the expressions. �
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2.7.2.4. Embeddings using sub-dictionaries.

Theorem 2.29 Let D be a real dictionary and DΛ be a sub-dictionary

with K = |Λ|. Let µ be the coherence of D. Let v ∈ RK be an ar-

bitrary vector. Then

|v|T [I − µ(1− I)]|v| ≤ ‖DΛv‖2
2 ≤ |v|T [I + µ(1− I)]|v| (2.7.10)

where 1 is a K ×K matrix of all ones. Moreover

(1− (K − 1)µ)‖v‖2
2 ≤ ‖DΛv‖2

2 ≤ (1 + (K − 1)µ)‖v‖2
2. (2.7.11)

Proof. We can easily write

‖DΛv‖2
2 = vTDTΛDΛv

vTDTΛDΛv =
K∑
i=1

K∑
j=1

vid
T
λi
dλjvj. (2.7.12)

The terms in the R.H.S. for i = j are given by

vid
T
λi
dλivi = |vi|2.

Summing over i = 1, · · · , K, we get

K∑
i=1

|vi|2 = ‖v‖2
2 = vTv = |v|T |v| = |v|T I|v|.

We are now left with K2 −K off diagonal terms. Each of these terms

is bounded by

−µ|vi||vj| ≤ vid
T
λi
dλjvj ≤ µ|vi||vj|.

Summing over the K2 −K off-diagonal terms we get:∑
i 6=j

|vi||vj| =
∑
i,j

|vi||vj| −
∑
i=j

|vi||vj| = |v|T (1− I)|v|.

Thus,

−µ|v|T (1− I)|v| ≤
∑
i 6=j

vid
T
λi
dλjvj ≤ µ|v|T (1− I)|v|

Thus,

|v|T I|v| − µ|v|T (1− I)|v| ≤ vTDTΛDΛv ≤ |v|T I|v|+ µ|v|T (1− I)|v|.
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We get the result by slight reordering of terms:

|v|T [I − µ(1− I)]|v| ≤ ‖DΛv‖2
2 ≤ |v|T [I + µ(1− I)]|v|

We note that due to lemma 2.14

|v|T1|v| = ‖v‖2
1.

Thus, the inequalities can be written as

(1 + µ)‖v‖2
2 − µ‖v‖2

1 ≤ ‖DΛv‖2
2 ≤ (1− µ)‖v‖2

2 + µ‖v‖2
1.

Alternatively,

‖v‖2
2 − µ

(
‖v‖2

1 − ‖v‖2
2

)
≤ ‖DΛv‖2

2 ≤ ‖v‖2
2 + µ

(
‖v‖2

1 − ‖v‖2
2

)
.

Finally, due to lemma 2.10

‖v‖2
1 ≤ K‖v‖2

2 =⇒ ‖v‖2
1 − ‖v‖2

2 ≤ (K − 1)‖v‖2
2.

This gives us

(1− (K − 1)µ)‖v‖2
2 ≤ ‖DΛv‖2

2 ≤ (1 + (K − 1)µ)‖v‖2
2.

�

We now present the above theorem for the complex case. The proof is

based on singular values. This proof is simpler and more general than

the one presented above.

Theorem 2.30 Let D be a dictionary and DΛ be a sub-dictionary

with K = |Λ|. Let µ be the coherence of D. Let v ∈ CK be an

arbitrary vector. Then

(1− (K − 1)µ)‖v‖2
2 ≤ ‖DΛv‖2

2 ≤ (1 + (K − 1)µ)‖v‖2
2. (2.7.13)

Proof. Recall that

σ2
min(DΛ)‖v‖2

2 ≤ ‖DΛv‖2
2 ≤ σ2

max(DΛ)‖v‖2
2.

Theorem 2.28 tells us:

1− (K − 1)µ ≤ σ2(DΛ) ≤ 1 + (K − 1)µ.
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Thus,

σ2
min(DΛ)‖v‖2

2 ≥ (1− (K − 1)µ)‖v‖2
2

and

σ2
max(DΛ)‖v‖2

2 ≤ (1 + (K − 1)µ)‖v‖2
2.

This gives us the result

(1− (K − 1)µ)‖v‖2
2 ≤ ‖DΛv‖2

2 ≤ (1 + (K − 1)µ)‖v‖2
2.

�

2.7.3. Babel function

Recalling the definition of coherence, we note that it reflects only the

extreme correlations between atoms of dictionary. If most of the inner

products are small compared to one dominating inner product, then

the value of coherence is highly misleading.

In [34], Tropp introduced Babel function, which measures the max-

imum total coherence between a fixed atom and a collection of other

atoms. The Babel function quantifies an idea as to how much the atoms

of a dictionary are “speaking the same language”.

Definition 2.21 [Babel function] The Babel function for a dictio-

nary D is defined by

µ1(p) , max
|Λ|=p

max
ψ

∑
Λ

|〈ψ, dλ〉|, (2.7.14)

where the vector ψ ranges over the atoms indexed by Ω \ Λ. We

define

µ1(0) = 0

for sparsity level p = 0.

Let us understand what is going on here. For each value of p we consider

all possible
(
D
p

)
subspaces by choosing p vectors from D.

Let the atoms spanning one such subspace be identified by an index

set Λ ⊂ Ω.
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All other atoms are indexed by the index set Γ = Ω \ Λ.

Let

Ψ = {ψγ : γ ∈ Γ}

denote the atoms indexed by Γ.

We pickup a vector ψ ∈ Ψ and compute its inner product with all

atoms indexed by Λ. We compute the sum of absolute value of these

inner products over all {dλ : λ ∈ Λ}.

We run it for all ψ ∈ Ψ and then pickup the maximum value of above

sum over all ψ.

We finally compute the maximum over all possible p-subspaces.

This number is considered at the Babel number for sparsity level p.

We first make a few observations over the properties of Babel function.

Babel function is a generalization of coherence.

Remark. For p = 1 we observe that

µ1(1) = µ(D)

the coherence of D.

Remark. µ1 is a non-decreasing function of p.

Proof. This is easy to see since the sum∑
Λ

|〈ψ, dλ〉|

cannot decrease as p = |Λ| increases.

In particular for some value of p let Λp and ψp denote the set and vector

for which the maximum in (2.7.14) is achieved. Now pick some column

which is not ψp and is not indexed by Λp and include it for Λp+1. Note
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that Λp+1 and ψp might not be the worst case for sparsity level p + 1

in (2.7.14). Clearly ∑
Λp+1

|〈ψp, dλ〉| ≥
∑
Λp

|〈ψp, dλ〉|

µ1(p+ 1) cannot be less than µ1(p).

�

Lemma 2.31 Babel function is upper bounded by coherence as per

µ1(p) ≤ p µ(D). (2.7.15)

Proof. ∑
Λ

|〈ψ, dλ〉| ≤ p µ(D).

This leads to

µ1(p) = max
|Λ|=p

max
ψ

∑
Λ

|〈ψ, dλ〉| ≤ max
|Λ|=p

max
ψ

(p µ(D)) = p µ(D).

�

2.7.3.1. Computation of Babel function. It might seem at

first that computation of Babel function is combinatorial and hence

prohibitively expensive. But it is not true.

We will demonstrate this through an example in this section. Our

example synthesis matrix will be

D =


0.5 0 0 0.6533 1 0.5 −0.2706 0

0.5 1 0 0.2706 0 −0.5 0.6533 0

0.5 0 1 −0.2706 0 −0.5 −0.6533 0

0.5 0 0 −0.6533 0 0.5 0.2706 1


From the synthesis matrix D we first construct its Gram matrix given

by

G = DHD. (2.7.16)

We then take absolute value of each entry in G to construct |G|.
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For the running example

|G| =



1 0.5 0.5 0 0.5 0 0 0.5

0.5 1 0 0.2706 0 0.5 0.6533 0

0.5 0 1 0.2706 0 0.5 0.6533 0

0 0.2706 0.2706 1 0.6533 0 0 0.6533

0.5 0 0 0.6533 1 0.5 0.2706 0

0 0.5 0.5 0 0.5 1 0 0.5

0 0.6533 0.6533 0 0.2706 0 1 0.2706

0.5 0 0 0.6533 0 0.5 0.2706 1


We now sort every row in descending order to obtain a new matrix G′.

G′ =



1 0.5 0.5 0.5 0.5 0 0 0

1 0.6533 0.5 0.5 0.2706 0 0 0

1 0.6533 0.5 0.5 0.2706 0 0 0

1 0.6533 0.6533 0.2706 0.2706 0 0 0

1 0.6533 0.5 0.5 0.2706 0 0 0

1 0.5 0.5 0.5 0.5 0 0 0

1 0.6533 0.6533 0.2706 0.2706 0 0 0

1 0.6533 0.5 0.5 0.2706 0 0 0


First entry in each row is now 1. This corresponds to 〈di, di〉 and it

doesn’t appear in the calculation of µ1(p) hence we disregard whole of

first column.

Now look at column 2 in G′. In the i-th row it is nothing but

max
j 6=i
|〈di, dj〉|.

Thus,

µ(D) = µ1(1) = max
1≤j≤D

G′j,2

i.e. the coherence is given by the maximum in the 2nd column of G′.

In the running example

µ(D) = µ1(1) = 0.6533.
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Looking carefully we can note that for ψ = di the maximum value of

sum ∑
Λ

|〈ψ, dλ〉|

while |Λ| = p is given by the sum over elements from 2nd to (p+ 1)-th

columns in i-th row.

Thus

µ1(p) = max
1≤i≤D

p+1∑
j=2

G′ij.

For the running example the Babel function values are given by(
0.6533 1.3066 1.6533 2 2 2 2

)
.

We see that Babel function stops increasing after p = 4. Actually D is

constructed by shuffling the columns of two orthonormal bases. Hence

many of the inner products are 0 in G.

2.7.3.2. Babel function and spark. We first note that Babel

function tells something about linear independence of columns of D.

Lemma 2.32 Let µ1 be the Babel function for a dictionary D. If

µ1(p) < 1

then all selections of p+1 columns from D are linearly independent.

Proof. We recall from the proof of theorem 2.25 that if

p+ 1 < 1 +
1

µ(D)
=⇒ p <

1

µ(D)

then every set of (p+ 1) columns from D are linearly independent.

We also know from lemma 2.31 that

p µ(D) ≥ µ1(p) =⇒ µ(D) ≥ µ1(p)

p
=⇒ 1

µ(D)
≤ p

µ1(p)
.
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Thus if

p <
p

µ1(p)
=⇒ 1 <

1

µ1(p)
=⇒ µ1(p) < 1

then all selections of p+1 columns from D are linearly independent. �

This leads us to a lower bound on spark from Babel function.

Lemma 2.33 [Spark lower bound from Babel function] A lower

bound of spark of a dictionary D is given by

spark(D) ≥ min
1≤p≤N

{p : µ1(p− 1) ≥ 1}. (2.7.17)

Proof. For all j ≤ p−2 we are given that µ1(j) < 1. Thus all sets

of p− 1 columns from D are linearly independent (using lemma 2.32).

Finally µ1(p − 1) ≥ 1, hence we cannot say definitively whether a set

of p columns from D is linearly dependent or not. This establishes the

lower bound on spark. �

An earlier version of this result also appeared in [20] theorem 6.

2.7.3.3. Babel function and singular values.

Theorem 2.34 [36] Let D be a dictionary and Λ be an index set

with |Λ| = K. The singular values of DΛ are bounded by

1− µ1(K − 1) ≤ σ2 ≤ 1 + µ1(K − 1). (2.7.18)

Proof. Consider the Gram matrix

G = DHΛDΛ.

G is a K ×K square matrix.

Also let

Λ = {λ1, λ2, . . . , λK}

so that

DΛ =
[
dλ1 dλ2 . . . dλK

]
.
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The Gershgorin Disc Theorem states that every eigenvalue of G lies in

one of the K discs

∆k =

{
z : |z −Gkk| ≤

∑
j 6=k

|Gjk|

}
Since di are unit norm, hence Gkk = 1.

Also we note that∑
j 6=k

|Gjk| =
∑
j 6=k

|〈dλj , dλk〉| ≤ µ1(K − 1)

since there are K − 1 terms in sum and µ1(K − 1) is an upper bound

on all such sums.

Thus if z is an eigen value of G then we have

|z − 1| ≤ µ1(K − 1)

=⇒ − µ1(K − 1) ≤ z − 1 ≤ µ1(K − 1)

=⇒ 1− µ1(K − 1) ≤ z ≤ 1 + µ1(K − 1).

(2.7.19)

This is OK since G is positive semi-definite, thus, the eigen values of

G are real.

But the eigen values of G are nothing but the squared singular values

of DΛ. Thus we get

1− µ1(K − 1) ≤ σ2 ≤ 1 + µ1(K − 1).

�

Corollary 2.35. Let D be a dictionary and Λ be an index set with

|Λ| = K. If µ1(K − 1) < 1 then the squared singular values of DΛ

exceed (1− µ1(K − 1)).

Proof. From previous theorem we have

1− µ1(K − 1) ≤ σ2 ≤ 1 + µ1(K − 1).

Since the singular values are always non-negative, the lower bound is

useful only when µ1(K − 1) < 1. When it holds we have

σ(DΛ) ≥
√

1− µ1(K − 1).
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�

Theorem 2.36 [35] Let µ1(K − 1) < 1. If a signal can be written

as a linear combination of k atoms, then any other exact represen-

tation of the signal requires at least (K − k + 1) atoms.

Proof. If µ1(K − 1) < 1, then the singular values of any sub-

matrix of K atoms are non-zero. Thus, the minimum number of atoms

required to form a linear dependent set is K + 1. Let the number of

atoms in any other exact representation of the signal be l. Then

k + l ≥ K + 1 =⇒ l ≥ K − k + 1.

�

2.7.3.4. Babel function and gram matrix. Let Λ index a sub-

dictionary and let G = DHΛDΛ denote the Gram matrix of the subdic-

tionary DΛ. Assume K = |Λ|.

Theorem 2.37

‖G‖∞ = ‖G‖1 ≤ 1 + µ1(K − 1). (2.7.20)

Proof. Since G is Hermitian, hence the two norms are equal:

‖G‖∞ = ‖GH‖1 = ‖G‖1.

Now each row consists of a diagonal entry 1 and K − 1 off diagonal

entries. The absolute sum of all the off-diagonal entries in a row is

upper bounded by µ1(K−1). Thus, the absolute sum of all the entries

in a row is upper bounded by 1 + µ1(K − 1). Since ‖G‖∞ is nothing

but the maximum l1 norm of rows of G, hence

‖G‖∞ ≤ 1 + µ1(K − 1).

�
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Theorem 2.38 [35] Suppose that µ1(K − 1) < 1. Then

‖G−1‖∞ = ‖G−1‖1 ≤
1

1− µ1(K − 1)
(2.7.21)

Proof. Since G is Hermitian, hence the two operator norms are

equal:

‖G−1‖∞ = ‖G−1‖1.

As usual we can write G as G = I +A where A consists of off-diagonal

entries in A (recall that since atoms are unit norm, hence diagonal

entries in G are 1).

Each row of A lists inner products between a fixed atom and K − 1

other atoms (leaving the 0 at the diagonal entry). Therefore

‖A‖∞→∞ ≤ µ1(K − 1)

(since l1 norm of any row is upper bounded by the babel number µ1(K−
1)). Now G−1 can be written as a Neumann series

G−1 =
∞∑
k=0

(−A)k.

Thus

‖G−1‖∞ = ‖
∞∑
k=0

(−A)k‖∞ ≤
∞∑
k=0

‖(−A)k‖∞ =
∞∑
k=0

‖A‖k∞ =
1

1− ‖A‖∞
.

Finally

‖A‖∞ ≤ µ1(K − 1) ⇐⇒ 1− ‖A‖∞ ≥ 1− µ1(K − 1)

⇐⇒ 1

1− ‖A‖∞
≤ 1

1− µ1(K − 1)
.

Thus

‖G−1‖∞ ≤
1

1− µ1(K − 1)
.

�
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2.7.3.5. Quasi incoherent dictionaries.

Definition 2.22 [Quasi-incoherent dictionary] When the Babel

function of a dictionary grows slowly, we say that the dictionary

is quasi-incoherent.

2.8. Compressed sensing

In this section we formally define the problem of compressed sensing.

Compressed sensing refers to the idea that for sparse or compressible

signals, a small number of nonadaptive measurements carries sufficient

information to approximate the signal well. In the literature it is also

known as compressive sensing and compressive sampling. Differ-

ent authors seem to prefer different names. In this book we will stick

to the name as compressed sensing.

In this section we will represent a signal dictionary as well as its syn-

thesis matrix as D.

We recall the definition of sparse signals from definition 2.4.

A signal x ∈ CN is K-sparse in D if there exists a representation α for

x which has at most K non-zeros. i.e.

x = Dα

and

‖α‖0 ≤ K.

The dictionary could be standard basis, Fourier basis, wavelet basis, a

wavelet packet dictionary, a multi-ONB or even a randomly generated

dictionary.

Real life signals are not sparse, yet they are compressible in the sense

that entries in the signal decay rapidly when sorted by magnitude. As

a result compressible signals are well approximated by sparse signals.

Note that we are talking about the sparsity or compressibility of the
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signal in a suitable dictionary. Thus we mean that the signal x has

a representation α in D in which the coefficients decay rapidly when

sorted by magnitude.

Definition 2.23 In compressed sensing, a measurement is a lin-

ear functional applied to a signal

y = 〈x, f〉.

The compressed sensor makes multiple such linear measurements.

This can best be represented by the action of a sensing matrix

Φ on the signal x given by

y = Φx. (2.8.1)

Φ ∈ CM×N represents M different measurements made on the

signal x by the sensing process. Each row of Φ represents one

linear measurement.

The vector y ∈ CM is known as measurement vector.

CN forms the signal space while CM forms the measurement

space.

We also note that above can be written as

y = Φx = ΦDα = (ΦD)α.

It is assumed that the signal x is K-sparse or K-compressible in

D and K � N .

The objective is to recover x from y given that Φ and D are known.

We do this by first recovering the sparse representation α from y

and then computing x = Dα.

If M ≥ N then the problem is a straight forward least squares

problem. So we don’t consider it here.
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The more interesting case is when K < M � N i.e. the number

of measurements is much less than the dimension of the ambient

signal space while more than the sparsity level of signal namely K.

We note that given α is found, finding x is straightforward. We

therefore can remove the dictionary from our consideration and

look at the simplified problem given as: recover x from y with

y = Φx

where x ∈ CN itself is assumed to be K-sparse or K-compressible

and Φ ∈ CM×N is the sensing matrix.

2.8.1. The sensing matrix

There are two ways to look at the sensing matrix. First view is in terms

of its columns

Φ =
[
φ1 φ2 . . . φN

]
(2.8.2)

where φi ∈ CM are the columns of sensing matrix. In this view we see

that

y =
N∑
i=1

xiφi

i.e. y belongs to the column span of Φ and one representation of y in

Φ is given by x.

This view looks very similar to a dictionary and its atoms but there is

a difference. In a dictionary, we require each atom to be unit norm.

We don’t require columns of the sensing matrix Φ to be unit norm.

The second view of sensing matrix Φ is in terms of its columns. We

write

Φ =


χH1
χH2
...

χHM

 (2.8.3)



2.8. COMPRESSED SENSING 93

where χi ∈ CN are conjugate transposes of rows of Φ. This view gives

us following result
y1

y2

...yM

 =


χH1
χH2
...

χHM

x =


χH1 x

χH2 x
...

χHMx

 =


〈x, χ1〉
〈x, χ2〉

...

〈x, χM〉

 (2.8.4)

In this view yi is a measurement given by the inner product of x with

χi (〈x, χi〉 = χHi x).

We will call χi as a sensing vector. There are M such sensing vectors

in CN comprising Φ corresponding to M measurements in the mea-

surement space CM .

2.8.2. Number of measurements

A fundamental question of compressed sensing framework is: How

many measurements are necessary to acquire K-sparse signals? By

necessary we mean that y carries enough information about x such

that x can be recovered from y.

Clearly if M < K then recovery is not possible.

We further note that the sensing matrix Φ should not map two different

K-sparse signals to the same measurement vector. Thus we will need

M ≥ 2K and each collection of 2K columns in Φ must be non-singular.

If the K-column sub matrices of Φ are badly conditioned, then it is

possible that some sparse signals get mapped to very similar measure-

ment vectors. Thus it is numerically unstable to recover the signal.

Moreover, if noise is present, stability further degrades.

In [11] Candès and Tao showed that the geometry of sparse signals

should be preserved under the action of a sensing matrix. In particu-

lar the distance between two sparse signals shouldn’t change by much

during sensing.
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They quantified this idea in the form of a restricted isometric constant

of a matrix Φ as the smallest number δK for which the following holds

(1− δK)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δK)‖x‖2
2 ∀ x : ‖x‖0 ≤ K.

We will study more about this property known as restricted isometry

property (RIP) in section 3.1. Here we just sketch the implications of

RIP for compressed sensing.

When δK < 1 then the inequalities imply that every collection of K

columns from Φ is non-singular. Since we need every collection of 2K

columns to be non-singular, we actually need δ2K < 1 which is the

minimum requirement for recovery of K sparse signals.

Further if δ2K � 1 then we note that sensing operator very nearly

maintains the l2 distance between any two K sparse signals. In conse-

quence, it is possible to invert the sensing process stably.

It is now known that many randomly generated matrices have excellent

RIP behavior. One can show that if δ2K ≤ 0.1, then with

M = O(K lnαN)

measurements, one can recover x with high probability.

Some of the typical random matrices which have suitable RIP proper-

ties are

• Gaussian sensing matrices

• Partial Fourier matrices

• Rademacher sensing matrices

2.8.3. Signal recovery

The second fundamental problem in compressed sensing is: Given the

compressed measurements y how do we recover the signal x? This prob-

lem is known as SPARSE-RECOVERY problem.
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A simple formulation of the problem as: minimize ‖x‖0 subject to

y = Φx is hopeless since it entails a combinatorial explosion of search

space.

Over the years, people have developed a number of algorithms to tackle

the sparse recovery problem.

The algorithms can be broadly classified into following categories

Greedy pursuits: These algorithms attempt to build the approxi-

mation of the signal iteratively by making locally optimal

choices at each step. Examples of such algorithms include

OMP (orthogonal matching pursuit), stage-wise OMP, reg-

ularized OMP, CoSaMP (compressive sampling pursuit) and

IHT (iterative hard thresholding).

Convex relaxation: These techniques relax the l0 “norm” minimiza-

tion problem into a suitable problem which is a convex opti-

mization problem. This relaxation is valid for a large class of

signals of interest. Once the problem has been formulated as a

convex optimization problem, a number of solutions are avail-

able, e.g. interior point methods, projected gradient methods

and iterative thresholding.

Combinatorial algorithms: These methods are based on research in

group testing and are specifically suited for situations where

highly structured measurements of the signal are taken. This

class includes algorithms like Fourier sampling, chaining pur-

suit, and HHS pursuit.

A major emphasis of the following chapters will be the study of these

sparse recovery algorithms.

In the following we present examples of real life problems which can be

modeled as compressed sensing problems.
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2.8.4. Error correction in linear codes

The classical error correction problem was discussed in one of the sem-

inal founding papers on compressed sensing [10].

Let f ∈ RN be a “plaintext” message being sent over a communication

channel.

In order to make the message robust against errors in communication

channel, we encode the error with an error correcting code.

We consider A ∈ RD×N with D > N as a linear code. A is essentially

a collection of code words given by

A =
[
a1 a2 . . . aN

]
(2.8.5)

where ai ∈ RD are the codewords.

We construct the “ciphertext”

x = Af (2.8.6)

where x ∈ RD is sent over the communication channel. Clearly x is a

redundant representation of f which is expected to be robust against

small errors during transmission.

A is assumed to be full column rank. Thus ATA is invertible and we

can easily see that

f = A†x

where

A† = (ATA)−1AT

is the left pseudo inverse of A.

But naturally the communication channel is going to add some error.

What we actually receive is

y = x+ e = Af + e (2.8.7)

where e ∈ RD is the error being introduced by the channel.
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The least squares solution by minimizing the error l2 norm is given by

f ′ = A†y = A†(Af + e) = f + A†e.

Since A†e is usually non-zero (we cannot assume that A† will annihilate

e), hence f ′ is not an exact replica of f .

What is needed is an exact reconstruction of f . To achieve this, a

common assumption in literature is that error vector e is in fact sparse.

i.e.

‖e‖0 ≤ K � D. (2.8.8)

To reconstruct f it is sufficient to reconstruct e since once e is known

we can get

x = y − e

and from there f can be faithfully reconstructed.

The question is: for a given sparsity level K for the error vector e can

one reconstruct e via practical algorithms? By practical we mean algo-

rithms which are of polynomial time w.r.t. the length of “ciphertext”

(D).

The approach in [10] is as follows.

We construct a matrix F ∈ RM×D which can annihilate A i.e.

FA = 0.

We then apply F to y giving us

ỹ = F (Af + e) = Fe.

Therefore the decoding problem is reduced to that of reconstructing

a sparse vector e ∈ RD from the measurements Fe ∈ RM where we

would like to have M � D.

With this the problem of finding e can be cast as problem of finding a

sparse solution for the under-determined system given by
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minimize
e∈ΣK

‖e‖0

subject to ỹ = Fe
(P0)

This now becomes the compressed sensing problem. The natural ques-

tions are

• How many measurements M are necessary (in F ) to be able

to recover e exactly?

• How should F be constructed?

• How do we recover e from ỹ?

2.9. Examples

In this section we will look at several examples which can be mod-

eled using sparse and redundant representations and measured using

compressed sensing techniques.

Several examples in this section have been incorporated from Sparco

[6](a testing framework for sparse reconstruction).

2.9.1. Piecewise cubic polynomial signal

This example was discussed in [9]. Our signal of interest is a piece-

wise cubic polynomial signal as shown in fig. 2.6. It has a sparse

representation in a wavelet basis (fig. 2.7). We can sort the wavelet

coefficients by magnitude and plot them in descending order to visu-

alize how sparse the representation is in fig. 2.8. The chosen basis

is a Daubechies wavelet basis Ψ fig. 2.10. A Gaussian random sens-

ing matrix Φ (fig. 2.11) is used to generate the measurement vector y

(fig. 2.9). Finally the product of Φ and Ψ given by ΦΨ will be used

for actual recovery of sparse representation α from the measurements

y (fig. 2.12). Fundamental equations are:

x = Ψα
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and

y = Φx+ e = ΦΨα + e.

x ∈ RN . In this example N = 2048. Ψ is a complete dictionary of

size N × N . Thus we have D = N and α ∈ RN . Φ ∈ RM×N . In this

example, the number of measurements M = 600. The measurement

vector y ∈ RM . For this problem we chose e = 0.

Sparse signal recovery problem is denoted as

α̂ = recovery(ΦΨ, y,K).

where α̂ is a K-sparse approximation of α.

Closely examining the coefficients in α we can note that max(αi) =

78.0546. Further if we put different thresholds over magnitudes of en-

tries in α we can find the number of coefficients higher than the thresh-

old as listed in table 2. A choice of M = 600 looks quite reasonable

given the decay of entries in α.

Table 2. Entries in wavelet representation of piecewise

cubic polynomial signal higher than a threshold

Threshold Entries higher than threshold

1 129

1E-1 173

1E-2 186

1E-4 197

1E-8 199

1E-12 200
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Figure 2.6. A piecewise cubic polynomials signal
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Figure 2.7. Sparse representation of signal in wavelet basis
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Figure 2.8. Wavelet coefficients sorted by magnitude
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Figure 2.9. Measurement vector y = Φx+ e
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Figure 2.10. Daubechies-8 wavelet basis

Sensing matrix Φ

200 400 600 800 1000 1200 1400 1600 1800 2000

100

200

300

400

500

600

Figure 2.11. Gaussian sensing matrix Φ
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Figure 2.12. Recovery matrix ΦΨ
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2.10. Digest

This section summarizes results in this chapter.

l2 regularization

minimize
x

‖x‖2

subject to y = Φx.
(P2)

Lagrangian:

L(x) = ‖x‖22 + λH(Φx− y)

Optimal solution:

x∗ = ΦH(ΦΦH)−1y = Φ†y.

l1 regularization

minimize
x

‖x‖1

subject to Φx = y.
(P1)

‖x‖1 is not strictly convex.

At least one solution to l1 minimization has ‖x‖0 = M . Also for real case, it can

be shown to be a linear programming problem.

Two orthonormal bases Ψ and X .

Mutual coherence or proximity

µ(Ψ,X ) = max
1≤i,j≤N

|〈ψi, χj〉|.

Mutual coherence bounds
1√
N
≤ µ(Ψ,X ) ≤ 1.

Mutual coherence of Dirac and Fourier bases

µ(I,F) =
1√
N
.

Uncertainty principle for two ortho bases x = Ψα = Xβ.

‖α‖0 + ‖β‖0 ≥
2

µ(Ψ,X )
.

And for unit norm vectors x:

‖α‖1 + ‖β‖1 ≥
2√

µ(Ψ,X )
.

Two ortho basis H =
[
Ψ X

]
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Null space vectors and sparsity:

‖v‖0 ≥
2

µ(H)
∀ v ∈ N (H).

Uncertainty principle for two ortho basis: x = Hα = Hβ

‖α‖0 + ‖β‖0 ≥
2

µ(H)
.

Uniqueness principle for two ortho basis:

‖α‖0 <
1

µ(H)

implies that α is sparsest (and unique) representation.

Sparse and redundant representations

Dictionary

D = {dω : ω ∈ Ω}

with ‖dω‖2 = 1 and D spans CN . D = |Ω|. Thus the set of (D,K)-sparse signals

is given by

Σ(D,K) =

{
x ∈ CN : x =

∑
λ∈Λ

bλdλ

}
.

for some index set Λ ⊂ Ω with |Λ| = K.

Sparse approximation problem:

min
|Λ|=K

min
b

∥∥∥∥∥x−∑
λ∈Λ

bλφλ

∥∥∥∥∥
2

.

(D,K)-exact-sparse problem

minimize
α

‖α‖0

subject to x = Φα

and ‖α‖0 ≤ K

(D,K)-sparse approximation problem

minimize
α

‖x− Φα‖2

subject to ‖α‖0 ≤ K.

A Sub-dictionary is a linearly independent collection of atoms. Λ index set for

subdictionary, DΛ represents the subdictionary. We say K = |Λ|. DΛ is full rank.

G = DHΛ DΛ is its Gram matrix which is positive definite. The inverse Gram matrix

lists the inner products between the dual vectors.
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norm relationships Sign vector for a complex vector

sgn(vi) =

{
exp(j∠vi) if |vi| 6= 0;

0 if |vi| = 0.

l1 norm as inner product with sign vector:

‖v‖1 = sgn(v)Hv = 〈v, sgn(v)〉.

Bounds on l1 norm w.r.t. l2 norm

‖v‖2 ≤ ‖v‖1 ≤
√
N‖v‖2.

Bound on l2 norm w.r.t l∞-norm

‖v‖2 ≤
√
N‖v‖∞.

Relationship between arbitrary norms

‖v‖q ≤ ‖v‖p whenever p ≤ q.

l1 norm as inner product with 1:

‖v‖1 = 1T |v| = 1H |v|.

vH1v = ‖v‖21.

The set of sparse signals

ΣK = {x ∈ CN : ‖x‖0 ≤ K}.

Norm relationships for K sparse signals:

‖u‖1√
K
≤ ‖u‖2 ≤

√
K‖u‖∞.

Compressible signals K-term approximation x|K is a best K-term approximation

of x.

Compressible signal: x is some signal and x̂ is a permutation of x in the descending

magnitude order. If

|x̂i| ≤ R · i−
1
p ∀i = 1, 2, . . . , N.

then x is compressible.

Tools for dictionary analysis

Spark is minimum number of linearly dependent columns.

Uniqueness-Spark sufficient condition:

‖x∗‖0 <
spark(D)

2
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Coherence of a dictionary D:

µ = max
j 6=k
|〈dωj

, dωk
〉| = max

j 6=k
|(DHD)jk|.

Coherence for arbitrary matrix

µ(A) = max
j 6=k

|〈aj , ak〉|
‖aj‖2‖ak‖2

.

Coherence based lower bound for spark:

spark(Φ) ≥ 1 +
1

µ(Φ)
.

Lower bound for spark of two ortho basis

spark(D) ≥ 2

µ(D)
.

Uniqueness-Coherence:

‖x∗‖0 <
1

2

(
1 +

1

µ(D)

)
sufficient condition for guaranteeing uniqueness.

Bounds on eigen values of Gram matrices for sub-dictionaries: K = |Λ|. G =

DHΛ DΛ.

1− (K − 1)µ ≤ λ(G) ≤ 1 + (K − 1)µ. (2.10.1)

Bounds on singular values of sub-dictionaries:√
1− (K − 1)µ ≤ σ(DΛ) ≤

√
1 + (K − 1)µ. (2.10.2)

Coherence bounds for norms of embeddings of sparse vectors using sub-dictionaries

(1− (K − 1)µ)‖v‖22 ≤ ‖DΛv‖22 ≤ (1 + (K − 1)µ)‖v‖22.

Babel function

µ1(p) , max
|Λ|=p

max
ψ

∑
Λ

|〈ψ, dλ〉|,

where the vector ψ ranges over the atoms indexed by Ω \ Λ.

Babel function upper bound from coherence:

µ1(p) ≤ p µ(D).

Lower bound on spark from Babel function:

spark(D) ≥ min
1≤p≤N

{p : µ1(p− 1) ≥ 1}.
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Babel function and singular values of subdictionaries: |Λ| = K.

1− µ1(K − 1) ≤ σ2 (DΛ) ≤ 1 + µ1(K − 1).

Babel function and singular value lower bound:

µ1(K − 1) < 1 =⇒ σ2 (DΛ) ≥ 1− µ1(K − 1).

Babel function and uncertainty principle: If µ1(K−1) < 1 and a signal has a sparse

representation with k non-zero entries, then any other representation will have at

least K − k + 1 non-zero entries.

Norms of Gram matrix of subdictionary:

‖G‖∞ = ‖G‖1 ≤ 1 + µ1(K − 1). (2.10.3)

Norms of inverse Gram matrix of subdictionary:

‖G−1‖∞ = ‖G−1‖1 ≤
1

1− µ1(K − 1)

given that µ1(K − 1) < 1.



CHAPTER 3

More Tools for Dictionary and Random Matrix

Analysis

In this chapter we cover the results for a wide variety of tools which are

used for analysis of dictionaries, random matrices (like sensing matri-

ces). The tools include restricted isometry property, coherence, spark,

etc..

We also spend time in deeper understanding of concepts related to di-

mensionality reduction from high dimensional spaces to lower dimen-

sional spaces using random projections. We delve upon the notion

of stable embeddings of points from high dimensional spaces to lower

dimensional spaces.

3.1. Restricted isometry property

Definition 3.1 A matrix Φ ∈ CM×N is said to satisfy the RIP

(restricted isometry property) of order K with a constant

δ ∈ (0, 1) if the following holds:

(1− δ)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δ)‖x‖2
2 (3.1.1)

for every x ∈ ΣK where

ΣK = {x ∈ CN : ‖x‖0 ≤ K}

is the set of all K-sparse vectors in CN .

111
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Definition 3.2 [Restricted isometry constant] If a matrix Φ ∈
CM×N satisfies RIP of order K then the smallest value of δ (de-

noted as δK) for which the following holds

(1− δ)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δ)‖x‖2
2 ∀ x ∈ ΣK (3.1.2)

is known as the K-th restricted isometry constant for Φ. It

is also written in short as K-th RIP constant.

We write the bounds as in terms of δK as

(1− δK)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δK)‖x‖2
2 ∀ x ∈ ΣK . (3.1.3)

Some remarks are in order.

• Φ maps a vector x ∈ ΣK ⊆ CN into CM as a vector Φx (usually

M < N).

• We will call Φx ∈ CM as an embedding of x ∈ CN into CM .

• RIP quantifies the idea as to how much the squared length of

a sparse signal changes during this embedding process.

• We can compare matrices satisfying RIP with orthonormal

bases. An orthonormal basis or the corresponding unitary ma-

trix preserves the length of a vector exactly(see ??). A matrix

Φ satisfying RIP of order K is able to preserve the length of K

sparse signals approximately (the approximation range given

by δK). In this sense we can say that Φ implements a re-

stricted almost orthonormal system [10]. By restricted

we mean that orthonormality is limited to K-sparse signals.

By almost we mean that the squared length is not preserved

exactly. Rather it is preserved approximately.

• An arbitrary matrix Φ need not satisfy RIP of any order at

all.

• If Φ satisfies RIP of order K then it is easy to see that Φ

satisfies RIP of any order L < K (since ΣL ⊂ ΣK whenever

L < K).

• If Φ satisfies RIP of order K then it may or many not satisfy

RIP of order L > K.



3.1. RESTRICTED ISOMETRY PROPERTY 113

• Restricted isometry constant is a function of sparsity level K

of the signal x ∈ CN .

Example 3.1: Restricted isometry constant As a running exam-

ple in this section we will use following matrix

Φ =
1

2


1 −1 1 1 1 −1 1 1

−1 −1 1 1 −1 1 1 −1

−1 −1 −1 1 −1 −1 −1 1

−1 1 1 1 1 −1 −1 −1

 ∈ R4×8.

Consider

x =
(
−2 0 0 0 0 −3 −1 0

)
which is a 3-sparse vector in R8.

We have

y = Φx =
(

0 −1 3 3
)

Now

‖x‖2
2 = 14, ‖x‖2 = 3.7417

‖y‖2
2 = 19, ‖y‖2 = 4.3589

We note that
‖y‖2

2

‖x‖2
2

= 1.3571.

With this much information, all we can say that δ3 ≥ .3571 for this

matrix Φ since we haven’t examined all possible 3-sparse vectors.

Still what is comforting to note is that for this particular example, the

distance hasn’t increased by a large factor. �

For a given K-sparse vector x, let J denote the support of x, i.e.

J = {1 ≤ i ≤ N : xi 6= 0}.

In the running example

J = {1, 6, 7}
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We define xJ ∈ CK to be the vector formed by keeping the elements

in x indexed by J and dropping of other elements (the zero elements).

Note that the order of elements is preserved.

In the running example,

xJ =
(
−2 −3 −1

)
Let ΦJ be the corresponding sub-matrix by choosing columns from Φ

indexed by the set J . Note that the order of elements is preserved.

In the running example

ΦJ =
1

2


1 −1 1

−1 1 1

−1 −1 −1

−1 −1 −1

 ∈ R4×3.

It is easy to see that

y = Φx = ΦJxJ . (3.1.4)

There are
(
N
K

)
ways of choosing a K-sparse support for x. Thus we

have to consider
(
N
K

)
corresponding sub-matrices ΦJ .

For each such sub-matrix ΦJ , the RIP bounds can be rewritten as

(1− δK)‖x‖2
2 ≤ ‖ΦJx‖2

2 ≤ (1 + δK)‖x‖2
2 (3.1.5)

for every x ∈ CK .

Note that

‖ΦJx‖2
2 = (ΦJx)H(ΦJx) = xHΦH

J ΦJx. (3.1.6)

Theorem 3.1 An M × N matrix Φ cannot satisfy RIP of order

K > M .

Proof. Since every φj ∈ CM hence any set of M + 1 columns in

Φ is linearly dependent. Thus there exists a non-zero M + 1 sparse

signal x ∈ CN such that Φx = 0 (it belongs to the null space of the
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chosen M + 1 columns). RIP (3.1.1) requires that a non-zero vector be

embedded as a non-zero vector. Thus Φ cannot satisfy RIP of order

M + 1. The argument can be easily extended for any K > M . �

Theorem 3.2 If Φ satisfies RIP of order l then it satisfies RIP of

order k where k < l.

Proof. Every k sparse signal is also l sparse signal. Thus if Φ

satisfies RIP of order l then it automatically satisfies RIP of order

k < l. �

Theorem 3.3 Let Φ satisfy RIP of order k and l where k < l.

Then δk ≤ δl. In other words, restricted isometry constants are

non-decreasing.

Proof. Since every k sparse signal is also l sparse signal, hence for

every x ∈ Σk following must be satisfied

(1− δk)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δk)‖x‖2
2

and

(1− δl)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δl)‖x‖2
2.

Since δk is smallest such value for which these inequalities are satisfied

hence δl cannot be smaller than δk. �

3.1.1. The first restricted isometry constant

We consider the simplest case where K = 1. We can write Φ in terms

of its column vectors

Φ =
[
φ1 . . . φN

]
Now a 1-sparse vector x consists of only one non-zero value. Say that

x is non-zero at index j. Then Φx is nothing but xjφj. With this the

restricted isometry inequality can be written as

(1− δ1)|xj|2 ≤ ‖xjφj‖2
2 ≤ (1 + δ1)|xj|2.
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Dividing by |xj|2 we get

(1− δ1) ≤ ‖φj‖2
2 ≤ (1 + δ1).

Let us formalize this in the following theorem.

Theorem 3.4 If a matrix Φ satisfies RIP of order K ≥ 1 then the

squared lengths of columns of Φ satisfy the following bounds

1− δ1 ≤ ‖φj‖2
2 ≤ 1 + δ1 ∀ 1 ≤ j ≤ N. (3.1.7)

When δ1 = 0 then all columns of Φ are unit norm. Now if columns of

Φ span CM then Φ can also be considered as a dictionary for CM (see

definition 2.3).

Remark. A dictionary (definition 2.3) satisfies RIP of order 1 with

δ1 = 0.

3.1.2. Sums and differences of sparse vectors

Theorem 3.5 Let x, y ∈ CN with x ∈ Σk and y ∈ Σl. i.e. ‖x‖0 ≤
k and ‖y‖0 ≤ l. Then

(1− δk+l)‖x± y‖2
2 ≤ ‖Φx± Φy‖2

2 ≤ (1 + δk+l)‖x± y‖2
2 (3.1.8)

as long as Φ satisfies RIP of order k + l.

Proof. We know that

‖x± y‖0 ≤ ‖x‖0 + ‖y‖0 = k + l.

Thus x± y ∈ Σk+l. The result follows. �

3.1.3. Distance between sparse vectors

Let x, y ∈ ΣK . Then clearly x− y ∈ Σ2K .

The l2 distance between vectors is given by

d(x, y) = ‖x− y‖2 =
√

(x− y)H(x− y)
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Now if Φ satisfies RIP of order 2K then we can see that it approximately

preserves l2 distances between K-sparse vectors.

Theorem 3.6 Let x, y ∈ ΣK ⊂ CN . Let Φx,Φy ∈ CM be corre-

sponding embeddings. If Φ satisfies RIP of order 2K, then

(1− δ2K)d2(x, y) ≤ d2(Φx,Φy) ≤ (1 + δ2K)d2(x, y). (3.1.9)

Proof. Since Φ satisfies RIP of order 2K hence for every vector

v ∈ Σ2K we have

(1− δ2K)‖v‖2
2 ≤ ‖Φv‖2

2 ≤ (1 + δ2K)‖v‖2
2.

But then x− y ∈ Σ2K for every x, y ∈ ΣK and

d2(x, y) = ‖x− y‖2
2

and

d2(Φx,Φy) = ‖Φx− Φy‖2
2 = ‖Φ(x− y)‖2

2.

Thus we have the result. �

3.1.4. RIP with unit length sparse vectors

Sometimes it is convenient to state RIP in terms of unit length sparse

vectors.

Theorem 3.7 Let x be some arbitrary unit length (i.e. ‖x‖2 = 1)

vector belonging to ΣK. A matrix Φ is said to satisfy RIP of order

K if and only if the following holds

(1− δK) ≤ ‖Φx‖2
2 ≤ (1 + δK) (3.1.10)

for every x ∈ ΣK with ‖x‖2 = 1.

Proof. If Φ satisfies RIP of order K then by putting ‖x‖2 = 1 in

(3.1.1) we get (3.1.10).
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Now the converse. We assume (3.1.10) holds for all unit norm vectors

x ∈ ΣK . We need to show that (3.1.1) holds for all x ∈ ΣK .

For x = 0 the bounds in (3.1.1) are trivially satisfied.

Let x ∈ ΣK be some non-zero vector. Let x̂ = x
‖x‖2 . Clearly x̂ is unit

length. Hence

(1− δK) ≤ ‖Φx̂‖2
2 ≤ (1 + δK)

=⇒ (1− δK) ≤
∥∥∥∥Φ

x

‖x‖2

∥∥∥∥2

2

≤ (1 + δK)

=⇒ (1− δK)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δK)‖x‖2
2

(3.1.11)

Thus Φ satisfies RIP of order K. �

3.1.5. Singular and eigen values of K-sub matrices

Consider any index set J ⊂ {1, . . . , N} with |J | = K. Let ΦJ be a sub

matrix of Φ consisting of columns indexed by J . Assume K ≤M . We

define

G , ΦH
J ΦJ ∈ CK×K (3.1.12)

as the Gram matrix for columns of ΦJ (see ??).

We consider the eigen values of G given by

Gx = λx

for some x ∈ CK and x 6= 0. We will show that eigen values of G are

bounded by RIP constant.

In the running example

G =

 1 0 0.5

0 1 0.5

0.5 0.5 1

 .
Eigen values of G are (0.2929, 1, 1.7071).
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Theorem 3.8 Let Φ satisfy the RIP of order K where K ≤ M .

Let ΦJ be any sub matrix of Φ with K columns. Then the eigen

values of G = ΦH
J ΦJ lie in the range [1− δK , 1 + δK ].

Proof. We note that G ∈ CK×K .

Let λ be some eigen value of G and x ∈ CK be a corresponding eigen

vector.

Gx = λx

=⇒ xHGx = xHλx

=⇒ xHΦH
J ΦJx = λ‖x‖2

2

=⇒ ‖ΦJx‖2
2 = λ‖x‖2

2

From (3.1.5) we recall that δK RIP bounds apply for each vector in

x ∈ CK for a K-column sub-matrix ΦJ given by

(1− δK)‖x‖2
2 ≤ ‖ΦJx‖2

2 ≤ (1 + δK)‖x‖2
2.

Thus

(1− δK)‖x‖2
2 ≤ λ‖x‖2

2 ≤ (1 + δK)‖x‖2
2

=⇒ (1− δK) ≤ λ ≤ (1 + δK) since x 6= 0.

�

Corollary 3.9. Let Φ satisfy the RIP of order K where K ≤ M . Let

ΦJ be any sub matrix of Φ with K columns. Then the Gram matrix

G = ΦH
J ΦJ is full rank and invertible.

Moreover G is positive definite.

Proof. Clearly from theorem 3.8 all eigen values of G are non-

zero. Hence their product is non-zero. Thus det(G) is non-zero. Hence

G is invertible.
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Since from theorem 3.8 all eigen values are positive, hence, G is positive

definite. �

Theorem 3.10 Let Φ satisfy the RIP of order K where K ≤ M .

Let ΦJ be any sub matrix of Φ with K columns. Then the singular

values of ΦJ are non-zero and they are in the range given by√
1− δK ≤ σ ≤

√
1 + δK (3.1.13)

where σ is a singular value of ΦJ .

Proof. This is straight forward application of ?? and theorem 3.8.

Eigen values of ΦH
J ΦJ are nothing but squares of the singular values of

ΦJ . �

Corollary 3.11. Let Φ satisfy the RIP of order K where K ≤M . Let

ΦJ be any sub matrix of Φ with k columns where k ≤ K. Then the

singular values of ΦJ are non-zero and they are in the range given by√
1− δK ≤ σ ≤

√
1 + δK (3.1.14)

where σ is a singular value of ΦJ .

Proof. Let σ be a singular value of ΦJ . From theorem 3.10 we

have √
1− δk ≤ σ ≤

√
1 + δk.

From theorem 3.3 we have δk ≤ δK . Thus

1− δK ≤ 1− δk, 1 + δk ≤ 1 + δK .

Thus √
1− δK ≤ σ ≤

√
1 + δK .

�

Theorem 3.12 Let Φ satisfy the RIP of order K where K ≤ M .

Let ΦJ be any sub matrix of Φ with k columns where k ≤ K. Then
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the eigen values of ΦH
J ΦJ + rI lie in the range

[1− δK + r, 1 + δK + r]

.

Moreover consider ∆ = ΦH
J ΦJ − I. Then

‖∆‖2 ≤ δK .

Proof. From theorem 3.8 eigen values of ΦH
J ΦJ lie in the range

[1 − δK , 1 + δK ]. From ?? λ is an eigen value of ΦH
J ΦJ if and only if

λ+ r is an eigen value of ΦH
J ΦJ + rI. Hence the result.

Now for ∆ = ΦH
J ΦJ − I the eigen values lie in the range [−δK , δK ].

Thus for every eigen value of ∆ we have λ ≤ δK . Since ∆ is Hermitian,

its spectral norm is nothing but its largest eigen value. Hence

‖∆‖2 ≤ δK .

�

From previous few results we see that bound over eigen values of ΦH
J ΦJ

given by (1−δK) ≤ λ ≤ (1+δK) is a necessary condition for Φ to satisfy

RIP of order K. We now show that this is also a sufficient condition.

Theorem 3.13 Let Φ be an M × N matrix with M ≤ N . Let

J ⊂ {1, . . . , N} be an index set with |J | = K ≤ M . Let ΦJ be the

K-column sub-matrix of Φ indexed by J . Let G = ΦH
J ΦJ be the

Gram matrix of columns of ΦJ . Let the eigen values of G be λ. If

there exists a number δ ∈ (0, 1) such that

1− δ ≤ λ ≤ 1 + δ

for every eigen value of G for every K column sub-matrix of Φ,

then Φ satisfies RIP of order K.

Alternatively, let ∆ = G− I. If

‖∆‖2 ≤ δ < 1
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then Φ satisfies RIP of order K.

Alternatively if singular values of ΦJ satisfy
√

1− δ ≤ σ ≤
√

1 + δ

for every ΦJ then Φ satisfies RIP of order K.

Proof. We note that eigen values of G are related to eigen values

of ∆ by the relation (see ??)

λG − 1 = λ∆ ⇐⇒ ΛG = 1 + λ∆.

So

‖∆‖2 ≤ δ ⇐⇒ −δ ≤ λ∆ ≤ δ ⇐⇒ 1− δ ≤ λG ≤ 1 + δ.

Thus the first two sufficient conditions are equivalent. Lastly the eigen

values of G are squares of singular values of ΦJ , thus all sufficient

conditions are equivalent.

Now let x ∈ ΣK be an arbitrary vector and let J = supp(x). Clearly

|J | ≤ K. If |J | < K then augment J by adding some indices arbitrarily

till we get |J | = K. Clearly xJ is an arbitrary vector in CK and

Φx = ΦJxJ . Now let λ1 be the largest and λk be the smallest eigen

value of G = ΦH
J ΦJ . G is Hermitian and all its eigen values are positive,

hence it is positive definite. From ?? we get

λk‖x‖2
2 ≤ xHGx ≤ λ1‖x‖2

2 ∀ x ∈ CK .

Applying the limits on the eigen values and using xHGx = ‖ΦJx‖2
2, we

get

(1− δ)‖x‖2
2 ≤ ‖ΦJx‖2

2 ≤ (1 + δ)‖x‖2
2 ∀ x ∈ CK .

Since this holds for every index set J with |J | = K hence an equivalent

statement is

(1− δ)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δ)‖x‖2
2 ∀ x ∈ ΣK ⊂ CN .

Thus Φ indeed satisfies RIP of order K with some δK not larger than

δ. �
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Theorem 3.14 Let Φ satisfy the RIP of order K where K ≤ M .

Let ΦJ be any sub matrix of Φ with k columns where k ≤ K. Let

Φ†J be its Moore-Penrose pseudo-inverse. Then the singular values

of Φ†J are non-zero and they are in the range given by

1√
1 + δK

≤ σ ≤ 1√
1− δK

(3.1.15)

where σ is a singular value of Φ†J .

Proof. Construction of pseudo inverse of a matrix through its

singular value decomposition is discussed in ??. ?? shows that if σ is a

non-zero singular value of Φ†J then 1
σ

is a non-zero singular value of ΦJ .

From corollary 3.11 we have that if 1
σ

is a singular value of ΦJ then,√
1− δK ≤

1

σ
≤
√

1 + δK

Inverting the terms in the inequalities we get our result. �

Theorem 3.15 Eigen values of G = ΦH
J ΦJ provide a lower bound

on δK given by

δK ≥ max(1− λmin, λmax − 1)

where J is some index set choosing K columns of Φ and δK is the

K-th restricted isometry constant for Φ.

In other words, singular values of ΦJ provide a lower bound on δK

given by

δK ≥ max(1− σ2
min, σ

2
max − 1)

Proof. Obvious. �

In the running example, the bounds tell us that

δ3 ≥ 0.7071.
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Certainly we have to consider all possible
(
N
K

)
sub-matrices ΦJ to come

up with an overall lower bound on δK .

This result doesn’t provide us any upper bound on δK .

Theorem 3.16 Let Φ satisfy the RIP of order K where K ≤ M .

Let ΦJ be any sub matrix of Φ with k columns where k ≤ K. Then

‖ΦJx‖2 ≤
√

1 + δK‖x‖2 ∀x ∈ Ck. (3.1.16)

Moreover

‖ΦH
J y‖2 ≤

√
1 + δK‖y‖2 ∀y ∈ CM . (3.1.17)

Proof. We note that ΦJ is an M×k matrix. Let σ1 be the largest

singular value of ΦJ . Then by ?? we have

‖ΦJx‖2 ≤ σ1‖x‖2 ∀x ∈ Ck.

and

‖ΦH
J y‖2 ≤ σ1‖y‖2 ∀y ∈ CM .

From theorem 3.10 and corollary 3.11 we get

σ1 ≤
√

1 + δK .

This completes the proof. �

First inequality is essentially a restatement of restricted isometry prop-

erty in eq. (3.1.5). Second inequality is interesting. In compressed sens-

ing terms, y is a measurement vector and we are using ΦH
J to project

y back into CN over a k sparse support identified by J . The inequality

provides an upper bound on how much the length can increase during

this operation.

Theorem 3.17 Let Φ satisfy the RIP of order K where K ≤ M .

Let ΦJ be any sub matrix of Φ with k columns where k ≤ K. Let
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Φ†J be its Moore-Penrose pseudo-inverse. Then

‖Φ†Jy‖2 ≤
1√

1− δK
‖y‖2 ∀y ∈ CM . (3.1.18)

Proof. We note that Φ†J is an k×M matrix. Let σ1 be the largest

singular value of Φ†J . Then by ?? we have

‖Φ†Jy‖2 ≤ σ1‖y‖2 ∀y ∈ CM .

From theorem 3.14 we see that singular values of Φ†J satisfy the in-

equalities

1√
1 + δK

≤ σ ≤ 1√
1− δK

.

Thus

σ1 ≤
1√

1− δK
.

Plugging it in we get

‖Φ†Jy‖2 ≤
1√

1− δK
‖y‖2 ∀y ∈ CM .

�

In previous theorem we saw that back-projection using ΦH
J had an

upper bound on how much the length of measurement vector could

increase. In this theorem we see another upper bound on how much

the length of measurement vector can increase when back projected

using the pseudo inverse of ΦJ .

Theorem 3.18 Let Φ satisfy the RIP of order K where K ≤ M .

Let ΦJ be any sub matrix of Φ with k columns where k ≤ K. Then

(1− δK)‖x‖2 ≤ ‖ΦH
J ΦJx‖2 ≤ (1 + δK)‖x‖2 ∀ x ∈ Ck. (3.1.19)

Moreover

1

1 + δK
‖x‖2 ≤ ‖

(
ΦH
J ΦJ

)−1
x‖2 ≤

1

1− δK
‖x‖2 ∀ x ∈ Ck. (3.1.20)
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Proof. We note that ΦJ is a full column rank tall matrix. We

recall that all singular values of ΦJ are positive and are bounded by

(corollary 3.11):√
1− δK ≤ σk ≤ · · · ≤ σ1 ≤

√
1 + δK

where σ1, . . . , σk are the singular values of ΦJ (in descending order).

We note that ΦH
J ΦJ is an k×k matrix which is invertible (corollary 3.9).

Now from ?? we get

σ2
k‖x‖2 ≤ ‖ΦH

J ΦJx‖2 ≤ σ2
1‖x‖2 ∀ x ∈ Ck.

Applying the bounds on σi we get the result

(1− δK)‖x‖2 ≤ ‖ΦH
J ΦJx‖2 ≤ (1 + δK)‖x‖2 ∀ x ∈ Ck.

Now from ?? we have the bounds for
(
ΦH
J ΦJ

)−1
given by

1

σ2
1

‖x‖2 ≤ ‖
(
ΦH
J ΦJ

)−1
x‖2 ≤

1

σ2
k

‖x‖2 ∀ x ∈ Ck.

Applying the bounds on σi we get the result

1

1 + δK
‖x‖2 ≤ ‖

(
ΦH
J ΦJ

)−1
x‖2 ≤

1

1− δK
‖x‖2 ∀ x ∈ Ck.

�

In the sequel we will discuss that ΦHΦx can work as a very good proxy

for the signal x. The results in this theorem are very comforting in this

regard.

Theorem 3.19 Let Φ satisfy the RIP of order K where K ≤ M .

Let ΦJ be any sub matrix of Φ with k columns where k ≤ K. Then

‖(ΦH
J ΦJ − I)x‖2 ≤ δK‖x‖2 ∀ x ∈ Ck. (3.1.21)

Proof. From theorem 3.12 we get

‖ΦH
J ΦJ − I‖2 ≤ δk ≤ δK .

Thus since spectral norm is subordinate

‖(ΦH
J ΦJ − I)x‖2 ≤ ‖ΦH

J ΦJ − I‖2‖x‖2 ≤ δK‖x‖2 ∀ x ∈ Ck.
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�

3.1.6. Approximate orthogonality

We are going to show that disjoint sets of columns from Φ span nearly

orthogonal subspaces. This property is proved in [29].

Theorem 3.20 Let Φ satisfy the RIP of order K where K ≤
M . Let S and T denote index sets over the columns of Φ with

|S| + |T | ≤ K and S ∩ T = ∅. i.e. S and T are disjoint index

sets. Let ΦS and ΦT denote corresponding sub-matrices consisting

of columns indexed by S and T respectively. Then

‖ΦH
S ΦT‖2 ≤ δK (3.1.22)

where ‖‖2 denotes the 2-norm or spectral norm of a matrix.

Proof. Consider R = S ∪ T . Consider the sub-matrix ΦR. Con-

struct another matrix Ψ = ΦH
RΦR−I. The off-diagonal entries of Ψ are

nothing but inner products of columns of ΦR. We note that every entry

in the matrix ΦH
S ΦT is an entry in Ψ. Moreover, ΦH

S ΦT is a sub-matrix

of Ψ.

The spectral norm of a sub-matrix is never greater than the spectral

norm of the matrix containing it. Thus

‖ΦH
S ΦT‖2 ≤ ‖ΦH

RΦR − I‖2.

From theorem 3.12 the eigen values of ΦH
RΦR − I satisfy

1− δK − 1 ≤ λ ≤ 1 + δK − 1.

Thus the spectral norm of ΦH
RΦR − I which is its largest eigen value

(see ??) satisfies

‖ΦH
RΦR − I‖2 ≤ δK .

Plugging back we get

‖ΦH
S ΦT‖2 ≤ δK .

�
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This result has a useful corollary. It establishes the approximate or-

thogonality between a set of columns in Φ and portion of a sparse

vector not covered by those columns.

Corollary 3.21. Let Φ satisfy the RIP of order K where K ≤ M .

Let T ⊂ {1, . . . , N} be an index set and let x ∈ CN be some vector.

Let S = supp(x). Further let us assume that K ≥ |T ∪ S|. Define

R = S \ T .

Then the following holds

‖ΦH
T ΦxR‖2 ≤ δK‖xR‖2 (3.1.23)

where xR is obtained by keeping entries in x indexed by R while setting

others to 0 (see definition 2.10).

Proof. Since

Φx =
∑
i

φixi

and xR is zero on entries not indexed by R, hence

ΦxR = ΦRxR

where on the R.H.S. xR ∈ C|R| by dropping the 0 entries from it not

indexed by R (see definition 2.10). Thus we have

‖ΦH
T ΦxR‖2 = ‖ΦH

T ΦRxR‖2.

From ?? we know that any operator norm is subordinate. Thus

‖ΦH
T ΦRxR‖2 ≤ ‖ΦH

T ΦR‖2‖xR‖2.

Since K ≥ |T ∪ S| hence we have

|R| = |S \ T | ≤ K.

Further T and R are disjoint. Applying theorem 3.20 we get

‖ΦH
T ΦR‖2 ≤ δK .

Putting back, we get our desired result

‖ΦH
T ΦxR‖2 ≤ δK‖xR‖2.

�
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3.1.7. Signal proxy

We can use the results so far to formalize the idea of signal proxy.

Theorem 3.22 Let x be a k-sparse signal Let Φ satisfy the RIP

of order k + l or higher. Let p be defined as

p = (ΦHΦx)|l (3.1.24)

i.e. p is obtained by keeping the l largest entries in b = ΦHΦx.

Then the following holds

‖p‖2 ≤ (1 + δl + δk+l)‖x‖2. (3.1.25)

Proof. Let A = supp(x), then |A| ≤ k. Let B = supp(p). Then

|B| ≤ l. Clearly

p = (ΦHΦx)|l = (ΦHΦx)B.

From lemma 2.20 we get

p = ΦH
BΦx.

Let C = A \B. Since x is supported on A only, hence we can write

x = xB + xC .

Thus from corollary 2.19 we get (B and C are disjoint)

Φx = ΦBxB + ΦCxC .

Thus we have

p = ΦH
BΦBxB + ΦH

BΦCxC .

Using triangle inequality we can write

‖p‖2 ≤ ‖ΦH
BΦBxB‖2 + ‖ΦH

BΦCxC‖2.

Theorem 3.18 gives us

‖ΦH
BΦBxB‖2 ≤ (1 + δl)‖xB‖2.

Since B and C are disjoint, hence Theorem 3.20 gives us

‖ΦH
BΦCxC‖2 ≤ δk+l‖xC‖2.
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Finally

‖p‖2 ≤ (1 + δl + δk+l)‖x‖2.

�

3.1.8. RIP and inner product

Let x and x′ be two different vectors in CN such that their support is

disjoint. i.e. if

T = supp(x) ⊆ {1, . . . , N}

and

T ′ = supp(x′) ⊆ {1, . . . , N}

then T ∩ T ′ = ∅.

Clearly

‖x‖0 = |T |

and

‖x′‖0 = |T ′|.

Since the support of x and x′ are disjoint hence it is straightforward

that

〈x, x′〉 = 0.

What can we say about the inner product of their corresponding em-

bedded vectors Φx and Φx′?

Following theorem provides an upper bound on the magnitude of the

inner product when the signal vectors x, x′ belong to the Euclidean

space RN . .This result is adapted from [8].

Theorem 3.23 For all x, x′ ∈ RN supported on disjoint subsets

T, T ′ ⊆ {1, . . . , N} with |T | < k and |T | < k′ we have

|〈Φx,Φx′〉| ≤ δk+k′‖x‖2‖x′‖2 (3.1.26)

where δk+k′ is the restricted isometry constant for the sparsity level

k + k′.
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Proof. Let x̂ = x
‖x‖2 and x̂′ = x′

‖x′‖2 be the corresponding unit

norm vectors.

Then

〈Φx,Φx′〉 = 〈Φx̂,Φx̂′〉‖x‖2‖x′‖2.

So if we prove the bound for unit norm vectors, then it will be straight-

forward to prove the bound for arbitrary vectors.

Let us assume now that x, x′ are unit norm. We need to show that

|〈Φx,Φx′〉| ≤ δk+k′ .

With the help of parallelogram identity, we have

〈Φx,Φx′〉 =
1

4

(
‖Φx+ Φx′‖2

2 − ‖Φx− Φx′‖2
2

)
thus

|〈Φx,Φx′〉| = 1

4

∣∣‖Φx+ Φx′‖2
2 − ‖Φx− Φx′‖2

2

∣∣ .
Now

‖x± x′‖2
2 = ‖x‖2

2 + ‖x′‖2
2 ± 2〈x, x′〉 = ‖x‖2

2 + ‖x′‖2
2 = 2

since x, x′ are orthogonal and unit norm.

Thus from theorem 3.5 we have

(1− δk+k′)‖x± x′‖2
2 ≤ ‖Φx± Φx′‖2

2 ≤ (1 + δk+k′)‖x± x′‖2
2

(3.1.27)

=⇒ 2(1− δk+k′) ≤ ‖Φx± Φx′‖2
2 ≤ 2(1 + δk+k′) (3.1.28)

Clearly the maximum value of ‖Φx + Φx′‖2
2 can be 2(1 + δk+k′) while

the minimum value of ‖Φx− Φx′‖2
2 can be 2(1− δk+k′).

This gives us the upper bound

|〈Φx,Φx′〉| ≤ 1

4
(2(1 + δk+k′)− 2(1− δk+k′)) = δk+k′ .

Finally when x, x′ are not unit norm, the bound generalizes to

|〈Φx,Φx′〉| ≤ δk+k′‖x‖2‖x′‖2.
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�

A variation of this result is presented below:

Theorem 3.24 [17] Let u, v ∈ RN be given and let

K = max(‖u+ v‖0, ‖u− v‖0).

Let Φ satisfy RIP of oder K with the constant δK. Then

|〈Φu,Φv〉 − 〈u, v〉| ≤ δK‖u‖2‖v‖2. (3.1.29)

This result is more general as it doesn’t require u, v to be supported

on disjoint index sets. All it requires is them to be sufficiently sparse.

Proof. As, in the previous result, it is sufficient to prove it for the

case where ‖u‖2 = ‖v‖2 = 1. The simplified inequality becomes

|〈Φu,Φv〉 − 〈u, v〉| ≤ δK .

Clearly

‖u± v‖2
2 = ‖u‖2

2 + ‖v‖2
2 ± 2〈u, v〉 = 2± 2〈u, v〉.

Due to RIP, we have

(1− δK)(2± 2〈u, v〉) ≤ ‖Φ(u± v)‖2
2 ≤ (1 + δK)(2± 2〈u, v〉).

From the parallelogram identity, we have

〈Φu,Φv〉 =
1

4

(
‖Φ(u+ v)‖2

2 − ‖Φ(u− v)‖2
2

)
. (3.1.30)

Taking the upper bound on ‖Φ(u+v)‖2
2 and the lower bound on ‖Φ(u−

v)‖2
2 in (3.1.30), we obtain

〈Φu,Φv〉 ≤ 1

2
((1 + δK)(1 + 〈u, v〉)− (1− δK)(1− 〈u, v〉)) .

Simplifying, we get

〈Φu,Φv〉 ≤ 〈u, v〉+ δK .
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At the same time, taking the lower bound on ‖Φ(u+v)‖2
2 and the upper

bound on ‖Φ(u− v)‖2
2 in (3.1.30), we obtain

〈Φu,Φv〉 ≥ 1

2
((1− δK)(1 + 〈u, v〉)− (1 + δK)(1− 〈u, v〉)) .

Simplifying, we get

〈Φu,Φv〉 ≥ 〈u, v〉 − δK .

Combining the two results, we obtain

|〈Φu,Φv〉 − 〈u, v〉| ≤ δK .

�

For the complex case, the result can be generalized if we choose a

bilinear inner product rather than the usual sesquilinear inner product.

Theorem 3.25 Let u, v ∈ CN be given and let

K = max(‖u+ v‖0, ‖u− v‖0).

. Let the complex space CN be equipped with the bilinear inner

product

〈u, v〉B , Re(〈u, v〉)

i.e. the real part of the usual inner product.

Let Φ satisfy RIP of oder K with the constant δK. Then

|〈Φu,Φv〉B − 〈u, v〉B| ≤ δK‖u‖2‖v‖2. (3.1.31)

Proof. Recall that the norm induced by the bilinear inner product

〈u, v〉B is the usual l2 norm since

〈u, u〉B = Re(〈u, u〉) = Re(‖u‖2
2) = ‖u‖2

2.

Let us just work out the parallelogram identity for the complex case

‖x± y‖2
2 = 〈x± y, x± y〉B

= 〈x, x〉B + 〈y, y〉B ± 〈x, y〉B ± 〈y, x〉B
= 〈x, x〉B + 〈y, y〉B ± 2〈x, y〉B
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due to the bilinearity of the inner product.

We can see that the rest of the proof is identical to the proof of (3.24).

�

3.1.9. RIP and orthogonal projection

The first result in this section is presented for real matrices. The gen-

eralization for complex matrices will be done later.

Let Λ ⊂ {1, . . . , N} be an index set. Let Φ ∈ RM×N satisfy RIP of

order K with the restricted isometry constant δK .

Assume that the columns of ΦΛ are linearly independent.

We can define the pseudo inverse as

Φ†Λ =
(
ΦH

Λ ΦΛ

)−1
ΦH

Λ . (3.1.32)

The orthogonal projection operator to the column space for ΦΛ is given

by

PΛ = ΦΛΦ†Λ. (3.1.33)

The orthogonal projection operator onto the orthogonal complement

of C(ΦΛ) (column space of ΦΛ) is given by

P⊥Λ = I − PΛ. (3.1.34)

Both PΛ and P⊥Λ satisfy the usual properties like P = PH and P 2 = P .

We further define

ΨΛ = P⊥Λ Φ. (3.1.35)

We are orthogonalizing the columns in Φ against C(ΦΛ), i.e. taking the

component of the column which is orthogonal to the column space of

ΦΛ). Obviously the columns in ΨΛ corresponding to the index set Λ

would be 0.

We now present a result which shows that the matrix ΨΛ satisfies a

modified version of RIP.
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Theorem 3.26 [17] If Φ satisfies the RIP of order K with isom-

etry constant δK, and Λ ⊂ {1, . . . , N} with |Λ| < K, then the

matrix ΨΛ satisfies the modified version of RIP as(
1− δK

1− δK

)
‖x‖2

2 ≤ ‖ΨΛx‖2
2 ≤ (1 + δK)‖x‖2

2 (3.1.36)

for all x ∈ RN such that ‖x‖0 ≤ K − |Λ| and supp(x) ∩ Λ = ∅.

In words, if Φ satisfies RIP of order K, then ΨΛ acts as an approximate

isometry on every (K − |Λ|)-sparse vector supported on Λc.

Proof. From the definition of ΨΛ, we have

ΨΛx = (I − PΛ)Φx = Φx− PΛΦx.

Alternatively

Φx = ΨΛx+ PΛΦx.

Since PΛ is an orthogonal projection, hence the vectors PΛΦx and

ΨΛx = P⊥Λ Φx are orthogonal. Thus, we can write

‖Φx‖2
2 == ‖PΛΦx‖2

2 + ‖ΨΛx‖2
2. (3.1.37)

We need to show that ‖Φx‖2 ≈ ‖ΨΛx‖2 or alternatively that ‖PΛΦx‖2

is small under the conditions of the theorem.

Since PΛΦx is orthogonal to ΨΛx, hence

〈PΛΦx,Φx〉 = 〈PΛΦx,ΨΛx+ PΛΦx〉

= 〈PΛΦx, PΛΦx〉+ 〈PΛΦx,ΨΛx〉

= 〈PΛΦx, PΛΦx〉

= ‖PΛΦx‖2
2.

(3.1.38)

Since PΛ is a projection onto the C(ΦΛ) (column space of ΦΛ), there

exists a vector z ∈ CN , such that PΛΦx = Φz and supp(z) ⊆ Λ.

Since supp(x) ∩ Λ = ∅, hence 〈x, z〉 = 0.

We also note that ‖x+ z‖0 = ‖x− z‖0 ≤ K.
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Invoking theorem 3.24, we have

|〈Φz,Φx〉| ≤ δK‖z‖2‖x‖2.

Alternatively

|〈PΛΦx,Φx〉| ≤ δK‖z‖2‖x‖2.

From RIP, we have √
1− δK‖z‖2 ≤ ‖Φz‖2

and √
1− δK‖x‖2 ≤ ‖Φx‖2.

Thus

(1− δK)‖z‖2‖x‖2 ≤ ‖Φz‖2‖Φx‖2.

This gives us

|〈PΛΦx,Φx〉| ≤ δK
1− δK

‖PΛΦx‖2‖Φx‖2.

Applying (3.1.38), we get

‖PΛΦx‖2
2 ≤

δK
1− δK

‖PΛΦx‖2‖Φx‖2.

Canceling the common term, we get

‖PΛΦx‖2 ≤
δK

1− δK
‖Φx‖2.

Trivially, we have ‖PΛΦx‖2 ≥ 0.

Applying these bounds on (3.1.37), we obtain(
1−

(
δK

1− δK

)2
)
‖Φx‖2

2 ≤ ‖ΨΛx‖2
2 ≤ ‖Φx‖2

2.

Finally, using the RIP again with

(1− δK)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δK)‖x‖2
2

we obtain(
1−

(
δK

1− δK

)2
)

(1− δK)‖x‖2
2 ≤ ‖ΨΛx‖2

2 ≤ (1 + δK)‖x‖2
2.
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Simplifying(
1−

(
δK

1− δK

)2
)

(1− δK) =
1 + δ2

K − 2δK − δ2
K

1− δK

=
1− 2δK
1− δK

= 1− δK
1− δK

.

Thus, we get the intended result in (3.1.36). �

3.1.10. RIP for higher orders

If Φ satisfies RIP of order K, does it satisfy RIP of some other order

K ′ > K? There are some results available to answer this question.

Theorem 3.27 Let c and k be integers and let Φ satisfy RIP of

order 2k. Φ satisfies RIP of order ck with a restricted isometry

constant

δck ≤ cδ2k (3.1.39)

if cδ2k < 1.

Note that this is only a sufficient condition. Thus if cδ2k ≥ 1 we are

not claiming whether Φ satisfies RIP of order ck or not.

Proof. For c = 1, δk ≤ δ2k. For c = 2, δ2k ≤ 2δ2k. These two

cases are trivial. We now consider the case for c ≥ 3.

Let S be an arbitrary index set of size ck. Let

∆ = ΦH
S ΦS − I.

From theorem 3.13, a sufficient condition for Φ to satisfy RIP of order

ck is that

‖∆‖2 < 1

for all index sets S with |S| = ck.
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Thus if we can show that

‖∆‖2 ≤ cδ2k

we would have shown that Φ satisfies RIP of order ck.

We note that ΦS is of size M×ck thus ∆ is of size ck×ck. We partition

∆ into a block matrix of size c× c

∆ =


∆11 ∆12 . . . ∆1c

∆21 ∆22 . . . ∆2c

...
...

. . .
...

∆c1 ∆c2 . . . ∆cc

 (3.1.40)

where each entry ∆ij is a square matrix of size k × k.

Each diagonal matrix ∆ii corresponds to some ΦH
T ΦT−I where |T | = k.

Thus we have (see theorem 3.12)

‖∆ii‖2 ≤ δk.

The off-diagonal matrices ∆ij are

∆ij = ΦH
P ΦQ

where P and Q are disjoint index sets with |P | = |Q| = k with |P∪Q| =
2k. Thus from the approximate orthogonality condition (theorem 3.20

) we have

‖∆ij‖2 ≤ δ2k.

Finally we apply Gershgorin circle theorem for block matrices (see ??).

This gives us

|‖∆‖2 − ‖∆ii‖2| ≤
∑
j 6=i

‖∆ij‖ for some i ∈ {1, 2, . . . , n}.
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Thus we have

|‖∆‖2 − δk| ≤
∑
j 6=i

δ2k

=⇒ |‖∆‖2 − δk| ≤ (c− 1)δ2k

=⇒ ‖∆‖2 ≤ δk + (c− 1)δ2k

=⇒ ‖∆‖2 ≤ δ2k + (c− 1)δ2k

=⇒ ‖∆‖2 ≤ cδ2k.

We have shown that ‖∆‖2 ≤ cδ2k < 1 thus δck ≤ ‖∆‖2, hence Φ indeed

satisfies RIP of order ck. �

This theorem helps us extend RIP from an order K to higher orders.

Naturally if δ2k isn’t sufficiently small, the bound isn’t useful.

3.1.11. Bounds on norms of embeddings of arbitrary signals

So far we have considered only sparse signals while analyzing the em-

bedding properties of a RIP satisfying matrix Φ. In this subsection

we wish to explore bounds on the l2 norm of an arbitrary signal when

embedded by Φ. This result is adapted from [29].

Theorem 3.28 Let Φ be an an M ×N matrix satisfying

‖Φx‖2 ≤
√

1 + δK‖x‖2 ∀ x ∈ ΣK . (3.1.41)

Then for every signal x ∈ CN , the following holds:

‖Φx‖2 ≤
√

1 + δK

[
‖x‖2 +

1√
K
‖x‖1

]
. (3.1.42)

We note that the theorem requires Φ to satisfy only the upper bound

of RIP property (3.1.1). The proof is slightly involved.

Proof. We note that the bound is trivially true for x = 0. Hence

in the following we will consider only for x 6= 0.
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Consider an arbitrary index set Λ ⊂ {1, 2, . . . , N} such that |Λ| ≤ K.

Consider the unit ball in the Banach space l2(Λ) given by

BΛ
2 = {x ∈ CN | supp(x) = Λ and ‖x‖2 ≤ 1} (3.1.43)

i.e. the set of all signals whose support is Λ and whose l2 norm is less

than or equal to 1.

Now define a convex body

S = conv

 ⋃
|Λ|≤K

BΛ
2

 ⊂ CN . (3.1.44)

We recall from ?? that if x and y belong to S then their convex com-

bination θx + (1− θ)y with θ ∈ [0, 1] must lie in S. Further it can be

verified that S is a compact convex set with non-empty interior. Hence

its a convex body.

Consider any x ∈ BΛ1
2 and y ∈ BΛ2

2 .

From (3.1.41) and (3.1.43) we have

‖Φx‖2 ≤
√

1 + δK‖x‖2 ≤
√

1 + δK

and

‖Φy‖2 ≤
√

1 + δK‖y‖2 ≤
√

1 + δK

Now let

z = θx+ (1− θ)y where θ ∈ [0, 1].

Then

‖z‖2 = ‖θx+ (1− θ)y‖2 ≤ θ‖x‖2 + (1− θ)‖y‖2 ≤ θ + (1− θ) = 1.
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Further

‖Φz‖2 = ‖Φ(θx+ (1− θ)y)‖2

≤ ‖Φθx‖2 + ‖Φ(1− θ)y‖2

= θ‖Φx‖2 + (1− θ)‖Φy‖2

≤ θ
√

1 + δK + (1− θ)
√

1 + δK

≤
√

1 + δK .

It can be shown that for every vector x ∈ S we have ‖x‖2 ≤ 1 and

‖Φx‖2 ≤
√

1 + δK .

We now define another convex body

Γ =

{
x : ‖x‖2 +

1√
K
‖x‖1 ≤ 1

}
⊂ CN . (3.1.45)

We quickly verify the convexity property Let x, y ∈ Γ. Let

z = θx+ (1− θ)y where θ ∈ [0, 1].

Then

‖z‖+
1√
K
‖z‖1

= ‖θx+ (1− θ)y‖2 +
1√
K
‖θx+ (1− θ)y‖1

≤ θ‖x‖2 + (1− θ)‖y‖2 +
θ√
K
‖x‖1 +

(1− θ)√
K
‖y‖1

= θ

[
‖x‖2 +

1√
K
‖x‖1

]
+ (1− θ)

[
‖y‖2 +

1√
K
‖y‖1

]
≤ θ + (1− θ) = 1.

Thus z ∈ Γ. This analysis shows that all convex combinations of

elements in Γ belong to Γ. Thus Γ is convex. Further it can be verified

that Γ is a compact convex set with non-empty interior. Hence its a

convex body. For any x ∈ CN one can find a y ∈ Γ by simply applying

an appropriate non-zero scale y = cx where the scale factor c depends

on x.
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For a moment suppose that Γ ⊂ S. Then if y ∈ Γ the following are

true:

‖y‖2 +
1√
K
‖y‖1 ≤ 1

and

‖Φy‖2 ≤
√

1 + δK .

Now consider an arbitrary non-zero x ∈ CN . Let

α = ‖x‖2 +
1√
K
‖x‖1.

Define

y =
1

α
x.

Then

‖y‖2 +
1√
K
‖y‖1 =

1

α

(
‖x‖2 +

1√
K
‖x‖1

)
= 1.

Thus y ∈ Γ and

‖Φy‖2 ≤
√

1 + δK

=⇒
∥∥∥∥Φ

1

α
x

∥∥∥∥
2

≤
√

1 + δK

=⇒ ‖Φx‖2 ≤
√

1 + δKα

=⇒ ‖Φx‖2 ≤
√

1 + δK

(
‖x‖2 +

1√
K
‖x‖1

)
∀ x ∈ CN

(3.1.46)

which is our intended result. Hence if we show that Γ ⊂ S holds, we

would have proven our theorem. We will achieve this by showing that

every vector x ∈ Γ can be shown to be a convex combination of vectors

in S.

We start with an arbitrary x ∈ Γ. Let I = supp(x). We partition I

into disjoint sets of size K. Let there be J + 1 such sets given by

I =
J⋃
j=0

Ij.
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Let I0 index the K largest entries in x (magnitude wise). Let I1 be

next K largest entries and so on. Since |I| may not be a multiple of

K, hence the last index set IJ may not have K indices. We define

xIj(i) =

{
x(i) if i ∈ Ij;
0 otherwise.

Thus we can write

x =
J∑
j=0

xIj .

Now let

θj = ‖xIj‖2 and yj =
1

θj
xIj .

We can write

x =
J∑
j=0

θjyj.

In this construction of x we can see that 1 ≥ θ0 ≥ θ1 ≥ · · · ≥ θJ ≥ 0.

Also yj ∈ S since yj is a unit norm K sparse vector eq. (3.1.44).

We will now show that
∑

j θj ≤ 1. This will imply that x is a convex

combination of vectors from S. But since S is convex hence x ∈ S.

This will imply that K ⊂ S. The proof will be complete.

Pick any j ∈ {1, . . . , J}. Since xIj is K-sparse hence due to lemma 2.16

we have

θj = ‖xIj‖2 ≤
√
K‖xIj‖∞.

It is easy to see that Ij−1 identifies exactly K non-zero entries in x and

each of non-zero entries in xIj−1
is larger than the largest entry in xIj

(magnitude wise). Thus we have

‖xIj−1
‖1 =

∑
i∈Ij−1

|xi| ≥
∑
i∈Ij−1

‖xIj‖∞ = K‖xIj‖∞.

Thus

‖xIj‖∞ ≤
1

K
‖xIj−1

‖1.

Combining the two inequalities we get

θj ≤
1√
K
‖xIj−1

‖1.
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This lets us write

J∑
j=1

θj ≤
J∑
j=1

1√
K
‖xIj−1

‖1 ≤
1√
K
‖x‖1

since

‖x‖1 =
J∑
j=0

‖xIj‖1 ≥
J∑
j=1

‖xIj−1
‖1.

Finally

θ0 = ‖xI0‖2 ≤ ‖x‖2.

This gives us the inequality

J∑
j=0

θj ≤ ‖x‖2 +
1√
K
‖x‖1 ≤ 1

since x ∈ Γ. Recalling our steps we can express x as

x = θjyj

where yj ∈ S and
∑
θj ≤ 1 implies that x ∈ S since S is convex. Thus

Γ ⊂ S. This completes the proof. �

3.1.12. A general form of RIP

A more general restricted isometry bound can be for an arbitrary ma-

trix Φ can be as follows

α‖x‖2
2 ≤ ‖Φx‖2

2 ≤ β‖x‖2
2 (3.1.47)

where 0 < α ≤ β <∞.

Its straightforward to scale Φ to match the bounds in (3.1.1).

Let δK = β−α
α+β

. Then 1− δK = 2α
α+β

and 1 + δK = 2β
α+β

.

Putting in (3.1.1) we get
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2α

α + β
‖x‖2

2 ≤ ‖Φx‖2
2 ≤

2β

α + β
‖x‖2

2

=⇒ α‖x‖2
2 ≤ ‖

√
α + β

2
Φx‖2

2 ≤ β‖x‖2
2

Thus by multiplying Φ with
√

2/(α + β) we can transform the more

general bound to the form of (3.1.1).

3.1.13. Finding out RIP constants

Definition 3.3 The optimal value of RIP constant of K-th or-

der δK denoted as δ∗K can be obtained by solving the following

optimization problem.

minimize
0<δK<1

δK

subject to (1− δK)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δK)‖x‖2
2 ∀ x ∈ ΣK .

(3.1.48)

Off course this problem isn’t easy to solve. In fact it has been shown

in [3] that this problem is NP-hard.

3.1.14. RIP and coherence

Here we establish a relationship between the RIP constants and coher-

ence of a dictionary.

Rather than a general matrix Φ, we restrict our attention to a dic-

tionary D ∈ CN×D. We assume that the dictionary is overcomplete

(D > N) and full rank rank(D) = N . Dictionary is assumed to satisfy

RIP of some order.

Theorem 3.29 Let D satisfy RIP of order K. Then

δK ≤ (K − 1)µ(D). (3.1.49)
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Proof. We recall that δK is the smallest constant δ satisfying

(1− δ)‖x‖2
2 ≤ ‖Dx‖2

2 ≤ (1 + δ)‖x‖2
2 ∀ x ∈ ΣK .

Let Λ be any index set with |Λ| = K. Then

‖Dx‖2
2 = ‖DΛxΛ‖2

2 ∀ x ∈ CΛ.

Since D satisfies RIP of order K, hence DΛ is a sub dictionary.

We recall that

(1− (K − 1)µ)‖v‖2
2 ≤ ‖DΛv‖2

2 ≤ (1 + (K − 1)µ)‖v‖2
2.

Since δK is smallest possible constant, hence

1 + δK ≤ 1 + (K − 1)µ =⇒ δK ≤ (K − 1)µ(D).

�

3.2. Johnson Lindenstrauss theorem

Consider a high dimensional Euclidean space RN . We are talking about

thousands to millions of dimensions. For example, an HD image has

1080× 1920 = 2073600 pixels. Consider a finite set of points S in this

space. Now consider another Euclidean space RM with much lower

dimensionality (i.e. M � N). Map the points in S into this subspace

through some mapping f : RN → RM . Is it possible to approximately

preserve the distances between the points in S while mapping to the

subspace?

More specifically, the objective is to find out a mapping f : RN → RM

such that for any x, y ∈ S, the following holds

(1− δ)‖x− y‖2
2 ≤ ‖f(x)− f(y)‖2

2 ≤ (1 + δ)‖x− y‖2
2 (3.2.1)

where δ ∈ (0, 1).

For example if δ = 0.1 And let ‖x− y‖2
2 = d2. Then we want

0.9d2 ≤ ‖f(x)− f(y)‖2
2 ≤ 1.1d2

for a suitably chosen M and f : RN → RM .
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We call such a map f a low distortion embedding of the data set

S from the ambient space RN to a lower dimensional space RM .

It may not be feasible to enforce this bound for all values of M < N

but if we can find a suitable M � N , then we can reduce our high-

dimensional data set S to a much lower dimensional data set f(S).

Since such a mapping guarantees that distances between points in our

data set are approximately preserved, hence many of inferencing tasks

can still be computed with the embedded data set. Carrying out such

tasks with the original high-dimensional data set might be compu-

tationally infeasible, yet doing the same with the lower dimensional

dataset might be much more computationally tractable in specific ap-

plications.

The Johnson-Lindenstrauss theorem (JL theorem in short) provides us

specific guarantees that if M = O
(

lnK
δ2

)
, then such a map f can indeed

be found. In this section we will gradually develop the JL theorem.

The development in this section closely follows [16].

We first state the theorem.

Theorem 3.30 For any 0 < δ < 1 and any integer K, let M be a

positive integer such that

M ≥ 4

(
δ2

2
− δ3

3

)−1

lnK. (3.2.2)

Then for any set S of K points in RN , there is a map f : RN → RM

such that for all x, y ∈ S, the following holds:

(1− δ)‖x− y‖2
2 ≤ ‖f(x)− f(y)‖2

2 ≤ (1 + δ)‖x− y‖2
2. (3.2.3)

Furthermore, such a map can be found in randomized polynomial

time.

The theorem doesn’t specifically require M � N . Rather, it doesn’t

even care much about the dimension of ambient space N . The bound
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on M depends on the required δ and number of points in the set S

given by K = |S|.

fig. 3.1 shows how the required dimension of subspace RM varies w.r.t.

the number of points in S given by K = |S|.

Figure 3.1. Required subspace dimension M for K

points for restricted isometry constant δ

Let us more closely look at specific set of numbers for δ = 0.1.

K = 2, M=595

K = 5, M=1380

K = 10, M=1974

K = 20, M=2568

K = 50, M=3354

K = 100, M=3948

K = 200, M=4542

K = 500, M=5327
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K = 1000, M=5921

K = 2000, M=6516

K = 5000, M=7301

K = 10000, M=7895

K = 20000, M=8489

K = 50000, M=9275

K = 100000, M=9869

As we can see for δ = 0.1, when the number of points is small, required

M tends to be quite high. But as K increases, M increases only loga-

rithmically. So if we have 100 thousand images in the ambient space of

2 million pixels, we can map it to a Euclidean subspace of dimension

M = 10000 while still preserving distances (squared) between those

images within 10% variation. Such a dimensionality reduction could

be a huge time and space saver in applications like face recognition.

In the sequel we will develop the proof of this theorem through fairly

standard line of reasoning based on concentration of measures.

Let X1, . . . , XN be N independent Gaussian N (0, 1) random variables

constituting a random vector

X = (X1, . . . , XN). (3.2.4)

Let

Y =
X

‖X‖2

= (Y1, . . . , YN). (3.2.5)

Clearly ‖Y ‖2 = 1. Thus Y is a point on the surface of the unit hyper-

sphere in RN . It can be shown that Y follows a uniform distribution

over the surface of unit hypersphere.

We note that by symmetry of design Yi are identically distributed.

Thus we have

E(Y 2
1 ) = E(Y 2

2 ) = · · · = E(Y 2
N).

But
∑
Y 2
i = 1. Hence we have

E(Y 2
i ) =

1

N
.
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Let Z ∈ RM be the projection of Y onto its first M coordinates. i.e.

Z = (Y1, . . . , YM). (3.2.6)

Let

L = ‖Z‖2
2 = Y 2

1 + · · ·+ Y 2
M . (3.2.7)

Clearly

µ = E(L) =
M

N
. (3.2.8)

The following lemma shows that L is also fairly tightly concentrated

around µ.

Lemma 3.31 Let M < N . Then

(1) If β < 1, then

P
[
L ≤ βM

N

]
≤ β

M
2

(
1 +

(1− β)M

N −M

)(N−M)/2

≤ exp

(
M

2
(1− β + lnβ)

)
.

(3.2.9)

(2) If β > 1, then

P
[
L ≥ βM

N

]
≤ β

M
2

(
1 +

(1− β)M

N −M

)(N−M)/2

≤ exp

(
M

2
(1− β + lnβ)

)
.

(3.2.10)

Above we have shown that when a random unit norm vector has been

projected to a fixed M dimensional subspace, its length concentrates

strongly around its mean M
N

.

Now consider the problem of projecting a given unit norm vector x to

a random M -dimensional subspace V . Choose an orthonormal basis

for RN such that each point in the subspace V can be expressed as

(v1, . . . , vM , 0, . . . , 0). Since the subspace V is randomly chosen, hence

the corresponding orthonormal basis is also randomly chosen, thus in

this basis the original vector x can be expressed as a random unit

norm vector and the projection into V is same as picking up the first

M elements of representation of x in this basis. Thus the two problems

above are equivalent.



3.2. JOHNSON LINDENSTRAUSS THEOREM 151

Hence, if a unit norm vector x ∈ RN is projected to an arbitrary M -

dimensional subspace then the squared length of its projection has a

mean µ = M
N

and it strongly concentrates around its mean.

We are now ready to complete the proof of JL theorem.

Proof. We are given that

• δ ∈ (0, 1)

• M satisfies the following inequality

M ≥ 4

(
δ2

2
− δ3

3

)−1

lnK.

We need to find a map f : RN → RM and show that with this map

(1− δ)‖x− y‖2
2 ≤ ‖f(x)− f(y)‖2

2 ≤ (1 + δ)‖x− y‖2
2. (3.2.11)

holds for every x, y ∈ S.

We note that if x = y, then this bound holds trivially. Thus we need

to consider only those cases where x 6= y.

We will construct f as a linear mapping.

If M ≥ N , then the theorem is trivial. For any point x ∈ S, let x be

given by

x = (x1, . . . , xN).

We define v = f(x) by the rule

v = (x1, . . . , xN , 0, . . . , 0).

This mapping trivially preserves all distances with δ = 0.

For M < N , we consider a randomly chosen M -dimensional subspace

V of RN .

Let elements of S be given as

S = {s1, . . . , sK}.
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The required bounds on length in this theorem can be restated as

(1− δ) ≤
∥∥∥∥f (si − sj)
‖si − sj‖2

∥∥∥∥2

2

≤ (1 + δ)

which should hold for every pair (si ∈ S, sj ∈ S) with i 6= j.

Let

x = si − sj.

and

y =
x

‖x‖2

=
(si − sj)
‖si − sj‖2

.

We can rewrite the required bounds as

(1− δ) ≤ ‖fy‖2
2 ≤ (1 + δ)

for some fixed unit norm vector y as defined above.

Thus we are considering the problem of distribution of the length

squared of projection of a fixed unit norm vector on to a randomly

chosen M -dimensional subspace.

Let PV be the orthonormal projection matrix for the subspace V .

Let vi ∈ V be the projection of si ∈ S. i.e.

vi = PV si.

We define

L = ‖vi − vj‖2
2 = ‖PV si − PV sj‖2

2 = ‖PV x‖2
2

and

µ =
M

N
‖si − sj‖2

2 =
M

N
‖x‖2

2.

Let

Z = PV y

be a random vector.

Let

β = (1− δ) < 1.
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Now

P
(
‖Z‖2

2 ≤ β
M

N

)
= P

(
‖‖x‖2Z‖2

2 ≤ β
M

N
‖x‖2

2

)
= P

(
‖PV x‖2

2 ≤ βµ
)

= P (L ≤ (1− δ)µ) .

Applying previous lemma we have:

P[L ≤ (1− δ)µ] ≤ exp

(
M

2
(1− (1− δ) + ln(1− δ))

)
≤ exp

(
M

2

(
δ −

(
δ +

δ2

2

)))
= exp

(
−Mδ2

4

)
≤ exp(−2 lnK) =

1

K2

In 2nd line we use the property that

ln(1− x) = −x− x2

2
− x3

3
− x4

4
− · · · ≤ −x− x2

2
∀ x ∈ [0, 1).

In third line we go as follows

Mδ2

4
≥
(

1

2
− δ

3

)−1

lnK

where

0 < δ < 1 =⇒ 1

2
− δ

3
<

1

2
=⇒

(
1

2
− δ

3

)−1

> 2.

Thus

Mδ2

4
≥ 2 lnK

hence

exp

(
−Mδ2

4

)
≤ exp(−2 lnK).
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Again

P
(
‖Z‖2

2 ≤ β
M

N

)
= P

(
N

M
‖Z‖2

2 ≤ β

)

= P

∥∥∥∥∥
√
N

M
Z

∥∥∥∥∥
2

2

≤ β


= P

∥∥∥∥∥
√
N

M
Z

∥∥∥∥∥
2

2

≤ β


= P

∥∥∥∥∥
√
N

M
PV y

∥∥∥∥∥
2

2

≤ β


= P

∥∥∥∥∥
√
N

M
PV x

∥∥∥∥∥
2

2

≤ β‖x‖2
2


= P

∥∥∥∥∥
√
N

M
PV (si − sj)

∥∥∥∥∥
2

2

≤ (1− δ)‖si − sj‖2
2



So we choose

f =

√
N

M
PV (3.2.12)

and establish that

P(‖f(si)− f(sj)‖2
2 ≤ (1− δ)‖si − sj‖2

2) ≤ 1

K2
.

Similarly we apply 2nd part of previous lemma for β = 1 + δ and use

the inequality

ln(1 + x) ≤ x− x2

2
+
x3

3
∀ 0 ≤ x < 1.
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P(L ≥ (1 + δ)µ) ≤ exp

(
M

2
(1− (1 + δ) + ln(1 + δ))

)
≤ exp

(
M

2

(
−δ +

(
δ − δ2

2
+
δ3

3

)))
= exp

(
−M(δ2/2− δ3/3)

2

)
≤ exp(−2 lnK) =

1

K2
.

Thus the probability that the constraint

(1− δ)‖si − sj‖2
2 ≤ ‖f(si)− f(sj)‖2

2 ≤ (1 + δ)‖si − sj‖2
2

is not satisfied is at most 2
K2 .

Number of possible pairs (si, sj) is
(
K
2

)
.

Thus the probability that one or more pairs suffer a large distortion is

at most (
K

2

)
× 2

K2
= 1− 1

K
.

Hence the probability that f has the desired properties for approximate

distance preservation is at least 1
K

.

Randomly choosing theM -dimensional subspaceO(K) times can boost

the probability of finding the right f with the desired properties to

the desired constant, giving the claimed randomized polynomial time

algorithm for finding the map f . �

In the following we present a simple randomized algorithm for finding

the desired mapping.

(1) Compute M based on given δ and K.

(2) Construct a Gaussian random matrix G of size N ×M .

(3) Using Gauss-Schmidt orthonormalization, orthonormalize the

columns of G to construct P .

(4) Define f =
√

M
N
P ′.
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(5) Compute f(si).

(6) Verify that approximate distance preservation constraints are

met.

(7) If yes, then return f as the desired mapping.

(8) Otherwise go back to step 2.

3.3. Stable embeddings

Stable embeddings are a generalization of the idea of restricted isometry

property. The discussion in this section is largely based on [18].

Definition 3.4 Let δ ∈ (0, 1) and U, V ⊂ CN be any two arbi-

trary sets. We say that a mapping Φ : CN → CM is a δ-stable

embedding of (U, V ) if

(1− δ)‖u− v‖2
2 ≤ ‖Φu− Φv‖2

2 ≤ (1 + δ)‖u− v‖2
2 (3.3.1)

holds for all u ∈ U and for all v ∈ V .

A mapping satisfying this property is also called bi-Lipschitz.

Example 3.2: RIP as stable embedding A matrix satisfying RIP

of order 2K is equivalent to being a δ2K-stable embedding of (ΣK ,ΣK)

or of (Σ2K , {0}).

Let Φ satisfy RIP of order 2K. Then we have

(1− δ2K)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δ2K)‖x‖2
2

for every x ∈ Σ2K with δ2K ∈ (0, 1).

Now let U = ΣK and V = ΣK . Clearly for every u ∈ U and every

v ∈ V , we have (u− v) ∈ Σ2K .

Thus we have

(1− δ2K)‖u− v‖2
2 ≤ ‖Φu− Φv‖2

2 ≤ (1 + δ2K)‖u− v‖2
2

for all u ∈ U and for all v ∈ V .
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Thus Φ is a δ2K-stable embedding of (ΣK ,ΣK).

Similarly if U = Σ2K and V = {0}, then for every u ∈ U and every

v ∈ V , we have (u − v) = u ∈ Σ2K . Following the logic above, Φ is a

δ2K-stable embedding of (Σ2K , {0}). �

Example 3.3: Stable embedding of sparse signals in an or-

thonormal basis Let Ψ be some orthonormal basis in CN . We define

the set of K-sparse signals in Ψ as

Ψ(ΣK) = {x : x = Ψα with ‖α‖0 ≤ K}. (3.3.2)

The set of 2K-sparse signals in Ψ will naturally be

Ψ(Σ2K) = {x : x = Ψα with ‖α‖0 ≤ 2K}. (3.3.3)

Now let X = ΦΨ be a matrix which satisfies RIP of order 2K. Then

Φ is a δ2K-stable embedding of (Ψ(ΣK),Ψ(ΣK)) or (Ψ(Σ2K), {0}).

Proof. Let U = Ψ(ΣK) and V = Ψ(ΣK).

Let u ∈ U and v ∈ V be some arbitrary vectors. Then there exist

α, β ∈ ΣK such that

u = Ψα, v = Ψβ.

With this α− β ∈ Σ2K .

Since X satisfies RIP of order 2K, hence

(1− δ2K)‖α− β‖2
2 ≤ ‖X (α− β)‖2

2 ≤ (1 + δ2K)‖α− β‖2
2

Since an orthonormal basis preserves l2 norms and distances hence

‖u− v‖2
2 = ‖α− β‖2

2.

Also

X (α− β) = ΦΨ(α− β) = Φ(Ψα−Ψβ) = Φ(u− v).

Putting these back we get

(1− δ2K)‖u− v‖2
2 ≤ ‖Φu− Φv‖2

2 ≤ (1 + δ2K)‖u− v‖2
2.
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This establishes that Φ is a δ2K-stable embedding of (Ψ(ΣK),Ψ(ΣK)).

Similar exercise establishes that Φ is a δ2K-stable embedding of (Ψ(Σ2K), {0}).
�

�

We now provide a number of results related to stable embeddings.

3.3.1. Stable embeddings of finite sets of points

Consider the simple case where U and V are finite set of points in CN .

Let a = |U | and b = |V | be the number of elements in U and V

respectively.

Thus

U = {u1, . . . , ua}

and

V = {v1, . . . , vb}.

Lemma 3.32 Let U and V be finite sets of points in CN . Fix

δ, β ∈ (0, 1).

Let Φ be an M ×N random matrix with i.i.d. entries chosen from

a subgaussian distribution.

If

M ≥
ln (|U ||V |) + ln

(
2
β

)
cδ2

(3.3.4)

then with probability exceeding 1− β, Φ is a δ-stable embedding of

(U, V ).

3.3.2. Stable embeddings of K dimensional subspaces

We now consider the case where U = X is a K-dimensional subspace

of CN and V = {0}.
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Thus we wish to obtain a Φ that nearly preserves the norm of any

vector x ∈ X.

So rather than working with a finite set, here we have an uncountable

set in hand.

Following lemma states the conditions under which this can be achieved.

Lemma 3.33 Suppose that X is a K-dimensional subspace of CN .

Fix δ, β ∈ (0, 1).

Let Φ be an M ×N random matrix with i.i.d. entries chosen from

a subgaussian distribution.

If

M ≥ 2
K ln

(
42
δ

)
+ ln

(
2
β

)
cδ2

(3.3.5)

then with probability exceeding 1− β, Φ is a δ-stable embedding of

(X, {0}).

We can extend this result beyond a single K-dimensional subspace

to all possible K dimensional subspaces that are defined w.r.t. an

orthonormal basis Ψ.

Lemma 3.34 Let Ψ be an orthonormal basis for CN . Fix δ, β ∈
(0, 1).

Let Φ be an M ×N random matrix with i.i.d. entries chosen from

a subgaussian distribution.

If

M > 2
K ln

(
42eN
δK

)
+ ln

(
2
β

)
cδ2

(3.3.6)

then with probability exceeding 1− β, Φ is a δ-stable embedding of

(Ψ(ΣK), {0}).
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3.4. Spark

We present some advanced results on spark of a dictionary.

3.4.1. Upper bounds for spark

Whenever a set of atoms in a dictionary are linearly dependent, the

dependence corresponds to some vector in its null space. Thus, iden-

tifying the spark of a dictionary essentially amounts of sifting through

the vectors in its null space and finding one with smallest l0-“norm”.

This can be cast as an optimization problem:

minimize
v

‖v‖0

subject to Dv = 0.
(3.4.1)

Note that the solution v∗ of this problem is not unique. If v∗ is a

solution that cv∗ for any c 6= 0 is also a solution. Spark is the optimum

value of the objective function ‖v‖0.

We now define a sequence of optimization problems for k = 1, . . . , D

minimize
v

‖v‖0

subject to Dv = 0, vk = 1.
(Rk)

The k-th problem constrains the solution to choose atom dk from the

dictionary. Since the minimal set of linearly dependent atoms in D will

contain at least two vectors, hence spark(D) would correspond to the

optimal value of one (or more) of the problems (Rk).

Formally, if we denote v0,∗
k as an optimal vector for the problem (Rk),

then

spark(D) = minimize
1≤k≤D

‖v0,∗
k ‖0. (3.4.2)

Thus, solving (3.4.1) is equivalent to solving all D problems specified

by (Rk) and then finding the minimum l0-“norm” amongst them. The

problems (Rk) are still computationally intractable.
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We now change each of the l0-“norm” (Rk) minimization problems to

l1-“norm” minimization problems.

minimize
v

‖v‖1

subject to Dv = 0, vk = 1.
(Qk)

Let us indicate an optimal solution of (Qk) as v1,∗
k . Since Dv1,∗

k = 0,

hence v1,∗
k is feasible for (Rk). Thus,

‖v0,∗
k ‖0 ≤ ‖v1,∗

k ‖0.

This gives us the relationship

spark(D) ≤ minimize
1≤k≤D

‖v1,∗
k ‖0. (3.4.3)

We formally state the upper bound on spark(D) in the following theo-

rem [20].

Theorem 3.35 Let D be a dictionary. Then

spark(D) ≤ minimize
1≤k≤D

‖v1,∗
k ‖0 (3.4.4)

where v1,∗
k is a solution of the problem (Qk).

3.5. Coherence

In this section we develop some advanced bounds using coherence of a

dictionary.

As usual, we will be considering an overcomplete dictionary D ∈ CN×D

consisting of D atoms. The coherence of D is denoted by µ(D). In short

we will simply write it as µ. A sub-dictionary will be indexed by an

index set Λ consisting of linearly independent atoms.

Theorem 3.36 Suppose that (K−1)µ < 1 and assume that |Λ| ≤
K. Then

‖D†Λ‖2→∞ ≤
1√

1− (K − 1)µ
. (3.5.1)
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Equivalently, the rows of D†Λ have l2 norms no greater than 1√
1−(K−1)µ

.

Proof. We recall that the operator norm ‖D†Λ‖2→∞ computes the

maximum l2 norm among the rows of D†Λ. TODO COMPLETE ITS

PROOF. �

Definition 3.5 [20, 13] Let G = DHD be the Gram matrix for

dictionary D. We define µ1/2(G) as the smallest number m such

that the sum of magnitudes of a collection of m off-diagonal entries

in a single row or column of the Gram matrix G is at least 1
2
.

This quantity was introduced in [20] for developing more accurate

bounds compared to bounds based on coherence. At that time the

idea of Babel function was not available. A careful examination re-

veals that µ1/2(G) can be related to Babel function.

Theorem 3.37 [20]

µ1/2(G) ≥ 1

2µ
. (3.5.2)

Proof. Since µ is the maximum absolute value of any off diagonal

term in G = DHD, hence sum of any m terms, say T, is bounded by

T ≤ mµ.

Thus

T ≥ 1

2
=⇒ mµ ≥ 1

2
=⇒ m ≥ 1

2µ
.

Since µ1/2(G) is the minimum number of off diagonal terms whose sum

exceeds 1/2, hence

µ1/2(G) ≥ 1

2µ
.

�
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Theorem 3.38 [20]

spark(D) ≥ 2µ1/2(G) + 1. (3.5.3)

Proof. Let h ∈ N (D). Then

Dh = 0 =⇒ Gh = DHDh = 0.

Subtracting both sides with h we get

Gh− h = (G− I)h = −h. (3.5.4)

Let Λ = supp(h). By taking columns indexed by Λ from G − I and

corresponding entries in h, we can write:

(G− I)Λhλ = −h.

Taking l∞ norm on both sides we get

‖h‖∞ = ‖(G− I)Λhλ‖∞.

We know that

‖(G− I)Λhλ‖∞ ≤ ‖(G− I)Λ‖∞‖hλ‖∞

and it is easy to see that:

‖hλ‖∞ = ‖h‖∞.

Thus

‖h‖∞ ≤ ‖(G− I)Λ‖∞‖h‖∞.

This gives us

‖(G− I)Λ‖∞ ≥ 1.

But ‖(G − I)Λ‖∞ is nothing but the maximum sum of magnitudes of

off diagonal entries in G along a row in GΛ.

Consider any row in (G − I)Λ. One of the entries in the row (on the

main diagonal of G − I) is 0. Thus, there are a maximum of |Λ| − 1

non zero entries in the row.
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Λ is smallest when |Λ| = spark(D). For such a Λ, there exists a row

in G such that the sum of spark(D)− 1 off diagonal entries in the row

exceeds 1.

Let n denote the minimum number of off diagonal elements on a row

or a column of G such that the sum of their magnitudes exceeds one.

Clearly

spark(D)− 1 ≥ n.

It is easy to see that

n ≥ 2µ1/2(G)

i.e. minimum number of off diagonal elements summing up to 1 or

more is at least twice the minimum number of off diagonal elements

summing up to 1
2

or more on any row (or column due to Hermitian

property). Thus

spark(D)− 1 ≥ 2µ1/2(G).

Rewriting, we get

spark(D) ≥ 2µ1/2(G) + 1.

�

3.6. Babel function

In this section we develop further results on Babel function.

We start with a more general development of Babel function for a pair

of dictionaries.

When we consider a single dictionary, we will use D as the dictionary.

When considering a pair of dictionaries of equal size, we would typically

label them as Φ and Ψ with both Φ,Ψ ∈ CN×D. We will assume that

the dictionaries are full rank as they span the signal space CN .

Why a pair of dictionaries? We consider Φ as a modeling dictionary

from which the sparse signals

x ≈ Φα
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are built.

Ψ on the other hand is the sensing dictionary which will be used to

compute correlations with the signal x and try to estimate the approx-

imation α.

Ideally, Φ and Ψ should be same. But in real life, we may not know Φ

correctly. Hence, Ψ would be a dictionary slightly different from Φ.

3.6.1. p-Babel functions

See [25] for reference.

Definition 3.6 Consider an index set Λ ⊂ {1, . . . , D} indexing a

subset of atoms in Φ and Ψ. The p-Babel function over Λ is

defined as

µp(Φ,Ψ,Λ) , sup
l /∈Λ

(∑
j∈Λ

|〈φj, ψl〉|p
) 1

p

. (3.6.1)

What is going on here?

Consider the row vector

vl = ψHl ΦΛ.

This vector contains inner products of modeling atoms in Φ indexed

by Λ with the sensing atom ψl.

Now

‖vl‖p =

(∑
i

|vli|p
) 1

p

=

(∑
j∈Λ

|〈φj, ψl〉|p
) 1

p

This is the term in (3.6.1). Thus

µp(Φ,Ψ,Λ) = sup
l /∈Λ

‖vl‖p.

‖vl‖p is a measure of correlation of the sensing atom ψl with a group

of modeling atoms in Φ indexed by Λ.
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µp(Φ,Ψ,Λ) attempts to find out a sensing atom from Ψ outside the

index set Λ which is most correlated to the group of modeling atoms

in Φ indexed by Λ and returns the maximum correlation value.

Different choices of p-norm lead to different correlation values.

We can also measure a correlation of sensing and modeling atoms inside

the index set Λ.

Definition 3.7 A complement to the p-Babel function measures

the amount of correlation between atoms inside the support Λ:

µin
p (Φ,Ψ,Λ) , sup

i∈Λ
µp (ΦΛ,ΨΛ,Λ \ {i}) . (3.6.2)

µp(ΦΛ,ΨΛ,Λ \ {i}) computes the correlation of i-th sensing atom in

Ψ with the modeling atoms in Φ indexed by Λ \ {i} i.e. all modeling

atoms in Λ except the i-th modeling atom.

Finally µin
p (Φ,Ψ,Λ) finds the maximum correlation of any sensing atom

inside Λ with modeling atoms inside Λ (leaving the corresponding mod-

eling atom).

So far, we have focused our attention to a specific index set Λ. We now

consider all index sets with |Λ| ≤ K.

Definition 3.8 The Babel function for a pair of dictionaries Φ

and Ψ as a function of the sparsity level K is defined as

µp(Φ,Ψ, K) , sup
|Λ|≤K

µp(Φ,Ψ,Λ). (3.6.3)

Correspondingly, the complement of Babel function is defined as

µin
p (Φ,Ψ, K) , sup

|Λ|≤K
µin
p (Φ,Ψ,Λ). (3.6.4)

Remark. It is straightforward to see that

µin
p (Φ,Ψ, K) ≤ µp(Φ,Ψ, K − 1). (3.6.5)
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Now consider the special case where D = Φ = Ψ. i.e. the sensing and

modeling dictionaries are same.

We obtain

µp(D,Λ) = sup
l /∈Λ

(∑
j∈Λ

|〈dj, dl〉|p
) 1

p

. (3.6.6)

µin
p (D,Λ) = sup

i∈Λ
µp (DΛ,Λ \ {i}) . (3.6.7)

µp(D, K) = sup
|Λ|≤K

µp(D,Λ). (3.6.8)

µin
p (D, K) = sup

|Λ|≤K
µin
p (D,Λ). (3.6.9)

Further by choosing p = 1, we get

µ1(D,Λ) = sup
l /∈Λ

(∑
j∈Λ

|〈dj, dl〉|

)
. (3.6.10)

µin
1 (D,Λ) = sup

i∈Λ
µ1DΛ,Λ \ {i}. (3.6.11)

µ1(D, K) = sup
|Λ|≤K

µ1(D,Λ). (3.6.12)

µin
1 (D, K) = sup

|Λ|≤K
µin

1 (D,Λ). (3.6.13)

Finally compare this definition of µ1(D, K) with the standard definition

of Babel function as

µ1(K) = max
|Λ|=K

max
ψ

∑
Λ

|〈ψ, dλ〉|, (3.6.14)

where the vector ψ ranges over the atoms indexed by Ω \ Λ.
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We also know that µ1(K) is an increasing function of K. Thus, replac-

ing |Λ| = K with |Λ| ≤ K doesn’t make any difference to the value of

µ1(K).

Careful observation shows that the definitions of µ1(K) in (3.6.14) and

µ1(D, K) in (3.6.12) are exactly the same.

3.7. Exact recovery coefficient

In this section we will develop a measure of similarity between a sub-

dictionary and the remaining atoms from the dictionary.

As usual, D is our dictionary Λ indexes a linearly independent set of

atoms giving a subdictionary DΛ.

Definition 3.9 The Exact Recovery Coefficient [34, 35, 37]

for a subdictionary DΛ is defined as

ERC(DΛ) = 1−max
ω/∈Λ
‖D†Λdω‖1. (3.7.1)

We will also use the notation ERC(Λ) when the dictionary is clear

from context.

The quantity is called exact recovery coefficient since for a number of

algorithms the criteria ERC(Λ) > 0 is a sufficient condition for exact

recovery of sparse representations.

3.7.1. ERC and Babel function

We present a lower bound on ERC(Λ) in terms of Babel function.

Theorem 3.39 Suppose that |Λ| = k ≤ K. A lower bound on

Exact Recovery Coefficient is

ERC(Λ) ≥ 1− µ1(K − 1)− µ1(K)

1− µ1(K − 1)
(3.7.2)
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It follows that ERC(Λ) > 0 whenever

µ1(K − 1) + µ1(K) < 1. (3.7.3)

Proof. Let us expand the pseudo-inverse D†Λ.

max
ω/∈Λ
‖D†Λdω‖1 = max

ω/∈Λ

∥∥∥(DHΛDΛ

)−1DHΛ dω
∥∥∥

1

≤ ‖
(
DHΛDΛ

)−1 ‖1→1max
ω/∈Λ
‖DHΛ dω‖1.

For the Gram matrix G = DHΛDΛ we recall that:

‖G−1‖1 ≤
1

1− µ1(k − 1)
≤ 1

1− µ1(K − 1)
.

For the other term we have

max
ω/∈Λ
‖DHΛ dω‖1 = max

ω/∈Λ

∑
λ∈Λ

|〈dω, dλ〉| ≤ µ1(k) ≤ µ1(K).

Thus, we get

max
ω/∈Λ
‖D†Λdω‖1 ≤

µ1(K)

1− µ1(K − 1)
.

Putting back in the definition of Exact Recovery Coefficient:

ERC(Λ) = 1−max
ω/∈Λ
‖D†Λdω‖1 ≥ 1− µ1(K)

1− µ1(K − 1)
.

This completes the bound on ERC. Now, we verify the condition for

ERC(Λ) > 0.

µ1(K) + µ1(K − 1) < 1 ⇐⇒ µ1(K) < 1− µ1(K − 1)

⇐⇒ µ1(K)

1− µ1(K − 1)
< 1

⇐⇒ 1− µ1(K)

1− µ1(K − 1)
> 0.

Thus, if µ1(K) + µ1(K − 1) < 1, then the lower bound on ERC(Λ) is

positive leading to ERC(Λ) > 0. �
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3.7.2. ERC and coherence

On the same lines we develop a coherence bound for ERC.

Theorem 3.40 Suppose that |Λ| = k ≤ K. A lower bound on

Exact Recovery Coefficient is

ERC(Λ) ≥ 1− (2K − 1)µ

1− (K − 1)µ
. (3.7.4)

It follows that ERC(Λ) > 0 whenever

Kµ ≤ 1

2
. (3.7.5)

Proof. Following the proof of theorem 3.39 for the Gram matrix

G = DHΛDΛ have:

‖G−1‖1 ≤
1

1− µ1(K − 1)
≤ 1

1− (K − 1)µ
.

For the other term we have

max
ω/∈Λ
‖DHΛ dω‖1 ≤ µ1(K) ≤ Kµ.

Thus, we get

max
ω/∈Λ
‖D†Λdω‖1 ≤

Kµ

1− (K − 1)µ
.

Putting back in the definition of Exact Recovery Coefficient:

ERC(Λ) ≥ 1− Kµ

1− (K − 1)µ
=

1− (2K − 1)µ

1− (K − 1)µ
.

This completes the bound on ERC. Now, we verify the condition for

ERC(Λ) > 0.

Kµ ≤ 1

2
=⇒ 2Kµ ≤ 1 =⇒ 1− 2Kµ ≥ 0 =⇒ 1− 2Kµ+ µ > 0.

And

Kµ ≤ 1

2
=⇒ 1−Kµ ≥ 1

2
=⇒ 1−Kµ+ µ ≥ 1

2
+ µ.

Thus Kµ ≤ 1
2

ensures that both numerator and denominator for the

coherence lower bound on ERC(Λ) are positive leading to ERC(Λ) >

0. �
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A more accurate bound on K is presented in the next theorem.

Theorem 3.41 ERC(Λ) > 0 holds whenever

K <
1

2

(
1 +

1

µ

)
(3.7.6)

where K = |Λ|.

Proof. Assuming 1− (K − 1)µ > 0, we have

1− (2K − 1)µ

1− (K − 1)µ
> 0

⇐⇒ 1− (2K − 1)µ > 0

⇐⇒ 1 > (2K − 1)µ

⇐⇒ 2K − 1 <
1

µ

⇐⇒ K <
1

2

(
1 +

1

µ

)
.

From theorem 3.40, we have

ERC(Λ) ≥ 1− (2K − 1)µ

1− (K − 1)µ
.

Thus under the given conditions, we have

ERC(Λ) > 0.

We also need to show that under these conditions

1− (K − 1)µ > 0.
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2K − 1 <
1

µ

=⇒ 2K − 2 <
1

µ
− 1

=⇒ 2(K − 1)µ < 1− µ

=⇒ − (K − 1)µ >
µ

2
− 1

2

=⇒ 1− (K − 1)µ >
1

2
+
µ

2

=⇒ 1− (K − 1)µ > 0.

�

3.7.3. Geometrical interpretation of ERC

Definition 3.10 The antipodal convex hull [35] of a subdic-

tionary DΛ is defined as the set of signals given by

A1(Λ) = {DΛx : x ∈ CΛ and ‖x‖1 ≤ 1}. (3.7.7)

It is the smallest convex set that contains every unit multiple of every

atom.

We recall that PΛ = DΛD†Λ is the orthogonal projector on to the column

space of DΛ. Therefore cω = D†Λdω ∈ CΛ is a coefficient vector which

can be used to synthesize this projection. In other words:

PΛdω = DΛD†Λdω = DΛcω.

Thus, the quantity 1− ‖D†Λdω‖1 measures how far the projected atom

PΛdω lies from the boundary of A1(Λ).

If every projected atom lies well within the antipodal convex hull, then

it is possible to recover superpositions of atoms from Λ. This happens

because coefficient associated with an atom outside Λ must be quite

large to represent anything in the span of the subdictionary whenever

ERC(Λ) > 0.
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3.8. Digest

This section summarizes results in this chapter.

3.8.1. Restricted Isometry Property

Restricted isometry property and RIP constants:

(1− δK)‖x‖22 ≤ ‖Φx‖22 ≤ (1 + δK)‖x‖22 ∀ x ∈ ΣK .

where Φ ∈ CM×N , K ≤M � N .

RIP constants are non-decreasing:

δk ≤ δl whenever k < l.

First restricted isometry constant:

1− δ1 ≤ ‖φj‖22 ≤ 1 + δ1 ∀ 1 ≤ j ≤ N.

Sums and differences of signals:

(1− δk+l)‖x± y‖22 ≤ ‖Φx± Φy‖22 ≤ (1 + δk+l)‖x± y‖22.

Approximate preservation of distances:

(1− δ2K)d2(x, y) ≤ d2(Φx,Φy) ≤ (1 + δ2K)d2(x, y).

RIP using unit length K-sparse vectors:

(1− δK) ≤ ‖Φx‖22 ≤ (1 + δK)

We now consider sub-matrices of Φ identified by and index set J ⊂ {1, . . . , N} with

|J | = k ≤ K.

Eigen values of Gram matrices: Let λ be an eigen value of ΦHJ ΦJ

1− δK ≤ λ ≤ 1 + δK .

Singular values: Let σ be singular value of ΦJ . Then√
1− δK ≤ σ ≤

√
1 + δK .

Spectral norm:

‖ΦHJ ΦJ − I‖2 = ‖I − ΦHJ ΦJ‖2 ≤ δK .
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Sufficient condition for verifying RIP: The eigen value bounds of Gram matrices

are also sufficient conditions for verifying RIP of a matrix Φ.

Singular values of Φ†J :
1√

1 + δK
≤ σ ≤ 1√

1− δK

Upper bound on norm of mappings for ΦJ and ΦHJ :

‖ΦJx‖2 ≤
√

1 + δK‖x‖2 ∀x ∈ Ck.

‖ΦHJ y‖2 ≤
√

1 + δK‖y‖2 ∀y ∈ CM .

Upper bound on norm of mappings for Φ†J :

‖Φ†Jy‖2 ≤
1√

1− δK
‖y‖2 ∀y ∈ CM .

Bounds on mappings using Gram matrix:

(1− δK)‖x‖2 ≤ ‖ΦHJ ΦJx‖2 ≤ (1 + δK)‖x‖2 ∀ x ∈ Ck.
1

1 + δK
‖x‖2 ≤ ‖

(
ΦHJ ΦJ

)−1
x‖2 ≤

1

1− δK
‖x‖2 ∀ x ∈ Ck.

Upper bound for mapping using ΦHJ ΦJ − I:

‖(ΦHJ ΦJ − I)x‖2 ≤ δK‖x‖2 ∀ x ∈ Ck.

Approximate orthogonality: S and T are disjoint index sets with |S ∪ T | ≤ K.

Spectral norm bound

‖ΦHS ΦT ‖2 ≤ δK
Application:

‖ΦHS ΦTx‖2 ≤ δK‖x‖2.

Columns of Φ disjoint with support of x: R = supp(x) \ T .

‖ΦHT ΦxR‖2 ≤ δK‖xR‖2

RIP and inner product. Inner product of signals with disjoint support:

|〈Φx,Φx′〉| ≤ δk+k′‖x‖2‖x′‖2

Inner product of sparse real signals not necessarily disjoint support:

u, v ∈ RN , K = max(‖u+ v‖0, ‖u− v‖0).

|〈Φu,Φv〉 − 〈u, v〉| ≤ δK‖u‖2‖v‖2.

Complex space with bilinear inner product

|〈Φu,Φv〉B − 〈u, v〉B | ≤ δK‖u‖2‖v‖2.
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RIP and orthogonal projection. PΛ = ΦΛΦ†Λ. and ΨΛ = (I − PΛ)Φ with |Λ| <
K. Modified RIP for ΨΛ(

1− δK
1− δK

)
‖x‖22 ≤ ‖ΨΛx‖22 ≤ (1 + δK)‖x‖22

whenever ‖x‖0 ≤ K − |Λ| and supp(x) ∩ Λ = ∅.

Higher order RIP. Upper bound on the RIP constant for higher order:

δck ≤ cδ2k.

Bound on energy of embedding of arbitrary signal:

‖Φx‖2 ≤
√

1 + δK

[
‖x‖2 +

1√
K
‖x‖1

]
.

Coherence bound for RIP constant of a dictionary

δK ≤ (K − 1)µ(D).

3.8.2. Stable embeddings

3.8.3. Spark

Upper bound on spark

spark(D) ≤ minimize
1≤k≤D

‖v1,∗
k ‖0

where v1,∗
k is a solution of the problem (Qk).

3.8.4. Coherence

Upper bound on the (2 → ∞) norm of the pseudo-inverse of the sub-

dictionary: when (K − 1)µ < 1 and |Λ| ≤ K

‖D†Λ‖2→∞ ≤
1√

1− (K − 1)µ
.

µ1/2(G) Smallest number m such that the sum of magnitudes of a

collection of m off-diagonal entries in a single row or column of the

Gram matrix G is at least 1
2
.

Coherence and µ1/2(G):

µ1/2(G) ≥ 1

2µ
.
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Lower bound on spark in terms of µ1/2(G)

spark(D) ≥ 2µ1/2(G) + 1.

3.8.5. Babel function

Modeling dictionary Φ, sensing dictionary Ψ.

p-Babel function for an index set

µp(Φ,Ψ,Λ) , sup
l /∈Λ

(∑
j∈Λ

|〈φj, ψl〉|p
) 1

p

.

Complementary p-Babel function for an index set

µin
p (Φ,Ψ,Λ) , sup

i∈Λ
µp (ΦΛ,ΨΛ,Λ \ {i}) .

p Babel function for a sparsity level

µp(Φ,Ψ, K) , sup
|Λ|≤K

µp(Φ,Ψ,Λ).

µin
p (Φ,Ψ, K) , sup

|Λ|≤K
µin
p (Φ,Ψ,Λ).

µin
p (Φ,Ψ, K) ≤ µp(Φ,Ψ, K − 1).

For the case where D = Φ = Ψ:

µp(D,Λ) = sup
l /∈Λ

(∑
j∈Λ

|〈dj, dl〉|p
) 1

p

.

µin
p (D,Λ) = sup

i∈Λ
µp (DΛ,Λ \ {i}) .

µp(D, K) = sup
|Λ|≤K

µp(D,Λ).

µin
p (D, K) = sup

|Λ|≤K
µin
p (D,Λ).
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For p = 1

µ1(D,Λ) = sup
l /∈Λ

(∑
j∈Λ

|〈dj, dl〉|

)
.

µin
1 (D,Λ) = sup

i∈Λ
µ1DΛ,Λ \ {i}.

µ1(D, K) = sup
|Λ|≤K

µ1(D,Λ).

µin
1 (D, K) = sup

|Λ|≤K
µin

1 (D,Λ).

3.8.6. Exact recovery coefficient

ERC

ERC(DΛ) = 1−max
ω/∈Λ
‖D†Λdω‖1.

ERC and Babel function

ERC(Λ) ≥ 1− µ1(K − 1)− µ1(K)

1− µ1(K − 1)
.

ERC and coherence

ERC(Λ) ≥ 1− (2K − 1)µ

1− (K − 1)µ
.

Coherence based sufficient condition for ERC to be positive

K <
1

2

(
1 +

1

µ

)
.



CHAPTER 4

Sensing Matrices

4.1. Introduction

We will focus our attention to finite length signals.

Let x ∈ RN be our signal of interest where N is the number of signal

components or dimension of the signal space (RN).

Let us make M linear measurements of the signal. The measurements

are given by

y = Φx (4.1.1)

y ∈ RM is our measurement vector in the measurement space (RM)

and M is the dimension of our measurement space.

Φ is an M ×N matrix known as the sensing matrix.

M � N , hence Φ achieves a dimensionality reduction over x.

We assume that measurements are non-adaptive. i.e. the matrix Φ is

predefined and doesn’t depend on x.

The recovery process is denoted by

x′ = ∆y = ∆(Φx) (4.1.2)

where ∆ : RM → RN is a (usually nonlinear) recovery algorithm.

Fundamental questions

178
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• How should Φ be designed so that information in x is preserved

in y?

• How do we recover x from y?

We will look at three kinds of situations:

(1) Signals are truly sparse. A signal has up to K(K � N) non-

zero values only where K is known in advance. Measurement

process is ideal and no noise is introduced during measure-

ment. We will look for guarantees which can ensure exact re-

covery of signal from M(K < M � N) linear measurements.

(2) Signals are not truly sparse but they have few K(K � N)

values which dominate the signal. Thus if we approximate

the signal by these K values, then approximation error is not

noticeable. We again assume that there is no measurement

noise being introduced. When we recover the signal, it will

in general not be exact recovery. We expect the recovery er-

ror to be bounded (by approximation error). Also in special

cases where the signal turns out to be K-sparse, we expect

the recovery algorithm to recover the signal exactly. Such an

algorithm with bounded recovery error will be called robust.

(3) Signals are not sparse. Also there is measurement noise being

introduced. We expect recovery algorithm to minimize error

and thus perform stable recovery in the presence of measure-

ment noise.

4.2. Recovery of exactly sparse signals

The null space of a matrix Φ is denoted as

N (Φ) = {v ∈ RN : Φv = 0}. (4.2.1)

The set of K-sparse signals is defined as
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ΣK = {x ∈ RN : ‖x‖0 ≤ K}. (4.2.2)

Example 4.1: K sparse signals Let N = 10.

• x = (1, 2, 1,−1, 2,−3, 4,−2, 2,−2) ∈ R10 is not a sparse signal.

• x = (0, 0, 0, 0, 1, 0, 0,−1, 0, 0) ∈ R10 is a 2-sparse signal. Its

also a 4 sparse signal.

�

Lemma 4.1 If a and b are two K sparse signals then a − b is a

2K sparse signal.

Proof. (a− b)i is non zero only if at least one of ai and bi is non-

zero. Hence number of non-zero components of a − b cannot exceed

2K. Hence a− b is a 2K-sparse signal. �

Example 4.2: Difference of K sparse signals Let N = 5.

• Let a = (0, 1,−1, 0, 0) and b = (0, 2, 0,−1, 0). Then a − b =

(0,−1,−1, 1, 0) is a 3 sparse hence 4 sparse signal.

• Let a = (0, 1,−1, 0, 0) and b = (0, 2,−1, 0, 0). Then a − b =

(0,−1,−2, 0, 0) is a 2 sparse hence 4 sparse signal.

• Let a = (0, 1,−1, 0, 0) and b = (0, 0, 0, 1,−1). Then a − b =

(0, 1,−1,−1, 1) is a 4 sparse signal.

�

Lemma 4.2 A sensing matrix Φ uniquely represents all x ∈ ΣK

if and only if N (Φ) ∩ Σ2K = φ. i.e. N (Φ) contains no vectors in

Σ2K.

Proof. Let a and b be two K sparse signals. Then Φa and Φb are

corresponding measurements. Now if Φ allows recovery of all K sparse

signals, then Φa 6= Φb. Thus Φ(a− b) 6= 0. Thus a− b /∈ N (Φ).
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Let x ∈ N (Φ) ∩ Σ2K . Thus Φx = 0 and #x ≤ 2K. Then we can find

y, z ∈ ΣK such that x = z − y. Thus m = Φz = Φy. But then, Φ

doesn’t uniquely represent y, z ∈ ΣK . �

There are many equivalent ways of characterizing above condition.

4.2.1. The spark

We recall from definition 2.16, that spark of a matrix Φ is defined as

the minimum number of columns which are linearly dependent.

Definition 4.1 A signal x ∈ RN is called an explanation of a

measurement y ∈ RM w.r.t. sensing matrix Φ if y = Φx.

Theorem 4.3 For any measurement y ∈ RM , there exists at most

one signal x ∈ ΣK such that y = Φx if and only if spark(Φ) > 2K.

Proof. We need to show

• If for every measurement, there is only one K-sparse explana-

tion, then spark(Φ) > 2K.

• If spark(Φ) > 2K then for every measurement, there is only

one K-sparse explanation.

Assume that for every y ∈ RM there exists at most one signal x ∈ RN

such that y = Φx.

Now assume that spark(Φ) ≤ 2K. Thus there exists a set of at most

2K columns which are linearly dependent.

Thus there exists v ∈ Σ2K such that Φv = 0. Thus v ∈ N (Φ).

Thus Σ2K ∩N (Φ) 6= φ.

Hence Φ doesn’t uniquely represent each signal x ∈ ΣK . A contradic-

tion.
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Hence spark(Φ) > 2K.

Now suppose that spark(Φ) > 2K.

Assume that for some y there exist two different K-sparse explanations

x, x′ such that y = Φx = Φx′.

Thus Φ(x− x′) = 0. Thus x− x′ ∈ N (Φ) and x− x′ ∈ Σ2K .

Thus spark(Φ) ≤ 2K. A contradiction.

�

Since spark(Φ) ∈ [2,M + 1] and we require that spark(Φ) > 2K hence

we require that M ≥ 2K.

4.3. Recovery of approximately sparse signals

Spark is a useful criteria for characterization of sensing matrices for

truly sparse signals. But this doesn’t work well for approximately sparse

signals. We need to have more restrictive criteria on Φ for ensuring re-

covery of approximately sparse signals from compressed measurements.

In this context we will deal with two types of errors:

Approximation error: Let us approximate a signal x using only K

coefficients. Let us call the approximation as x̂. Thus ea =

(x− x̂) is approximation error.

Recovery error: Let Φ be a sensing matrix. Let ∆ be a recovery

algorithm. Then x′ = ∆(Φx) is the recovered signal vector.

The error er = (x− x′) is recovery error.

In this section we will

• Formalize the notion of null space property (NSP) of a matrix

Φ.

• Describe a measure for performance of an arbitrary recovery

algorithm ∆.
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• Establish the connection between NSP and performance guar-

antee for recovery algorithms.

Suppose we approximate x by a K-sparse signal x̂ ∈ ΣK , then the

minimum error for lp norm is given by

σK(x)p = min
x̂∈ΣK

‖x− x̂‖p. (4.3.1)

Specific x̂ ∈ ΣK for which this minimum is achieved is the best K-term

approximation.

In the following, we will need some new notation.

Let I = {1, 2, . . . , N} be the set of indices for signal x ∈ RN .

Let Λ ⊂ I be a subset of indices.

Let Λc = I \ Λ.

xΛ will denote a signal vector obtained by setting the entries of x

indexed by Λc to zero.

Example 4.3: xΛ

Let N = 4. Then I = {1, 2, 3, 4}. Let Λ = {1, 3}. Then Λc = {2, 4}.

Now let x = (−1, 1, 2,−4). Then xΛ = (−1, 0, 2, 0).

�

ΦΛ will denote a M ×N matrix obtained by setting the columns of Φ

indexed by Λc to zero.

Example 4.4: ΦΛ

Let N = 4. Then I = {1, 2, 3, 4}. Let Λ = {1, 3}. Then Λc = {2, 4}.

Now let x = (−1, 1, 2,−4). Then xΛ = (−1, 0, 2,−4).
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Now let

Φ =

(
1 0 −1 1

−1 −2 2 3

)

Then

ΦΛ =

(
1 0 −1 0

−1 0 2 0

)

�

Definition 4.2 A matrix Φ satisfies the null space property

(NSP) of order K if there exists a constant C > 0 such that,

‖hΛ‖2 ≤ C
‖hΛc‖1√

K
(4.3.2)

holds ∀h ∈ N (Φ) and ∀Λ such that |Λ| ≤ K.

• Let h be K sparse. Thus choosing the indices on which h is

non-zero, I can construct a Λ such that |Λ| ≤ K and hΛc = 0.

Thus ‖hΛc‖1 = 0. Hence above condition is not satisfied. Thus

such a vector h should not belong to N (Φ) if Φ satisfies NSP.

• Essentially vectors in N (Φ) shouldn’t be concentrated in a

small subset of indices.

• If Φ satisfies NSP then the only K-sparse vector in N (Φ) is

h = 0.

4.3.0.1. Measuring the performance of a recovery algo-

rithm. Let ∆ : RM → RN represent a recovery method to recover

approximately sparse x from y.

l2 recovery error is given by

‖∆(Φx)− x‖2.

l1 error for K-term approximation is given by σK(x)1.
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We will be interested in guarantees of the form

‖∆(Φx)− x‖2 ≤ C
σK(x)1√

K
(4.3.3)

Why, this recovery guarantee formulation?

• Exact recovery of K-sparse signals. σK(x)1 = 0 if x ∈ ΣK .

• Robust recovery of non-sparse signals

• Recovery dependent on how well the signals are approximated

by K-sparse vectors.

• Such guarantees are known as instance optimal guarantees.

• Also known as uniform guarantees.

Why the specific choice of norms?

• Different choices of lp norms lead to different guarantees.

• l2 norm on the LHS is a typical least squares error.

• l2 norm on the RHS will require prohibitively large numberof

measurements.

• l1 norm on the RHS helps us keep the number of measurements

less.

If an algorithm ∆ provides instance optimal guarantees as defined

above, what kind of requirements does it place on the sensing matrix

Φ?

We show that NSP of order 2K is a necessary condition for providing

uniform guarantees.

Theorem 4.4 Let Φ : RN → RM denote a sensing matrix and

∆ : RM → RN denote an arbitrary recovery algorithm. If the pair

(Φ,∆) satisfies instance optimal guarantee (4.3.3), then Φ satisfies

NSP of the order 2K.

Proof. We are given that

• (Φ,∆) form an encoder-decoder pair.
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• Together, they satisfy instance optimal guarantee (4.3.3).

• Thus they are able to recover all sparse signals exactly.

• For non-sparse signals, they are able to recover their K-sparse ap-

proximation with bounded recovery error.

We need to show that if h ∈ N (Φ), then h satisfies

‖hΛ‖2 ≤ C
‖hΛc‖1√

2K

where Λ corresponds to 2K largest magnitude entries in h.

Note that we have used 2K in this expression, since we need to show

that Φ satisfies NSP of order 2K.

Let h ∈ N (Φ).

Let Λ be the indices corresponding to the 2K largest entries of h.

Thus

h = hΛ + hΛc .

Split Λ into Λ0 and Λ1 such that |Λ0| = |Λ1| = K.

Now

hΛ = hΛ0 + hΛ1 .

Let

x = hΛ0 + hΛc .

Let

x′ = −hΛ1 .

Then

h = x− x′.

By assumption h ∈ N (Φ)

Thus

Φh = Φ(x− x′) = 0 =⇒ Φx = Φx′.
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But since x′ ∈ ΣK (recall that Λ1 indexes only K entries) and ∆ is able

to recover all K-sparse signals exactly, hence

x′ = ∆(Φx′)

.

Thus

∆(Φx) = ∆(Φx′) = x′.

i.e. the recovery algorithm ∆ recovers x′ for the signal x. Certainly x′

is not K-sparse.

Finally we also have (since h contains some additional non-zero entries)

‖hΛ‖2 ≤ ‖h‖2 = ‖x− x′‖2 = ‖x−∆(Φx)‖2.

But as per instance optimal recovery guarantee (4.3.3) for (Φ,∆) pair,

we have

‖∆(Φx)− x‖2 ≤ C
σK(x)1√

K
.

Thus

‖hΛ‖2 ≤ C
σK(x)1√

K
.

But

σK(x)1 = min
x̂∈ΣK

‖x− x̂‖1.

Recall that x = hΛ0 + hΛc where Λ0 indexes K entries of h which are

(magnitude wise) larger than all entries indexed by Λc. Thus the best

l1-norm K term approximation of x is given by hΛ0 .

Hence

σK(x)1 = ‖hΛc‖1.

Thus we finally have

‖hΛ‖2 ≤ C
‖hΛc‖1√

K
=
√

2C
‖hΛc‖1√

2K
∀h ∈ N (Φ).

Thus Φ satisfies the NSP of order 2K. �
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It turns out that NSP of order 2K is also sufficient to establish a

guarantee of the form above for a practical recovery algorithm.

4.4. Recovery in presence of measurement noise

Measurement vector in the presence of noise is given by

y = Φx+ e (4.4.1)

where e is the measurement noise or error. ‖e‖2 is the l2 size of mea-

surement error.

Recovery error as usual is given by

‖∆(y)− x‖2 = ‖∆(Φx+ e)− x‖2 (4.4.2)

Stability of a recovery algorithm is characterized by comparing vari-

ation of recovery error w.r.t. measurement error.

NSP is both necessary and sufficient for establishing guarantees of the

form:

‖∆(Φx)− x‖2 ≤ C
σK(x)1√

K

These guarantees do not account for presence of noise during measure-

ment.

We need stronger conditions for handling noise.

The restricted isometry property for sensing matrices comes to our

rescue.

4.4.1. Restricted isometry property

We recall from definition 3.1 that a matrix Φ satisfies the restricted

isometry property (RIP) of order K if there exists δK ∈ (0, 1) such

that

(1− δK)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δK)‖x‖2
2 (4.4.3)

holds for all x ∈ ΣK = {x : ‖x‖0 ≤ K}.
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• If a matrix satisfies RIP of order K, then we can see that it

approximately preserves the size of a K-sparse vector.

• If a matrix satisfies RIP of order 2K, then we can see that

it approximately preserves the distance between any two K-

sparse vectors since difference vectors would be 2K sparse (see

theorem 3.6) .

• We say that the matrix is nearly orthonormal for sparse vec-

tors.

• If a matrix satisfies RIP of order K with a constant δK , it au-

tomatically satisfies RIP of any order K ′ < K with a constant

δK′ ≤ δK .

4.4.2. Stability

Informally a recovery algorithm is stable if recovery error is small in

the presence of small measurement error.

Is RIP necessary and sufficient for sparse signal recovery from noisy

measurements?

Let us look at the necessary part.

We will define a notion of stability of the recovery algorithm.

Definition 4.3 Let Φ : RN → RM be a sensing matrix and ∆ :

RM → RN be a recovery algorithm. We say that the pair (Φ,∆)

is C-stable if for any x ∈ ΣK and any e ∈ RM we have that

‖∆(Φx+ e)− x‖2 ≤ C‖e‖2. (4.4.4)

• Error is added to the measurements.

• LHS is l2 norm of recovery error.

• RHS consists of scaling of the l2 norm of measurement error.

• The definition says that recovery error is bounded by a multi-

ple of the measurement error.
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• Thus adding a small amount of measurement noise shouldn’t

be causing arbitrarily large recovery error.

It turns out that C-stability requires Φ to satisfy RIP.

Theorem 4.5 If a pair (Φ,∆) is C-stable then

1

C
‖x‖2 ≤ ‖Φx‖2 (4.4.5)

for all x ∈ Σ2K.

Proof. Remember that any x ∈ Σ2K can be written in the form

of x = y − z where y, z ∈ ΣK .

So let x ∈ Σ2K . Split it in the form of x = y − z with y, z ∈ ΣK .

Define

ey =
Φ(z − y)

2
and ez =

Φ(y − z)

2

Thus

ey − ez = Φ(z − y) =⇒ Φy + ey = Φz + ez

We have

Φy + ey = Φz + ez =
Φ(y + z)

2
.

Also we have

‖ey‖2 = ‖ez‖2 =
‖Φ(y − z)‖2

2
=
‖Φx‖2

2

Let

y′ = ∆(Φy + ey) = ∆(Φz + ez)

Since (Φ,∆) is C-stable, hence we have

‖y′ − y‖2 ≤ C‖ey‖2.

also

‖y′ − z‖2 ≤ C‖ez‖2.
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Using the triangle inequality

‖x‖2 = ‖y − z‖2 = ‖y − y′ + y′ − z‖2

≤ ‖y − y′‖2 + ‖y′ − z‖2

≤ C‖ey‖2 + C‖ez‖2 = C(‖ey‖2 + ‖ez‖2) = C‖Φx‖2

Thus we have ∀x ∈ Σ2K

1

C
‖x‖2 ≤ ‖Φx‖2

�

This theorem gives us the lower bound for RIP property of order 2K in

(4.4.3) with δ2K = 1− 1
C2 as a necessary condition for C-stable recovery

algorithms.

Note that smaller the constant C, lower is the bound on recovery error

(w.r.t. measurement error). But as C → 1, δ2K → 0, thus reducing the

impact of measurement noise requires sensing matrix Φ to be designed

with tighter RIP constraints.

This result doesn’t require an upper bound on the RIP property in

(4.4.3).

It turns out that If Φ satisfies RIP, then this is also sufficient for a

variety of algorithms to be able to successfully recover a sparse signal

from noisy measurements. We will discuss this later.

4.4.3. Measurement bounds

As stated in previous section, for a (Φ,∆) pair to be C-stable we require

that Φ satisfies RIP of order 2K with a constant δ2K .

Let us ignore δ2K for the time being and look at relationship between

M , N and K.
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We have a sensing matrix Φ of size M × N and expect it to provide

RIP of order 2K.

How many measurements M are necessary?

We will assume that K < N/2. This assumption is valid for approxi-

mately sparse signals.

Before we start figuring out the bounds, let us develop a special subset

of ΣK sets.

Consider the set

U = {x ∈ {0,+1,−1}N : ‖x‖0 = K} (4.4.6)

Some explanation: By AN we mean A × A × · · · × A i.e. N times

Cartesian product of A.

When we say ‖x‖0 = K, we mean that only K terms in each member

of U can be non-zero (i.e. −1 or +1).

So U is a set of signal vectors x of length N where each sample takes

values from {0,+1,−1} and number of allowed non-zero samples is

fixed at K.

An example below explains it further.

Example 4.5: U for N = 6 and K = 2

Each vector in U will have 6 elements out of which 2 can be non zero.

There are
(

6
2

)
ways of choosing the non-zero elements. Some of those

sets are listed below as examples:

(+1,+1, 0, 0, 0, 0)

(+1,−1, 0, 0, 0, 0)

(0,−1, 0,+1, 0, 0)

(0,−1, 0,+1, 0, 0)

(0, 0, 0, 0,−1,+1)

(0, 0,−1,−1, 0, 0)
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�

Revisiting

U = {x ∈ {0,+1,−1}N : ‖x‖0 = K}

Its now obvious that

‖x‖2
2 = K ∀x ∈ U. (4.4.7)

Since there are
(
N
K

)
ways of choosing K non-zero elements and each

non zero element can take either of the two values +1 or −1, hence the

cardinality of set U is given by:

|U | =
(
N

K

)
2K (4.4.8)

By definition

U ⊂ ΣK . (4.4.9)

Further Let x, y ∈ U .

Then x− y will have a maximum of 2K non-zero elements. The non-

zero elements would have values ∈ {−2,−1, 1, 2}.

Thus ‖x− y‖0 = R ≤ 2K.

Further ‖x− y‖2
2 ≥ R. Explain!

Hence

‖x− y‖0 ≤ ‖x− y‖2
2 ∀x, y ∈ U. (4.4.10)

We now state a lemma which will help us in getting to the bounds.

Lemma 4.6 Let K and N satisfying K < N
2

be given. There exists

a set X ⊂ ΣK such that for any x ∈ X we have ‖x‖2 ≤
√
K and

for any x, y ∈ X with x 6= y,

‖x− y‖2 ≥
√
K

2
. (4.4.11)
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and

ln |X| ≥ K

2
ln

(
N

K

)
. (4.4.12)

Proof. We just need to find one set X which satisfies the require-

ments of this lemma. We have to construct a set X such that

• ‖x‖2 ≤
√
K ∀x ∈ X.

• ‖x− y‖2 ≥
√

K
2
∀x, y ∈ X.

• ln |X| ≥ K
2

ln
(
N
K

)
or equivalently |X| ≥

(
N
K

)K
2 .

We will construct X by picking vectors from U . Thus X ⊂ U .

Since x ∈ X ⊂ U hence ‖x‖2 =
√
K ≤

√
K ∀x ∈ X.

Consider any fixed x ∈ U .

How many elements y are there in U such that ‖x− y‖2
2 <

K
2

?

Define

U2
x =

{
y ∈ U : ‖x− y‖2

2 <
K

2

}
(4.4.13)

Clearly by requirements in the lemma, if x ∈ X then U2
x ∩X = φ. i.e.

no vector in U2
x belongs to X.

How many elements are there in U2
x? Let us find an upper bound.

∀x, y ∈ U we have ‖x− y‖0 ≤ ‖x− y‖2
2.

If x and y differ in K
2

or more places, then naturally ‖x− y‖2
2 ≥ K

2
.

Hence if ‖x− y‖2
2 <

K
2

then ‖x− y‖0 <
K
2

hence ‖x− y‖0 ≤ K
2

for any

x, y ∈ U2
x .

So define

U0
x =

{
y ∈ U : ‖x− y‖0 ≤

K

2

}
(4.4.14)
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We have

U2
x ⊆ U0

x (4.4.15)

Thus we have an upper bound given by

|U2
x | ≤ |U0

x |. (4.4.16)

Let us look at U0
x carefully.

We can choose K
2

indices where x and y may differ in
(
N
K
2

)
ways.

At each of these K
2

indices, yi can take value as one of (0,+1,−1).

Thus We have an upper bound

|U2
x | ≤ |U0

x | ≤
(
N
K
2

)
3

K
2 . (4.4.17)

We now describe an iterative process for building X from vectors in U .

Say we have added j vectors to X namely x1, x2, . . . , xj.

Then

(U2
x1
∪ U2

x2
∪ · · · ∪ U2

xj
) ∩X = φ

Number of vectors in U2
x1
∪ U2

x2
∪ · · · ∪ U2

xj
is bounded by j

(
N
K
2

)
3

K
2 .

Thus we have at least (
N

K

)
2K − j

(
N
K
2

)
3

K
2 (4.4.18)

vectors left in U to choose from for adding in X.

We can keep adding vectors to X till there are no more suitable vectors

left.

So we can construct a set of size |X| provided

|X|
(
N
K
2

)
3

K
2 ≤

(
N

K

)
2K (4.4.19)



196 4. SENSING MATRICES

Now

(
N
K

)(
N
K
2

) =

(
K
2

)
!
(
N − K

2

)
!

K!(N −K)!
=

K
2∏
i=1

N −K + i

K/2 + i

Note that N−K+i
K/2+i

is a decreasing function of i.

Its minimum value is achieved for i = K
2

as (N
K
− 1

2
).

So we have

N −K + i

K/2 + i
≥ N

K
− 1

2

=⇒
K
2∏
i=1

N −K + i

K/2 + i
≥
(
N

K
− 1

2

)K
2

=⇒
(
N
K

)(
N
K
2

) ≥ (N
K
− 1

2

)K
2

Rephrasing (4.4.19) we have

|X|
(

3

4

)K
2

≤
(
N
K

)(
N
K
2

) (4.4.20)

So if

|X|
(

3

4

)K
2

≤
(
N

K
− 1

2

)K
2

then (4.4.19) will be satisfied.

Now it is given that K < N
2

. So we have:
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K <
N

2

=⇒ N

K
> 2

=⇒ N

4K
>

1

2

=⇒ N

K
− N

4K
<
N

K
− 1

2

=⇒ 3N

4K
<
N

K
− 1

2

=⇒
(

3N

4K

)K
2

<

(
N

K
− 1

2

)K
2

Thus we have (
N

K

)K
2
(

3

4

)K
2

<

(
N
K

)(
N
K
2

) (4.4.21)

Choose

|X| =
(
N

K

)K
2

(4.4.22)

Clearly this value of |X| satisfies (4.4.19). Hence X can have at least

these many elements. Thus

|X| ≥
(
N

K

)K
2

=⇒ ln |X| ≥ K

2
ln

(
N

K

)
which completes the proof.

�

We can now establish following bound on the required number of mea-

surements to satisfy RIP.



198 4. SENSING MATRICES

At this moment, we won’t worry about exact value of δ2K . We will just

assume that δ2K is small in range (0, 1
2
].

Theorem 4.7 Let Φ be an M × N matrix that satisfies RIP of

order 2K with constant δ2K ∈ (0, 1
2
]. Then

M ≥ CK ln

(
N

K

)
(4.4.23)

where C = 1
2 ln(
√

24+1)
≈ 0.28173.

Proof. Since Φ satisfies RIP of order 2K we have

(1− δ2K)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δ2K)‖x‖2
2 ∀x ∈ Σ2K .

=⇒ (1− δ2K)‖x− y‖2
2 ≤ ‖Φx− Φy‖2

2 ≤ (1 + δ2K)‖x− y‖2
2 ∀x, y ∈ ΣK .

Also

δ2K ≤
1

2
=⇒ 1− δ2K >

1

2
and 1 + δ2K ≤

3

2

Consider the set X ⊂ U ⊂ ΣK developed in lemma 4.6.

We have

‖x− y‖2
2 ≥

K

2
∀x, y ∈ X

=⇒ (1− δ2K)‖x− y‖2
2 ≥

K

4

=⇒ ‖Φx− Φy‖2
2 ≥

K

4

=⇒ ‖Φx− Φy‖2 ≥
√
K

4
∀x, y ∈ X

Also

‖Φx‖2
2 ≤ (1 + δ2K)‖x‖2

2 ≤
3

2
‖x‖2

2 ∀x ∈ X ⊂ ΣK ⊂ Σ2K

=⇒ ‖Φx‖2 ≤
√

3

2
‖x‖2 ≤

√
3K

2
∀x ∈ X.

since ‖x‖2 ≤
√
K ∀x ∈ X.
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So we have a lower bound:

‖Φx− Φy‖2 ≥
√
K

4
∀x, y ∈ X. (4.4.24)

and an upper bound:

‖Φx‖2 ≤
√

3K

2
∀x ∈ X. (4.4.25)

What do these bounds mean? Let us start with the lower bound.

Φx and Φy are projections of x and y in RM (measurement space).

Construct l2 balls of radius
√

K
4
/2 =

√
K
16

in RM around Φx and Φy.

Lower bound says that these balls are disjoint. Since x, y are arbitrary,

this applies to every x ∈ X.

Upper bound tells us that all vectors Φx lie in a ball of radius
√

3K
2

around origin in RM .

Thus the set of all balls lies within a larger ball of radius
√

3K
2

+
√

K
16

around origin in RM .

So we require that the volume of the larger ball MUST be greater than

the sum of volumes of |X| individual balls.

Since volume of an l2 ball of radius r is proportional to rM , we have:

(√
3K

2
+

√
K

16

)M

≥ |X|.

(√
K

16

)M

. =⇒ (
√

24 + 1)M ≥ |X|

=⇒ M ≥ ln |X|
ln(
√

24 + 1)

Again from lemma 4.6 we have

ln |X| ≥ K

2
ln

(
N

K

)
.
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Putting back we get

M ≥
K
2

ln
(
N
K

)
ln(
√

24 + 1)

which establishes a lower bound on the number of measurements M .

�

Example 4.6: Lower bounds on M for RIP of order 2K

(1) N = 1000, K = 100 =⇒ M ≥ 65.

(2) N = 1000, K = 200 =⇒ M ≥ 91.

(3) N = 1000, K = 400 =⇒ M ≥ 104.

�

Some remarks are in order:

• The theorem only establishes a necessary lower bound on M .

It doesn’t mean that if we choose an M larger than the lower

bound then Φ will have RIP of order 2K with any constant

δ2K ∈ (0, 1
2
].

• The restriction δ2K ≤ 1
2

is arbitrary and is made for conve-

nience. In general, we can work with 0 < δ2K ≤ δmax < 1 and

develop the bounds accordingly.

• This result fails to capture dependence of M on the RIP con-

stant δ2K directly. Johnson-Lindenstrauss lemma helps us re-

solve this which concerns embeddings of finite sets of points in

low-dimensional spaces.

• We haven’t made significant efforts to optimize the constants.

Still they are quite reasonable.

4.5. The RIP and the NSP

RIP and NSP are connected. If a matrix Φ satisfies RIP then it also

satisfies NSP (under certain conditions).
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Thus RIP is strictly stronger than NSP (under certain conditions).

We will need following lemma which applies to any arbitrary h ∈ RN .

The lemma will be proved later.

Lemma 4.8 Suppose that Φ satisfies RIP of order 2K, and let

h ∈ RN , h 6= 0 be arbitrary. Let Λ0 be any subset of {1, 2, . . . , N}
such that |Λ0| ≤ K.

Define Λ1 as the index set corresponding to the K entries of hΛc
0

with largest magnitude, and set Λ = Λ0 ∪ Λ1. Then

‖hΛ‖2 ≤ α
‖hΛc

0
‖1√
K

+ β
|〈ΦhΛ,Φh〉|
‖hΛ‖2

, (4.5.1)

where

α =

√
2δ2K

1− δ2K

, β =
1

1− δ2K

. (4.5.2)

Let us understand this lemma a bit. If h ∈ N (Φ), then the lemma

simplifies to

‖hΛ‖2 ≤ α
‖hΛc

0
‖1√
K

(4.5.3)

• Λ0 maps to the initial few (K or less) elements we chose.

• Λc
0 maps to all other elements.

• Λ1 maps to largest (in magnitude) K elements of Λc
0.

• hΛ contains a maximum of 2K non-zero elements.

• Φ satisfies RIP of order 2K.

• Thus (1− δ2K)‖hΛ‖2 ≤ ‖ΦhΛ‖2 ≤ (1 + δ2K)‖hΛ‖2.

We now state the connection between RIP and NSP.

Theorem 4.9 Suppose that Φ satisfies RIP of order 2K with

δ2K <
√

2−1. Then Φ satisfies the NSP of order 2K with constant

C =

√
2δ2K

1− (1 +
√

2)δ2K

(4.5.4)
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Proof. We are given

(1− δ2K)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δ2K)‖x‖2
2

holds for all x ∈ Σ2K where δ2K <
√

2− 1.

We have to show that:

‖hΛ‖2 ≤ C
‖hΛc‖1√

K

holds ∀h ∈ N (Φ) and ∀Λ such that |Λ| ≤ 2K.

Let h ∈ N (Φ). Then Φh = 0.

Let Λm denote the 2K largest entries of h. Then

‖hΛ‖2 ≤ ‖hΛm‖2 ∀Λ : |Λ| ≤ 2K.

Similarly

‖hΛc‖1 ≥ ‖hΛc
m
‖1 ∀Λ : |Λ| ≤ 2K.

Thus if we show that Φ satisfies NSP of order 2K for Λm, i.e.

‖hΛm‖2 ≤ C
‖hΛm

c‖1√
K

then we would have shown it for all Λ such that |Λ| ≤ 2K. So let

Λ = Λm.

We can divide Λ into two components Λ0 and Λ1 of size K each.

Since Λ maps to the largest 2K entries in h hence whatever entries we

choose in Λ0, the largest K entries in Λc
0 will be Λ1.

Hence as per lemma 4.8 above, we have

‖hΛ‖2 ≤ α
‖hΛc

0
‖1√
K

(4.5.5)

Also

Λ = Λ0 ∪ Λ1 =⇒ Λ0 = Λ \ Λ1 = Λ ∩ Λc
1 =⇒ Λc

0 = Λ1 ∪ Λc
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Thus we have

‖hΛc
0
‖1 = ‖hΛ1‖1 + ‖hΛc‖1 (4.5.6)

We have to get rid of Λ1.

Since hΛ1 ∈ ΣK , by applying lemma 2.16 we get

‖hΛ1‖1 ≤
√
K‖hΛ1‖2

Hence

‖hΛ‖2 ≤ α

(
‖hΛ1‖2 +

‖hΛc‖1√
K

)
(4.5.7)

But since Λ1 ⊂ Λ, hence ‖hΛ1‖2 ≤ ‖hΛ‖2, hence

‖hΛ‖2 ≤ α

(
‖hΛ‖2 +

‖hΛc‖1√
K

)
(4.5.8)

=⇒ (1− α)‖hΛ‖2 ≤ α
‖hΛc‖1√

K
(4.5.9)

=⇒ ‖hΛ‖2 ≤
α

1− α
‖hΛc‖1√

K
if α ≤ 1. (4.5.10)

Note that the inequality is also satisfied for α = 1 in which case, we

don’t need to bring 1− α to denominator.

Now

α ≤ 1

=⇒
√

2δ2K

1− δ2K

≤ 1

=⇒
√

2δ2K ≤ 1− δ2K

=⇒ (
√

2 + 1)δ2K ≤ 1

=⇒ δ2K ≤
√

2− 1

Putting

C =
α

1− α
=

√
2δ2K

1− (1 +
√

2)δ2K

(4.5.11)
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we see that Φ satisfies NSP of order 2K whenever Φ satisfies RIP of

order 2K with δ2K ≤
√

2− 1.

�

Note that for δ2K =
√

2− 1, C =∞.

4.6. Matrices satisfying RIP

The natural question at this moment is how to construct matrices which

satisfy RIP.

There are two different approaches

• Deterministic approach

• Randomized approach

Known deterministic approaches so far tend to require M to be very

large (O(K2 lnN) or O(KNα).

We can overcome this limitation by randomizing matrix construction.

Construction process:

• Input M and N .

• Generate Φ by choosing Φij as independent realizations from

some probability distribution.

Suppose that Φ is drawn from normal distribution.

It can be shown that the rank of Φ is M with probability 1.

Example 4.7: Random matrices are full rank. We can verify

this fact by doing a small computer simulation.

1 M = 6 ;

N = 20 ;

3 t r i a l s = 10000 ;

numFullRankMatrices = 0 ;

5 f o r i =1: t r i a l s

% Create a random matrix o f s i z e M x N
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7 A = rand (M,N) ;

% Obtain i t s rank

9 R = rank (A) ;

% Check whether the rank equa l s M or not

11 i f R == M

numFullRankMatrices = numFullRankMatrices + 1 ;

13 end

end

15 f p r i n t f ( ’Number o f t r i a l s : %d\n ’ , t r i a l s ) ;

f p r i n t f ( ’Number o f f u l l rank matr i ce s : %d\n ’ , numFullRankMatrices ) ;

17 percentage = numFullRankMatrices ∗100/ t r i a l s ;

f p r i n t f ( ’ Percentage o f f u l l rank matr i ce s : %.2 f %%\n ’ , percentage ) ;

Listing 4.1. demoRandomMatrixRank.m

Above program generates a number of random matrices and measures

their ranks. It verifies whether they are full rank or not.

Here is a sample output:

>> demoRandomMatrixRank

Number of trials: 10000

Number of full rank matrices: 10000

Percentage of full rank matrices: 100.00 %

�

Thus if we choose M = 2K, any subset of 2K columns will be linearly

independent.

Thus the matrix with satisfy RIP with some δ2K > 0.

But this construction doesn’t tell us exact value of δ2K .

In order to find out δ2K , we must consider all possible K− dimensional

subspaces of RN .

This is computationally impossible for reasonably large N and K.

What is the alternative?

We can start with a chosen value of δ2K and try to construct a matrix

which matches it.
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Before we proceed further, we should take a detour and review sub-

Gaussian distributions in ??.

We now state the main theorem of this section.

Theorem 4.10 Suppose that X = [X1, X2, . . . , XM ] where each

Xi is i.i.d. with Xi ∼ Sub(c2) and E(X2
i ) = σ2. Then

E(‖X‖2
2) = Mσ2 (4.6.1)

Moreover, for any α ∈ (0, 1) and for any β ∈ [c2/σ2, βmax, there

exists a constant κ∗ ≥ 4 depending only on βmax and the ratio σ2/c2

such that

P(‖X‖2
2 ≤ αMσ2) ≤ exp

(
−M(1− α)2

κ∗

)
(4.6.2)

and

P(‖X‖2
2 ≥ βMσ2) ≤ exp

(
−M(β − 1)2

κ∗

)
(4.6.3)

Proof. �

4.6.1. Conditions on random distribution for RIP

Let us get back to our business of constructing a matrix Φ using random

distributions which satisfies RIP with a given δ.

We will impose some conditions on the random distribution.

(1) We require that the distribution will yield a matrix that is

norm-preserving. This requires that

E(Φ2
ij) =

1

M
(4.6.4)

Hence variance of distribution should be 1
M

.

(2) We require that distribution is a sub-Gaussian distribution i.e.

there exists a constant c > 0 such that

E(exp(Φijt)) ≤ exp

(
c2t2

2

)
(4.6.5)
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This says that the moment generating function of the distri-

bution is dominated by a Gaussian distribution.

In other words, tails of the distribution decay at least as fast

as the tails of a Gaussian distribution.

We will further assume that entries of Φ are strictly sub-Gaussian. i.e.

they must satisfy (4.6.5) with

c2 = E(Φ2
ij) =

1

M

Under these conditions we have the following result. This is proven

later.

Corollary 4.11. Suppose that Φ is an M × N matrix whose entries

Φij are i.i.d. with Φij drawn according to a strictly sub-Gaussian dis-

tribution with c2 = 1
M2 .

Let Y = Φx for x ∈ RN . Then for any ε > 0 and any x ∈ RN ,

E(‖Y ‖2
2) = ‖x‖2

2 (4.6.6)

and

P(‖Y ‖2
2 − ‖x‖2

2 ≥ ε‖x‖2
2) ≤ 2 exp

(
−Mε2

κ∗

)
(4.6.7)

where κ∗ = 2
1−ln(2)

≈ 6.5178.

This means that the norm of a sub-Gaussian random vector strongly

concentrates about its mean.

4.6.2. Sub Gaussian random matrices satisfy the RIP

Using this result we now state that sub-Gaussian matrices satisfy the

RIP.

Theorem 4.12 Fix δ ∈ (0, 1). Let Φ be an M×N random matrix

whose entries Φij are i.i.d. with Φij drawn according to a strictly



208 4. SENSING MATRICES

sub-Gaussian distribution with c2 = 1
M

. If

M ≥ κ1K ln

(
N

K

)
, (4.6.8)

then Φ satisfies the RIP of order K with the prescribed δ with

probability exceeding 1− 2e−κ2M , where κ1 is arbitrary and

κ2 =
δ2

2κ∗
− 1

κ1

ln

(
42e

δ

)
(4.6.9)

We note that this theorem achieves M of the same order as the lower

bound obtained in theorem 4.7 up to a constant.

This is much better than deterministic approaches.

4.6.3. Advantages of random construction

There are a number of advantages of the random sensing matrix con-

struction approach:

• One can show that for random construction, the measurements

are democratic. This means that all measurements are equal

in importance and it is possible to recover the signal from any

sufficiently large subset of the measurements.

Thus by using random Φ one can be robust to the loss of loss

or corruption of a small fraction of measurements.

• In general we are more interested in x which is sparse in some

basis Ψ. In this setting, we require that ΦΨ satisfy the RIP.

Deterministic construction would explicitly require taking Ψ

into account.

But if Φ is random, we can avoid this issue.

If Φ is Gaussian and Ψ is an orthonormal basis, then one can

easily show that ΦΨ will also have a Gaussian distribution.

Thus if M is high, ΦΨ will also satisfy RIP with very high

probability.

Similar results hold for other sub-Gaussian distributions as

well.



CHAPTER 5

Dictionaries and Sensing Matrices

This chapter covers various results for popularly used dictionaries and

sensing matrices.

5.1. Dirac-DCT dictionary

Definition 5.1 The Dirac-DCT dictionary is a two-ortho dictio-

nary consisting of the union of the Dirac and the DCT bases.

This dictionary is suitable for real signals since both Dirac and DCT

are totally real bases ∈ RN×N .

The dictionary is obtained by combining the N × N identity matrix

(Dirac basis) with the N ×N DCT matrix for signals in RN .

Let ΨDCT,N denote the DCT matrix for RN . Let IN denote the identity

matrix for RN . Then

DDCT =
[
IN ΨDCT,N

]
. (5.1.1)

Let

ΨDCT,N =
[
ψ1 ψ2 . . . ψN

]
The k-th column of ΨDCT,N is given by

ψk(n) =

√
2

N
Ωk cos

( π

2N
(2n− 1)(k − 1)

)
, n = 1, . . . , N, (5.1.2)

with Ωk = 1√
2

for k = 1 and Ωk = 1 for 2 ≤ k ≤ N .

Note that for k = 1, the entries become√
2

N

1√
2

cos 0 =

√
1

N
.

209
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Thus, the l2 norm of ψ1 is 1. We can similarly verify the l2 norm of

other columns also. They are all one.

Theorem 5.1 [25] The Dirac-DCT dictionary has coherence
√

2
N

.

Proof. The coherence of a two ortho basis where one basis is Dirac

basis is given by the magnitude of the largest entry in the other basis.

For ΨDCT,N , the largest value is obtained when Ωk = 1 and the cos

term evaluates to 1. Clearly,

µ(DDCT) =

√
2

N
.

�

Theorem 5.2 [25] The p Babel function for Dirac-DCT dictionary

is given by

µp(k) = k
1
pµ ∀ 1 ≤ k ≤ N. (5.1.3)

In particular, the standard Babel function is given by

µ1(k) = kµ (5.1.4)

Proof. TODO prove it. �

5.2. Grassmannian frames

5.3. Rademacher sensing matrices

In this section we collect several results related to Rademacher sensing

matrices.

Definition 5.2 A Rademacher sensing matrix Φ ∈ RM×N with

M < N is constructed by drawing each entry φij independently
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from a Radamacher random distribution given by

PX(x) =
1

2
δ

(
x− 1√

M

)
+

1

2
δ

(
x+

1√
M

)
. (5.3.1)

Thus φij takes a value ± 1√
M

with equal probability.

We can remove the scale factor 1√
M

out of the matrix Φ writing

Φ =
1√
M
X

With that we can draw individual entries of X from a simpler Rademacher

distribution given by

PX(x) =
1

2
δ(x− 1) +

1

2
δ(x+ 1). (5.3.2)

Thus entries in X take values of ±1 with equal probability.

This construction is useful since it allows us to implement the multipli-

cation with Φ in terms of just additions and subtractions. The scaling

can be implemented towards the end in the signal processing chain.

We note that

E(φij) = 0. (5.3.3)

E(φ2
ij) =

1

M
. (5.3.4)

Actually we have a better result with

φ2
ij =

1

M
. (5.3.5)

We can write

Φ =
[
φ1 . . . φN

]
where φj ∈ RM is a Rademacher random vector with independent

entries.
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We note that

E(‖φj‖2
2) = E

(
M∑
i=1

φ2
ij

)
=

M∑
i=1

(E(φ2
ij)) = M

1

M
= 1. (5.3.6)

Actually in this case we also have

‖φj‖2
2 = 1. (5.3.7)

Thus the squared length of each of the columns in Φ is 1.

Lemma 5.3 [A tail bound for Rademacher random vectors] Let

z ∈ RM be a Rademacher random vector with i.i.d entries zi that

take a value ± 1√
M

with equal probability. Let u ∈ RM be an arbi-

trary unit norm vector. Then

P (|〈z, u〉| > ε) ≤ 2 exp

(
−ε2M

2

)
. (5.3.8)

Proof. This can be proven using Hoeffding inequality. To be elab-

orated later. �

A particular application of this lemma is when u itself is another (in-

dependently chosen) unit norm Rademacher random vector.

The lemma establishes that the probability of inner product of two

independent unit norm Rademacher random vectors being large is

very very small. In other words, independently chosen unit norm

Rademacher random vectors are incoherent with high probability. This

is a very useful result as we will see later in measurement of coherence

of Rademacher sensing matrices.

5.3.1. Joint correlation

Columns of Φ satisfy a joint correlation property ([38]) which is de-

scribed in following lemma.
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Lemma 5.4 Let {uk} be a sequence of K vectors (where uk ∈ RM)

whose l2 norms do not exceed one. Independently choose z ∈ RM

to be a random vector with i.i.d. entries zi that take a value ± 1√
M

with equal probability. Then

P
(

max
k
|〈z, uk〉| ≤ ε

)
≥ 1− 2K exp

(
−ε2M

2

)
. (5.3.9)

Proof. Let us call γ = maxk |〈z, uk〉|.

We note that if for any uk, ‖uk‖2 < 1 and we increase the length of uk by

scaling it, then γ will not decrease and hence P(γ ≤ ε) will not increase.

Thus if we prove the bound for vectors uk with ‖uk‖2 = 1 ∀ 1 ≤ k ≤ K,

it will be applicable for all uk whose l2 norms do not exceed one. Hence

we will assume that ‖uk‖2 = 1.

From lemma 5.3 we have

P (|〈z, uk〉| > ε) ≤ 2 exp

(
−ε2M

2

)
.

Now the event {
max
k
|〈z, uk〉| > ε

}
=

K⋃
k=1

{|〈z, uk〉| > ε}

i.e. if any of the inner products (absolute value) is greater than ε then

the maximum is greater.

We recall Boole’s inequality which states that

P

(⋃
i

Ai

)
≤
∑
i

P(Ai).

Thus

P
(

max
k
|〈z, uk〉| > ε

)
≤ 2K exp

(
−ε2M

2

)
.
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This gives us

P
(

max
k
|〈z, uk〉| ≤ ε

)
= 1− P

(
max
k
|〈z, uk〉| > ε

)
≥ 1− 2K exp

(
−ε2M

2

)
.

(5.3.10)

�

5.3.2. Coherence of Rademacher sensing matrix

We show that coherence of Rademacher sensing matrix is fairly small

with high probability (adapted from [38]).

Lemma 5.5 [Coherence of Rademacher sensing matrix] Fix δ ∈
(0, 1). For an M ×N Rademacher sensing matrix Φ as defined in

definition 5.2, the coherence statistic

µ ≤

√
4

M
ln

(
N

δ

)
(5.3.11)

with probability exceeding 1− δ.

Proof. We recall the definition of coherence as

µ = max
j 6=k
|〈φj, φk〉| = max

j<k
|〈φj, φk〉|.

Since Φ is a Rademacher sensing matrix hence each column of Φ is unit

norm column. Consider some 1 ≤ j < k ≤ N identifying columns φj

and φk. We note that they are independent of each other. Thus from

lemma 5.3 we have

P (|〈φj, φk〉| > ε) ≤ 2 exp

(
−ε2M

2

)
.

Now there are N(N−1)
2

such pairs of (j, k). Hence by applying Boole’s

inequality

P
(

max
j<k
|〈φj, φk〉| > ε

)
≤ 2

N(N − 1)

2
exp

(
−ε2M

2

)
≤ N2 exp

(
−ε2M

2

)
.
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Thus we have

P (µ > ε) ≤ N2 exp

(
−ε2M

2

)
.

What we need to do now is to choose a suitable value of ε so that the

R.H.S. of this inequality is simplified.

We choose

ε2 =
4

M
ln

(
N

δ

)
.

This gives us

ε2
M

2
= 2 ln

(
N

δ

)
=⇒ exp

(
−ε2M

2

)
=

(
δ

N

)2

.

Putting back we get

P (µ > ε) ≤ N2

(
δ

N

)2

≤ δ2.

This justifies why we need δ ∈ (0, 1).

Finally

P

(
µ ≤

√
4

M
ln

(
N

δ

))
= P(µ ≤ ε) = 1− P(µ > ε) > 1− δ2

and

1− δ2 > 1− δ

which completes the proof. �

5.4. Gaussian sensing matrices

In this section we collect several results related to Gaussian sensing

matrices.

Definition 5.3 A Gaussian sensing matrix Φ ∈ RM×N with M <

N is constructed by drawing each entry φij independently from a

Gaussian random distribution N (0, 1
M

).
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We note that

E(φij) = 0. (5.4.1)

E(φ2
ij) =

1

M
. (5.4.2)

We can write

Φ =
[
φ1 . . . φN

]
where φj ∈ RM is a Gaussian random vector with independent entries.

We note that

E(‖φj‖2
2) = E

(
M∑
i=1

φ2
ij

)
=

M∑
i=1

(E(φ2
ij)) = M

1

M
= 1. (5.4.3)

Thus the expected value of squared length of each of the columns in Φ

is 1.

5.4.1. Joint correlation

Columns of Φ satisfy a joint correlation property ([38]) which is de-

scribed in following lemma.

Lemma 5.6 Let {uk} be a sequence of K vectors (where uk ∈ RM)

whose l2 norms do not exceed one. Independently choose z ∈ RM

to be a random vector with i.i.d. N (0, 1
M

) entries. Then

P
(

max
k
|〈z, uk〉| ≤ ε

)
≥ 1−K exp

(
−ε2M

2

)
. (5.4.4)

Proof. Let us call γ = maxk |〈z, uk〉|.

We note that if for any uk, ‖uk‖2 < 1 and we increase the length of uk by

scaling it, then γ will not decrease and hence P(γ ≤ ε) will not increase.

Thus if we prove the bound for vectors uk with ‖uk‖2 = 1 ∀ 1 ≤ k ≤ K,

it will be applicable for all uk whose l2 norms do not exceed one. Hence

we will assume that ‖uk‖2 = 1.
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Now consider 〈z, uk〉. Since z is a Gaussian random vector, hence 〈z, uk〉
is also a Gaussian random vector. Since ‖uk‖ = 1 hence

〈z, uk〉 ∼ N
(

0,
1

M

)
.

We recall a well known tail bound for Gaussian random variables which

states that

PX(|x| > ε) =

√
2

π

∫ ∞
ε
√
N

exp

(
−x

2

2

)
dx ≤ exp

(
−ε2M

2

)
.

Now the event {
max
k
|〈z, uk〉| > ε

}
=

K⋃
k=1

{|〈z, uk〉| > ε}

i.e. if any of the inner products (absolute value) is greater than ε then

the maximum is greater.

We recall Boole’s inequality which states that

P

(⋃
i

Ai

)
≤
∑
i

P(Ai).

Thus

P
(

max
k
|〈z, uk〉| > ε

)
≤ K exp

(
−ε2M

2

)
.

This gives us

P
(

max
k
|〈z, uk〉| ≤ ε

)
= 1− P

(
max
k
|〈z, uk〉| > ε

)
≥ 1−K exp

(
−ε2M

2

)
.

(5.4.5)

�

5.5. Partial Fourier sensing matrices

In this section we collect several results related to partial Fourier sens-

ing matrices.
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5.6. Digest



CHAPTER 6

Basis Pursuit for Sparse Recovery

6.1. Introduction

We recall following sparse approximation and CS recovery problems.

6.1.1. Sparse representation formulations

Given a signal x ∈ CN which is known to have a sparse representation

in a dictionary D, the exact-sparse recovery problem is:

α̂ = arg min
α∈CD
‖α‖0 subject to x = Dα. (P0)

When x ∈ CN doesn’t have a sparse representation in D, a K-sparse

approximation of x in D can be obtained by solving the following prob-

lem:

α̂ = arg min
α∈CD
‖x−Dα‖2 subject to ‖α‖0 ≤ K. (PK

0 )

Here x is modeled as x = Dα+ e where α denotes a sparse representa-

tion of x and e denotes the approximation error.

A different way to formulate the approximation problem is to provide

an upper bound to the acceptable approximation error ‖e‖2 ≤ ε and

try to find sparsest possible representation within this approximation

error bound as

α̂ = arg min
α∈CD
‖α‖0 subject to ‖x−Dα‖2 ≤ ε. (Pε

0)

6.1.2. CS formulations

In the context of compressed sensing, for simplicity, we assume the

sparsifying dictionary to be the Dirac basis (i.e. D = I and N =

219
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D). Further, we assume signal x to be K-sparse in CN . With the

sensing matrix Φ and the measurement vector y, the CS sparse recovery

problem in the absence of measurement noise (i.e. y = Φx) is stated

as:

x̂ = arg min
x∈CN
‖x‖0 subject to y = Φx. (CS0)

In the presence of measurement noise (i.e. y = Φx + e), the recovery

problem takes the form of

x̂ = arg min
x∈CN
‖y − Φx‖2 subject to ‖x‖0 ≤ K. (CSK0 )

when a bound on sparsity is provided, or alternatively:

x̂ = arg min
x∈CN
‖x‖0 subject to ‖y − Φx‖2 ≤ ε. (CSε0)

when a bound on the measurement noise is provided.

6.1.3. Basis pursuit formulations

In this chapter, we look at the basis pursuit based methods to solve

these problems.

Basis Pursuit (BP) [14] suggests the convex relaxation of (P0) by

replacing l0-“norm” with l1-norm.

α̂ = arg min
α∈CD
‖α‖1 subject to x = Dα. (P1)

For real signals, it can be implemented as a linear program. For com-

plex signals, it can be implemented as a second order cone program.

In the presence of approximation error (Pε
0), where x = Dα+ e with α

being a K-sparse approximate representation of x in D we can formu-

late corresponding l1-minimization problem as:

α̂ = arg min
α∈CD
‖α‖1 subject to ‖x−Dα‖2 ≤ ε (Pε

1)

where ε ≥ ‖e‖2 provides an upper bound on the approximation error.

This version is known as basis pursuit with inequality constraints

(BPIC). The dual problem constructed using Lagrange multipliers is

α̂ = arg min
α∈CD
‖α‖1 + λ‖x−Dα‖2

2. (Pλ
1)
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This is known as basis pursuit denoising(BPDN). With appropriate

choice of λ, the two problems BPIC and BPDN are equivalent. This

formulation attempts to minimize the l1-norm subject to a penalty term

over the approximation error. The Lagrangian constant λ controls how

large the penalty due to approximation error will be.

Note that the constraint ‖x−Dα‖2 ≤ ε is equivalent to ‖x−Dα‖2
2 ≤ ε2.

We have used the squared version to construct the dual BPDN problem

since the term ‖x−Dα‖2
2 is easier to differentiate and work with.

Efficient solvers are available to solve BP, BPIC, BPDN problems using

convex optimization techniques. They are usually polynomial time and

involve sophisticated algorithms for implementation. The good part is

a guarantee that a globally unique solution can be found (since the

problem is convex). The not so good part is that convex optimization

methods are still quite computationally intensive.

An alternative formulation of BPDN is as follows.

α̂ = arg min
α∈CD

1

2
‖x−Dα‖2

2 + γ‖α‖1. (Pγ
1)

The difference in the two formulations is essentially with which term

the Lagrangian constant (λ or γ) is placed. By choosing λ = 1/(2γ),

the two formulations are essentially the same (with a scale factor in

the objective function). This formulation attempts to minimize the

approximation error subject to an l1-norm penalty. Thus, the two

formulations differentiate w.r.t. which term is minimized and which

term is considered as penalty.

Basis pursuit is not an algorithm but a principle which says that for

most real life problems, the solution of l0-minimization problem is same

as the solution of l1-minimization problem. Actual algorithms for solv-

ing the basis pursuit formulation of sparse recovery problem come from

convex optimization literature.
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6.2. Basis Pursuit

We start our discussion with the analysis of exact-sparse case.

As part of our theoretical analysis, we would like to explore conditions

under which the problems (P0) and (P1) are equivalent i.e. there exists

a unique solution to both of them and the solution is identical. Under

such conditions, the NP-hard problem (P0) can be easily replaced with

a tractable (P1) problem which is convex and solvable in polynomial

time.

6.2.1. Two-Ortho-Case

Further simplifying, we consider the case where the dictionary D is a

two-ortho-basis

D =
[
Ψ Φ

]
with Ψ and Φ both being orthonormal bases for CN . Clearly, D ∈
CN×2N and D = 2N . We denote

Ω = {1, 2, . . . , 2N}

as the index set for the representation vectors α.

The representation α of a signal x in D can be written as

x = Dα =
[
Ψ Φ

] [αp
αq

]
= Ψαp + Φαq.

We can assign

kp = ‖αp‖0 and kq = ‖αq‖0.

Total sparsity of α is given by

K = ‖α‖0 = kp + kq.

Whenever K � N , we have a sparse representation. Further, let Sp ⊆
{1, . . . , N} be the support corresponding to αp part of α (i.e. Sp =

supp(αp)) and Sq ⊆ {1, . . . , N} be the support corresponding to αq

part of α (i.e. Sq = supp(αq)). Clearly, |Sp| = kp and |Sq| = kq. Note

that Sp and Sq need not be disjoint. But, Sp and Sq + N are disjoint.
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In fact, supp(α) = Sp ∪ (Sq + N). 1p ∈ CN will denote the indicator

vector for Sp i.e. 1p(i) = 0 ∀ i /∈ Sp and 1p(i) = 1 ∀ i ∈ Sp. Similarly,

1q ∈ CN will denote the indicator vector for Sq. 1 ∈ CN will denote

the vector {1, . . . , 1}. Also, 1 ∈ CN×N will denote a square matrix of

all ones. Note that 1 = 1 · 1T .

We now state our main result for equivalence of solutions of (P0) and

(P1) for the two ortho-case. Going forward, we will simply use µ to

refer to the coherence of D (i.e. µ(D)).

Theorem 6.1 [Equivalence-Basis Pursuit-Two-Ortho Case] Let D
be a two-ortho-basis dictionary D =

[
Ψ Φ

]
. Let x = Dα, where

x is known. If a K-sparse representation α exists with kp ≥ kq

such that (kp, kq) obey

2µ2kpkq + µkp − 1 < 0 (6.2.1)

, then α is the unique solution of both problems (P0) and (P1).

A weaker condition is: if

‖α‖0 = K = kp + kq <

√
2− 0.5

µ
(6.2.2)

, then α is a unique (K-sparse) solution to both (P0) and (P1).

Proof. Let α be solution of (P0). Clearly, α is a feasible vector

to (P1) though it need not be an optimal solution. We have to find

criteria under which α is optimal and no other solution β is optimal.

Towards this, we consider the set of alternative solutions to (P1) given

by

C = {β|β 6= α, ‖β‖1 ≤ ‖α‖1, ‖β‖0 > ‖α‖0 and D(α− β) = 0} .

This set contains all solutions to (P1) which are different from α, have

larger support, satisfy the linear system of equations x = Dα and have

l1 norm less than or equal to α. If this set is non-empty, then there
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exists a solution to basis pursuit which is not same as α. If this set is

empty, then the solutions of (P0) and (P1) coincide.

Towards the end of this proof, we show that (6.2.1) =⇒ (6.2.2). Due

to (6.2.2),

‖α‖0 = K = kp + kq <

√
2− 0.5

µ
=

0.414

µ
<

1

µ
.

Thus, if α satisfies (6.2.1), then it is necessarily the sparsest possible

representation. All other representations are denser (i.e. have more

non-zero entries). Thus, ‖β‖0 > ‖α‖0 for every β ∈ C.

Writing e = β − α ⇐⇒ β = e+ α, we have

‖β‖1 ≤ ‖α‖1 ⇐⇒ ‖e+ α‖1 − ‖α‖1 ≤ 0.

Thus, we can rewrite C as

Cs = {e|e 6= 0, ‖e+ α‖1 − ‖α‖1 ≤ 0 and De = 0}.

In order to show that C is empty, we will show that a larger set con-

taining Cs is also empty. Essentially, we wish to consider a larger set

whose volume can be assessed. If that set is empty due to (6.2.1), then

C would also be empty and we would have completed the proof.

We start by the requirement ‖e + α‖1 − ‖α‖1 ≤ 0. Let α =

[
αp

αq

]

and e =

[
ep

eq

]
, where p and q refer to parts corresponding to the

orthonormal bases Ψ and Φ respectively (as described at the beginning

of this section). Note that even if αp and αq are sparse, ep and eq need

not be. In fact, support of ep and eq could be very different from Sp

and Sq.
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We can now write

0 ≥ ‖e+ α‖1 − ‖α‖1 =

(
N∑
i=1

|epi + αpi | − |α
p
i |

)
+

(
N∑
i=1

|eqi + αqi | − |α
q
i |

)
=
∑
i/∈Sp

|epi |+
∑
i/∈Sq

|eqi |

+

∑
i∈Sp

|epi + αpi | − |α
p
i |

+

∑
i∈Sq

|eqi + αqi | − |α
q
i |


What is going on here? We are splitting the sums to the sums over

indices in the supports Sp and Sq and over indices outside the two

supports. i.e. the indices i ∈ Sp and i /∈ Sp, similarly i ∈ Sq and

i /∈ Sq.

For i /∈ Sp, αpi = 0 leading to |epi + αpi | − |α
p
i | = |e

p
i |. Ditto for i /∈ Sq.

We recall from triangle inequality that |a + b| ≥ |b| − |a| ∀ a, b ∈ CN

which implies |a+ b| − |b| ≥ −|a|. Thus,

|epi + αpi | − |α
p
i | ≥ −|e

p
i | ∀ i ∈ Sp

and

|eqi + αqi | − |α
q
i | ≥ −|e

q
i | ∀ i ∈ Sq.

With this, the above condition can be relaxed as 1

0 ≥ ‖e+ α‖1 − ‖α‖1 ≥
∑
i/∈Sp

|epi |+
∑
i/∈Sq

|eqi | −
∑
i∈Sp

|epi | −
∑
i∈Sq

|eqi |.

Every e satisfying this inequality will also satisfy the requirements of

C. To simplify notation we can write∑
i∈Sp

|epi | = 1Tp |ep| and
∑
i∈Sq

|eqi | = 1Tq |eq|.

Then we have

‖ep‖1 =
∑
i∈Sp

|epi |+
∑
i/∈Sp

|epi | ⇐⇒
∑
i/∈Sp

|epi | = ‖ep‖1−
∑
i∈Sp

|epi | = ‖ep‖1−1Tp |ep|.

1Note that the triangle inequality goes for the worst case condition
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Similarly, ∑
i/∈Sq

|eqi | = ‖eq‖1 − 1Tq |eq|.

Thus,∑
i/∈Sp

|epi |+
∑
i/∈Sq

|eqi |−
∑
i∈Sp

|epi |−
∑
i∈Sq

|eqi | = ‖ep‖1−21Tp |ep|+‖eq‖1−21Tq |eq|.

We can now define the set

C1
s = {e|‖ep‖1 + ‖eq‖1 − 21Tp |ep| − 21Tq |eq| ≤ 0 and De = 0}. (6.2.3)

Clearly, Cs ⊆ C1
s and if C1

s is empty, then Cs will also be empty. Note

that this formulation of C1
s is dependent only on the support of α and

not on values in α.

We now turn back to the requirement De = 0 and relax it further. We

note that,

De =
[
Ψ Φ

] [ep
eq

]
= Ψep + Φeq = 0.

Multiplying by ΨH we get

ep + ΨHΦeq = 0 ⇐⇒ ep = −ΨHΦeq

since ΨHΨ = I (unitary matrix). Similarly multiplying with ΦH , we

obtain

ΦHΨep + eq = 0 ⇐⇒ eq = −ΦHΨep.

Note that entries in ΨHΦ and ΦHΨ are inner products between columns

of D, hence their magnitudes are upper bounded by µ (coherence).

Denote B = ΨHΦ and consider the product v = ΨHΦeq = Beq. Then

vi =
N∑
j=1

Bije
q
j .

Thus,

|vi| =

∣∣∣∣∣
N∑
j=1

Bije
q
j

∣∣∣∣∣ ≤
N∑
j=1

|Bije
q
j | ≤ µ

N∑
j=1

|eqj | = µ1T |eq|.
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Applying this result on ep we get,

|ep| = |ΨHΦeq| � µ1|eq|.

Similarly,

|eq| = |ΦHΨep| � µ1|ep|.

Note that since 1 = 1 · 1T , it is a rank-1 matrix.

We now construct a set C2
s as

C2
s =


e

∣∣∣∣∣∣∣∣∣∣∣

e 6= 0

‖ep‖1 + ‖eq‖1 − 21Tp |ep| − 21Tq |eq| ≤ 0

|ep| � µ1|eq|

and |eq| � µ1|ep|


. (6.2.4)

Clearly, C1
s ⊆ C2

s since for every e ∈ C1
s , De = 0 =⇒ e ∈ C2

s .

We now define fp = |ep| and f q = |eq| as the absolute value vectors.

Correspondingly, let us define f = |e| =

[
fp

f q

]
. Clearly, ‖ep‖1 = 1Tfp

and ‖eq‖1 = 1Tf q. Further fp � 0 i.e. every entry in fp is non-

negative. Similarly, f q � 0. We can then rewrite C2
s as

Cf =


f

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

f 6= 0

1Tfp + 1Tf q − 21Tp f
p − 21Tq f

q ≤ 0

fp � µ1f q

f q � µ1fp

and fp � 0, f q � 0


. (6.2.5)

We note that if f ∈ Cf , then for all c ≥ 0, cf ∈ Cf . Thus, in order

to study (the emptiness of) Cf , it is sufficient to study unit l1-norm

vectors f ∈ Cf . Now

‖f‖1 = 1Tf = 1Tfp + 1Tf q

since f � 0. This leads to:

‖f‖1 = 1 ⇐⇒ 1Tfp + 1Tf q = 1.
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We construct the new set of unit l1-norm vectors

Cr =


f

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

f 6= 0

1− 21Tp f
p − 21Tq f

q ≤ 0

fp � µ1f q

f q � µ1fp

1Tfp + 1Tf q = 1

and fp � 0, f q � 0


. (6.2.6)

Clearly Cr 6= ∅ ⇐⇒ Cf 6= ∅. Note that the constraint 1 − 21Tp f
p −

21Tq f
q ≤ 0 can be rewritten as

1Tp f
p + 1Tq f

q ≥ 1

2

The set Cr is much easier to analyze since

• If has no explicit dependency on D. D is represented only by

a single parameter, its coherence µ.

• All constraints are simple linear constraints. Thus finding the

elements of Cf can be formulated as a linear programming

problem.

• The order of non-zero entries inside fp and f q doesn’t have

any influence on the requirements for f to belong to Cr. Thus,

without loss of generality, we can focus on vectors for which

the first kp entries are non-zero in fp and first kq entries are

non-zero in f q respectively.

In order to find vectors in Cr, we can solve following linear program.
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maximize
fp,fq

1Tp f
p + 1Tq f

q

subject to fp � µ1f q

f q � µ1fp

1T (fp + f q) = 1

fp � 0, f q � 0

. (6.2.7)

f = 0 is a feasible vector for this linear program. Hence a solution

does exist for this program. What is interesting is the value of the

objective function for the optimal solution. Let fp∗, f q∗ be (an) optimal

solution for this linear program. If 1Tp f
p∗+1Tq f

q∗ ≥ 1
2
, then f ∗ satisfies

all the requirements of Cr and Cr is indeed not empty. This doesn’t

guarantee that C will also be non-empty though. On the contrary, if

1Tp f
p∗+1Tq f

q∗ < 1
2
, then Cr is indeed empty (as one of the requirements

cannot be met), hence Cf is also empty leading to C ⊂ Cf being empty

too. Thus, a condition which leads to 1Tp f
p∗+1Tq f

q∗ < 1
2

is a sufficient

condition for equivalence of (P0) and (P1).

Consider a solution f to (6.2.7). Let ‖fp‖1 = 1Tfp = c. Since 1T (fp +

f q) = 1, hence ‖f q‖1 = 1Tf q = 1− c.

We note that

1fp = 1 · 1Tfp = ‖fp‖11 = c1.

Similarly,

1f q = (1− c)1.

Thus, first two constraints change into

fp � (1− c)µ1

f q � cµ1
. (6.2.8)

Since the objective is to maximize 1Tp f
p + 1Tq f

q, it is natural to max-

imize non-zero entries in fp and f q corresponding to Sp and Sq. A

straight-forward option is to choose first kp entries in fp to be (1− c)µ
and first kq entries in f q to be cµ. Other entries can be chosen arbi-

trarily to meet the requirement that 1T (fp+f q) = 1. With this choice,
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we have

1Tp f
p + 1Tq f

q = kp(1− c)µ+ kqcµ = µ(kp − c(kp − kq)).

We recall that we have chosen kp ≥ kq. Thus, the expression is maxi-

mized if c is chosen to be as small as possible.

The choice of c must meet following conditions on l1-norms. (Basically

the sum of first kp terms of fp must not be more than the l1 norm of

fp. Ditto for f q).

‖fp‖1 = 1Tfp = c ≥ kp(1− c)µ

‖f q‖1 = 1Tf q = 1− c ≥ kqcµ.
(6.2.9)

Simplifying these inequalities we get

c ≥ kp(1− c)µ =⇒ c ≥ kpµ

1 + kpµ

1− c ≥ kqcµ =⇒ c ≤ 1

1 + kqµ
.

(6.2.10)

Since these two conditions must be satisfied, hence we require kp, kq to

meet

kpµ

1 + kpµ
≤ 1

1 + kqµ
=⇒ kpkq ≤

1

µ2
. (6.2.11)

We will verify later that this condition is met if (6.2.1) holds. Assuming

the condition is met, obviously the smallest possible value of c is given

by kpµ

1+kpµ
. The maximum value of objective function then becomes

1Tp f
p + 1Tq f

q = µ(kp − c(kp − kq))

= µ

(
kp −

kpµ

1 + kpµ
(kp − kq)

)
=
kpµ+ kpkqµ

2

1 + kpµ
.

(6.2.12)

Finally, for BP to succeed, we require this expression to be strictly less

than half. This gives us

kpµ+ kpkqµ
2

1 + kpµ
<

1

2
=⇒ 2kpkqµ

2 + kpµ− 1 < 0 (6.2.13)
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which is the sufficient condition for BP to succeed in the theorem.

We now show that (6.2.1) =⇒ the weaker condition (6.2.2). From

(6.2.1) we can write kq as

2kpkqµ
2 + kpµ− 1 < 0 =⇒ 2kpkqµ

2 < 1− kpµ =⇒ kq <
1− kpµ
2kpµ2

.

Thus,

‖α‖0 = kp + kq < kp +
1− kpµ
2kpµ2

=
2µ2k2

p + 1− µkp
2µ2kp

=
1

µ
·

2µ2k2
p + 1− µkp
2µkp

.

(6.2.14)

We define u = µkp and rewrite above as

‖α‖0 <
1

µ

2u2 − u+ 1

2u
.

The weaker condition can now be obtained by minimizing the upper

bound on R.H.S. of this equation. We define

f(u) =
2u2 − u+ 1

2u
.

Differentiating and equating with 0, we get

f ′(u) =
2u2 − 1

2u2
= 0.

The optimal value is obtained when u = ±
√

0.5. Since both µ and kp

are positive quantities, hence the negative value for u is rejected and

we get u =
√

0.5. This gives us

‖α‖0 <
1

µ

2−
√

0.5

2
√

0.5
=

√
2− 0.5

µ
.

Lastly, the property that arithmetic mean is greater than or equal to

geometric mean gives us

kpkq ≤
(kp + kq)

2

4
<

(
√

2− 0.5)2

4µ2
<

1

µ2
.

�
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6.2.2. General Case

We now consider the case where D ∈ CN×D is an arbitrary (redundant)

dictionary. We will require that D is full row rank. If D is not a full

row rank matrix then some of its columns (atoms) can be removed to

make it so.

We develop sufficient conditions under which solutions of (P0) and (P1)

match for the general case [20, 21].

Theorem 6.2 [Equivalence-Basis Pursuit] Let D be an arbitrary

full rank redundant dictionary. Let x = Dα, where x is known. If

a sparse representation α exists obeying

‖α‖0 <
1

2

(
1 +

1

µ

)
, (6.2.15)

then α is the unique solution of both (P0) and (P1).

Proof. We start with defining the set of alternative feasible vec-

tors to (P1):

C =


β

∣∣∣∣∣∣∣∣∣∣∣

β 6= α

‖β‖1 ≤ ‖α‖1

‖β‖0 > ‖α‖0

and D(β − α) = 0


. (6.2.16)

This set contains all possible representations that are different from α,

have larger support, satisfy Dβ = x and have a better (or at least as

good) l1-norm. We need to show that if (6.2.15) holds, then the set C

will be empty. Otherwise, BP would choose a solution different than

α.

Since

‖α‖0 <
1

2

(
1 +

1

µ

)
it is necessarily the unique and sparsest solution. Thus any other β

which satisfies Dβ = x, is denser (i.e. ‖β‖0 > ‖α‖0). So this condition

in C is redundant.
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Following the proof of theorem 6.1, we define

e = β − α.

We can then rewrite C as

Cs = {e|e 6= 0, ‖e+ α‖1 − ‖α‖1 ≤ 0, and De = 0}. (6.2.17)

Again, we will enlarge the set Cs and show that even the larger set is

empty when (6.2.15) holds.

We start with the requirement ‖e + α‖1 − ‖α‖1 ≤ 0. A simple per-

mutation of columns of D can bring the non-zero entries in α to the

beginning. Thus, without loss of generality, we assume that first K

entries in α are non-zero and the rest are zero. We can now rewrite the

requirement as

‖e+ α‖1 − ‖α‖1 =
K∑
j=1

(|ej + αj| − |αj|) +
∑
j>K

|ej| ≤ 0. (6.2.18)

Using the inequality |a+ b| − |b| ≥ −|a|, we can relax above condition

as

−
K∑
j=1

|ej|+
∑
j>K

|ej| ≤ 0. (6.2.19)

Let 1K denote a vector with K ones at the beginning and rest 0s. Then,

K∑
j=1

|ej| = 1TK |e|.

Further, ∑
j>K

|ej| = ‖e‖1 −
K∑
j=1

|ej| = 1T |e| − 1TK |e|.

Thus, we can rewrite above inequality as

1T |e| − 21TK |e| ≤ 0. (6.2.20)

We can now define

C1
s = {e|e 6= 0,1T |e| − 21TK |e| ≤ 0, and De = 0}. (6.2.21)
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Clearly Cs ⊆ C1
s . We will now relax the requirement of De = 0.

Multiplying by DH , we get

DHDe = 0. (6.2.22)

If e ∈ C1
s , it will also satisfy above equation. Moreover, if e satisfies

above, then e belongs to the null space of DHD. Since D is full rank,

hence e has to be in the null space of D also. Thus the two conditions

De = 0 and DHDe = 0 are equivalent. We note that off-diagonal

entries in DHD are bounded by µ while the main diagonal consists of

all ones. So, we can write

DHDe = 0 ⇐⇒ (DHD − I + I)e = 0 ⇐⇒ −e = (DHD − I)e.

(6.2.23)

Suppose v = Gu. Then vi =
∑

j Gijuj. Thus

|vi| = |
∑
j

Gijuj| ≤
∑
j

|Gijuj| =
∑
j

|Gij||uj|.

This gives us |v| � |G||v| where � indicates component wise inequality.

Taking an entry-wise absolute value on both sides, we get

|e| = |(DHD − I)e| � |DHD − I||e| � µ(1− I)|e|. (6.2.24)

The last part is due to the fact that all entries in the vector |e| and the

matrix |DHD − I| are non-negative and the entries in |DHD − I| are

dominated by µ. Further,

|e| � µ(1− I)|e| ⇐⇒ (1 + µ)|e| � µ1|e| = µ‖e‖11

⇐⇒ |e| � µ‖e‖1

1 + µ
1.

(6.2.25)

In the above we used the fact that 1|e| = 11T |e| = 1‖e‖1. We can now

define a new set

C2
s =

e
∣∣∣∣∣∣∣
e 6= 0,1T |e| − 21TK |e| ≤ 0

and |e| � µ‖e‖1

1 + µ
1

 . (6.2.26)

Clearly, C1
s ⊆ C2

s . We note that C2
s is unbounded since if e ∈ C2

s , then

ce ∈ C2
s ∀ c 6= 0. Thus, in order to study its behavior, it is sufficient
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to consider the set of vectors with unit norm vectors ‖e‖1 = 1. We

construct the new set as

Cr =

{
e

∣∣∣∣‖e‖1 = 1, 1− 21TK |e| ≤ 0 and |e| � µ

1 + µ
1

}
. (6.2.27)

Note that we replaced 1T |e| = ‖e‖1 = 1 in formulating the description

of Cr and the condition e 6= 0 is automatically enforced since ‖e‖1 = 1.

Clearly C2
s = ∅ ⇐⇒ Cr = ∅.

In order to satisfy the requirement 1 − 21TK |e| ≤ 0, we need to have

1TK |e| as large as possible. Since this quantity only considers first K

entries in e, hence the energy in e should be concentrated inside the

first K entries to maximize this quantity. However, entries in e are

restricted by the third requirement in Cr. We can maximize it by

choosing

|ej| =
µ

1 + µ

for first K entries in e. We then get

1− 21TK |e| = 1− 2K
µ

1 + µ
≤ 0. (6.2.28)

This gives us

1− 2K
µ

1 + µ
≤ 0 ⇐⇒ 1 + µ ≤ 2Kµ

⇐⇒ 2K ≥ 1 + µ

µ

⇐⇒ K ≥ 1

2

(
1 +

1

µ

)
.

(6.2.29)

This is a necessary condition for Cr to be non-empty. Thus, if

K <
1

2

(
1 +

1

µ

)
then, the requirement 1− 21TK |e| ≤ 0 is not satisfied and Cr is empty.

Consequently, C is empty and the theorem is proved.

�
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We present another result which is based on µ1/2(G) measure of the

Gram matrix of the dictionary.

Theorem 6.3 [20] Let x = Dα and ‖α‖0 < µ1/2(G), then then α

is the unique solution of both (P0) and (P1).

Proof. Let Λ = supp(α) and K = |Λ|. As per the theorem, let

K < µ1/2(G). We show that any vector in the null space of D exhibits

less than 50% concentration on Λ, i.e. for every h ∈ N (D)∑
k∈Λ

|hk| <
1

2
‖h‖1. (6.2.30)

Now

Dh = 0 =⇒ Gh = DHDh = 0.

Subtracting both sides with h we get

Gh− h = (G− I)h = −h. (6.2.31)

Let F denote an K ×D matrix formed from the rows of G− I corre-

sponding to the indices in Λ. Then

(G− I)h = −h =⇒ ‖Fh‖1 =
∑
k∈Λ

|hk|.

Basically hk for some k ∈ Λ is the inner product of some row in F with

h.

We know that

‖Fh‖1 ≤ ‖F‖1‖h‖1

where ‖F‖1 is the max-column-sum norm of F . This gives us

‖F‖1‖h‖1 ≥
∑
k∈Λ

|hk|.

In any column of F the number of entries is K. Actually one of them is

0 (corresponding to the diagonal entry in G). Thus, leaving it the rest

of the entries are K− 1. By assumption µ1/2(G) > K. Thus any set of



6.3. STABILITY OF SPARSEST SOLUTION 237

entries in a column which is less than K cannot have a sum exceeding
1
2
. This gives an upper bound on the max-column-sum of F . i.e.

‖F‖1 <
1

2
.

Thus, we get ∑
k∈Λ

|hk| ≤ ‖F‖1‖h‖1 <
1

2
‖h‖1

for every h ∈ N (D).

The rest follows from the fact that for any other α′ such that x =

Dα′ = Dα, we know that

‖α′‖1 > ‖α‖1

whenever ∑
k∈Λ

|hk| <
1

2
‖h‖1

where h = α− α′ (thus Dh = 0). �

6.3. Stability of sparsest solution

In this section we discuss various results related to the stability of the

sparsest solution for the (Pε
0) problem.

NOTE: some of this content may be moved to different chapters on

further review.

For convenience, we restate the problem. We represent the signal x ∈
CN as x = Dα + e where α is a sparse approximation of x in D.

α̂ = arg min
α∈CD
‖α‖0 subject to ‖x−Dα‖2 ≤ ε. (Pε

0)

Since we only know x and D (both α and e are unknown to us), hence in

general it is not possible to recover α exactly. The term d = α− α̂ will

represent the recovery error (note that it is different from the represen-

tation error e). It is important for us to ensure that the solution of the

recovery problem is stable i.e. in the presence of small approximation

error ‖e‖2, the recovery error ‖d‖2 should also be small. For the sparse
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recovery problem (Pε
0), we cannot provide a uniqueness guarantee as

such. Still, we can identify criteria which ensure that the solution re-

mains stable when the approximation error is bounded. Our analysis

in this section will focus on identifying criteria which ensures this.

We start with generalizing the notion of spark for the noisy case. Sup-

pose α and β are two solutions of (Pε
0). Then ‖Dα − x‖2 ≤ ε as well

as ‖Dβ − x‖2 ≤ ε. Thus, both Dα and Dβ lie in a ball of radius ε

around x. Thus, the maximum distance between Dα and Dβ can be

2ε. Alternatively, using triangle inequality we have

‖D(α− β)‖2 = ‖Dα− x+ x−Dβ)‖2

≤ ‖Dα− x‖2 + ‖x−Dβ)‖2 ≤ 2ε.
(6.3.1)

If we define d = α− β, then

‖Dd‖2 ≤ 2ε. (6.3.2)

6.3.1. sparkη

Definition 6.1 Let A ∈ CN×D be some matrix. Consider all

possible sub-sets of K columns. Let each such set form sub-matrix

AΛ ∈ CN×K where Λ denotes the index set of K indices chosen. We

define sparkη(A) as the smallest possible K (number of columns)

that guarantees

min
Λ
σK(AΛ) ≤ η (6.3.3)

where σK denotes the smallest singular value (i.e. K-th singular

value) of the sub-matrix AΛ. Note that we are minimizing over all

possible index sets Λ with |Λ| = K.

In words, this is the smallest number of columns (indexed by Λ) that

can be gathered from A such that the smallest singular value of AΛ

is no larger than η. i.e. there exists a sub-matrix of A consisting of

sparkη(A) columns whose smallest singular value is η or below. At

the same time, all submatrices of A with number of columns less than

sparkη(A) have the smallest singular value larger than η.
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When the smallest singular value is 0, then the columns are linearly

dependent. Thus, by choosing η = 0, we get the smallest number

of columns K which are linearly dependent. This matches with the

definition of spark. Thus,

spark0(A) = spark(A).

Since singular values are always non-negative, hence η ≥ 0. When

columns of A are unit-norm (the case of dictionaries), then any single

column sub-matrix has a singular value of 1. Hence,

spark1(A) = 1.

Choosing a value of η > 1 doesn’t make any difference since with a

single column sub-matrix, we can show that

sparkη(A) = 1 ∀ η ≥ 1.

Let η1 > η2. Let

K2 = sparkη2
(A).

Thus, there exists a sub-matrix consisting of K2 columns of A whose

smallest singular value is upper bounded by η2. Since η1 > η2, η1

also serves as an upper bound for the smallest singular value for this

sub-matrix. Clearly then K1 = sparkη1
(A) ≤ K2. Thus, we note that

sparkη is a monotone decreasing function of η. i.e.

sparkη1
(A) ≤ sparkη2

(A), whenever η1 > η2.

Further, we recall that the spark of A is upper bounded by its rank plus

one. Assuming A to be a full rank matrix, we get following inequality:

1 ≤ sparkη(A) ≤ spark0(A) = spark(A) ≤ N + 1 ∀ 0 ≤ η ≤ 1. (6.3.4)

We recall that if Av = 0 then ‖v‖0 ≥ spark(A). A similar property can

be developed for sparkη(A) also.

Theorem 6.4 If ‖Av‖2 ≤ η and ‖v‖2 = 1, then ‖v‖0 ≥ sparkη(A).
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Proof. For contradiction, let us assume thatK = ‖v‖0 < sparkη(A).

Let Λ = supp(v). Then Av = AΛvΛ. Also ‖vΛ‖2 = ‖v‖2 = 1.

We recall that the smallest singular value of AΛ is given by

σmin(AΛ) = inf
‖x‖2=1

‖AΛx‖2.

Thus,

‖AΛx‖2 ≥ σmin(AΛ) whenever ‖x‖2 = 1.

Thus, in our particular case

‖AΛvΛ‖2 ≥ σmin(AΛ).

AΛ has K columns with K < sparkη(A).

Thus, from the definition of sparkη(A)

σmin(AΛ) > η.

This gives us

‖Av‖2 = ‖AΛvΛ‖2 > η

which contradicts with the assumption that ‖Av‖2 ≤ η. �

6.3.2. sparkη and coherence

In the following, we will focus on the sparkη of a full rank dictionary

D. We now establish a connection between sparkη and coherence of a

dictionary.

Theorem 6.5 Let D be a full rank dictionary with coherence µ.

Then

sparkη(D) ≥ 1− η2

µ
+ 1. (6.3.5)

Proof. We recall from Gershgorin’s theorem that for any square

matrix A ∈ CK×K , every eigen value λ of A satisfies

|λ− aii| ≤
∑
j 6=i

|aij| for some i ∈ {1, . . . , K}.
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Now consider a matrix A with diagonal elements equal to 1 and off

diagonal elements bounded by a value µ. Then

|λ− 1| ≤
∑
j 6=i

|aij| ≤
∑
j 6=i

µ = (K − 1)µ.

Thus,

−(K−1)µ ≤ λ−1 ≤ (K−1)µ ⇐⇒ 1− (K−1)µ ≤ λ ≤ 1 + (K−1)µ

This gives us a lower bound on the smallest eigen value.

λmin(A) ≥ 1− (K − 1)µ.

Now consider any index set Λ ⊆ {1, . . . , D} and consider the submatrix

DΛ with |Λ| = sparkη(D) = K. Define G = DHΛDΛ. The diagonal

elements of G are one, while off-diagonal elements are bounded by µ.

Thus,

λmin(G) ≥ 1− (K − 1)µ ⇐⇒ (K − 1)µ ≥ 1− λmin(G)

⇐⇒ K − 1 ≥ 1− λmin(G)

µ

⇐⇒ K ≥ 1− λmin(G)

µ
+ 1.

(6.3.6)

Since this applies to every sub-matrix DΛ, this in particular applies to

the sub-matrix for which σmin(DΛ) ≤ η holds. For this sub-matrix

λmin(DHΛDΛ) = σ2
min(DΛ) ≤ η2.

Thus

K = sparkη(D) ≥ 1− λmin(G)

µ
+ 1 ≥ 1− η2

µ
+ 1. (6.3.7)

�

6.3.3. Uncertainty with sparkη

We now present an uncertainly result for the noisy case.
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Theorem 6.6 If α1 and α2 satisfy ‖x−Dαi‖2 ≤ ε, i = 1, 2, then

‖α1‖0 + ‖α2‖0 ≥ sparkη(D), where η =
2ε

‖α1 − α2‖2

. (6.3.8)

Proof. From triangle inequality we have

‖D(α1 − α2)‖2 ≤ 2ε.

We define β = α1 − α2. Then ‖Dβ‖2 ≤ 2ε. Further define v = β/‖β‖2

as the normalized vector. Then

‖Dv‖2 =
‖Dβ‖2

‖β‖2

≤ 2ε

‖β‖2

.

Now define

η =
2ε

‖β‖2

=
2ε

‖α1 − α2‖2

.

Then from theorem 6.4 if ‖Dv‖2 ≤ η with ‖v‖2 = 1, then ‖v‖0 ≥
sparkη(D). Finally,

‖α1‖0 + ‖α2‖0 ≥ ‖α1 − α2‖0 = ‖β‖0 = ‖v‖0 ≥ sparkη(D). (6.3.9)

This concludes the proof. �

This result gives us a lower bound on the sum of sparsity levels of two

different sparse representations of same vector x under the given bound

approximation error.

6.3.4. Localization of sparse representations

We can now develop a localization result for the sparse approximation

up to a Euclidean ball. This is analogous to the uniqueness result in

noiseless case.

Theorem 6.7 Given a distance δ ≥ 0 (bound on distance between

two sparse representations) and ε (bound on norm of approxima-

tion error), set η = 2ε/δ. Suppose there are two approximate



6.3. STABILITY OF SPARSEST SOLUTION 243

representations αi, i = 1, 2 both obeying

‖x−Dαi‖2 ≤ ε and ‖αi‖0 ≤
1

2
sparkη(D). (6.3.10)

Then ‖α1 − α2‖2 ≤ δ.

Proof. Since ‖αi‖0 ≤ 1
2
sparkη(D), hence

‖α1‖0 + ‖α2‖0 ≤ sparkη(D).

From theorem 6.6, if we define

ν =
2ε

‖α1 − α2‖2

,

then

‖α1‖0 + ‖α2‖0 ≥ sparkν(D).

Combining the two, we get

sparkη(D) ≥ ‖α1‖0 + ‖α2‖0 ≥ sparkν(D). (6.3.11)

Because of the monotonicity of sparkη(D), we have

sparkη(D) ≥ sparkν(D) =⇒ η ≤ ν

=⇒ 2ε

δ
≤ 2ε

‖α1 − α2‖2

=⇒ δ ≥ ‖α1 − α2‖2

(6.3.12)

which completes our proof. �

This theorem says that if x has two different sufficiently sparse repre-

sentations αi with small approximation errors, they fall within a small

distance.

6.3.5. Stability of sparsest solution using coherence

We can now develop a stability result for the (Pε
0) problem in terms of

coherence of the dictionary.
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Theorem 6.8 Consider an instance of the (Pε
0) problem defined by

the triplet (D, x, ε). Suppose that a sparse vector α ∈ CD satisfies

the sparsity constraint

‖α‖0 <
1

2

(
1 +

1

µ

)
and gives a representation of x to within error tolerance ε (i.e.

‖x−Dα‖2 ≤ ε). Every solution α̂ of (Pε
0) must obey

‖α̂− α‖2
2 ≤

4ε2

1− µ(2‖α‖0 − 1)
. (6.3.13)

Proof. Note that α need not be sparsest possible representation

of x within the approximation error ε. But α is a feasible solution

of (Pε
0). Now since α̂ is an optimal solution of (Pε

0) (thus sparsest

possible), hence it is at least as sparse as α i.e.

‖α̂‖0 ≤ ‖α‖0.

We recall that

1

2
spark(D) ≥ 1

2

(
1 +

1

µ

)
> ‖α‖0.

Thus, there exists a value η ≥ 0 such that

1

2
spark(D) ≥ 1

2
sparkη(D) ≥ ‖α‖0 ≥ ‖α̂‖0.

From theorem 6.5 we recall that

sparkη(D) ≥ 1− η2

µ
+ 1. (6.3.14)

Thus, we can find a suitable value of η ≥ 0 such that we can enforce a

more stricter requirement:

‖α‖0 ≤
1

2

(
1− η2

µ
+ 1

)
≤ 1

2
sparkη(D). (6.3.15)

From this we can develop an upper bound on η being

‖α‖0 ≤
1

2

(
1− η2

µ
+ 1

)
⇐⇒ 2‖α‖0µ ≤ 1− η2 + µ

⇐⇒ η2 ≤ 1− µ(2‖α‖0 − 1).

(6.3.16)
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If we choose η2 = 1− µ(2‖α‖0 − 1), then

‖α‖0 =
1

2

(
1− η2

µ
+ 1

)
=⇒ ‖α‖0 ≤

1

2
sparkη(D)

=⇒ ‖α̂‖0 ≤ ‖α‖0 ≤
1

2
sparkη(D)

(6.3.17)

continues to hold.

We have two solutions α and α̂ both of which satisfy

‖α‖0, ‖α̂‖0 ≤
1

2
sparkη(D)

and

‖x−Dα‖2, ‖x−Dα̂‖2 ≤ ε.

If we choose a δ = 2ε
η

, then applying theorem 6.7, we will get

‖α− α̂‖2
2 ≤ δ2 =

4ε2

η2
=

4ε2

1− µ(2‖α‖0 − 1)
. (6.3.18)

�

6.3.6. Stability of sparsest solution using RIP

Theorem 6.9 Consider an instance of the (Pε
0) problem defined

by the triplet (D, x, ε). Let D satisfy RIP of order 2K. Suppose

that a sparse vector α ∈ CD with ‖α‖0 = K is a feasible solution

of (Pε
0). Then, every solution α̂ of (Pε

0) must obey

‖α̂− α‖2
2 ≤

4ε2

1− δ2K

. (6.3.19)

Further, if

‖α‖0 <
1

2

(
1 +

1

µ

)
then the following also holds:

‖α̂− α‖2
2 ≤

4ε2

1− µ(2‖α‖0 − 1)
. (6.3.20)

Proof. Let α̂ be an alternative solution to (Pε
0). Defining β =

α̂− α, as usual

‖Dβ‖2 ≤ 2ε.
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Further

‖β‖0 = ‖α− α̂‖0 ≤ ‖α‖0 + ‖α̂‖0 ≤ 2K

since ‖α̂‖0 ≤ ‖α‖0 = K.

Since D satisfies RIP of order 2K, hence

(1− δ2K)‖β‖2
2 ≤ ‖Dβ‖2

2 ≤ (1 + δ2K)‖β‖2
2.

This gives us

(1− δ2K)‖β‖2
2 ≤ 4ε2.

Rewriting we get

‖β‖2
2 ≤

4ε2

1− δ2K

which is the desired result.

We recall that

δ2K ≤ (2K − 1)µ.

Thus,

1− δ2K ≥ 1− (2K − 1)µ =⇒ 4ε2

1− δ2K

≤ 4ε2

1− (2K − 1)µ
.

This is useful only if the denominator is positive, i.e.

1− (2K − 1)µ > 0 =⇒ 1

µ
> 2K − 1 =⇒ K <

1

2

(
1 +

1

µ

)
.

Under this condition, we get the result

‖β‖2
2 ≤

4ε2

1− (2K − 1)µ
.

�

6.4. BPIC

In the section, we present a stability guarantee result for BPIC.

Theorem 6.10 Consider an instance of the (Pε
1) problem defined

by the triplet (D, x, ε). Suppose that a vector α ∈ CD is a feasible



6.4. BPIC 247

solution to (Pε
1) satisfying the sparsity constraint

‖α‖0 <
1

4

(
1 +

1

µ(D)

)
.

The solution α̂ of (Pε
1) must satisfy

‖α̂− α‖2
2 ≤

4ε2

1− µ(D)(4‖α‖0 − 1)
. (6.4.1)

Proof. As usual, we define β = α̂− α. Then

‖Dβ‖2 = ‖D(α̂− α)‖2 = ‖Dα̂− x+ x−Dα‖2 ≤ 2ε. (6.4.2)

We now rewrite the inequality in terms of the Gram matrix G = DHD.

4ε2 ≥ = ‖Dβ‖2
2 = βHGβ

= βH(G− I + I)β

= ‖β‖2
2 + βH(G− I)β.

(6.4.3)

It is easy to show that:

−|β|T |A||β| ≤ βHAβ ≤ |β|T |A||β|

whenever A is Hermitian. To see this just notice that βHAβ is a real

quantity. Hence βHAβ = ±|βHAβ|. Now, using triangle inequality we

can easily show that |βHAβ| ≤ |β|T |A||β|.

Since G− I is Hermitian, hence

βH(G− I)β ≥ −|β|T |G− I||β|.

Now

|β|T |G−I||β| =
∑
i,j

|βi||dHi dj−δij||βj| ≤ µ(D)
∑
i,j,i6=j

|βi||βj| = µ(D)|β|T (1−I)|β|.

Only the off-diagonal terms of G remain in the sum, which are all

dominated by µ(D).
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Thus we get

4ε2 ≥ ‖β‖2
2 − |β|T (1− I)|β|

= (1 + µ(D))‖β‖2
2 − µ(D)|β|T1|β|

= (1 + µ(D))‖β‖2
2 − µ(D)‖β‖2

1.

(6.4.4)

This is valid since vH1v = ‖v‖2
1.

Since α̂ is optimal solution of (Pε
1), hence

‖α̂‖1 = ‖β + α‖1 ≤ ‖α‖1 =⇒ ‖β + α‖1 − ‖α‖1 ≤ 0. (6.4.5)

Let Λ = supp(α) and K = |Λ|. By a simple permutation of columns

of D, we can bring the entries in α to the first K entries making Λ =

{1, . . . , K}. We will make this assumption going forward without loss

of generality. Let 1K be corresponding support vector (of ones in first

K places and 0 in rest). From our previous analysis, we recall that

‖β + α‖1 − ‖α‖1 ≥ ‖β‖1 − 21TK |β|.

Thus

‖β‖1 − 21TK |β| ≤ 0 =⇒ ‖β‖1 ≤ 21TK |β|. (6.4.6)

1TK |β| is the sum of first K terms of |β|. Considering βΛ as a vector

∈ CK and using the l1-l2 norm relation ‖v‖1 ≤
√
K‖v‖2 ∀ v ∈ CN , we

get

1TK |β| = ‖βΛ‖1 ≤
√
K‖βΛ‖2 ≤

√
K‖β‖2. (6.4.7)

Thus,

‖β‖1 ≤ 21TK |β| ≤ 2
√
K‖β‖2. (6.4.8)

Putting this back in the previous inequality

4ε2 ≥ (1 + µ(D))‖β‖2
2 − µ(D)‖β‖2

1

≥ (1 + µ(D))‖β‖2
2 − µ(D)4K‖β‖2

2

= (1− (4K − 1)µ(D))‖β‖2
2.

(6.4.9)

We note that this inequality is valid only if

1− (4K − 1)µ(D) > 0.



6.5. L1 PENALTY PROBLEM 249

This condition can be reformulated as

‖α‖0 = K <
1

4

(
1 +

1

µ(D)

)
.

Rewriting the bound on ‖β‖2
2 we get

‖β‖2
2 ≤

4ε2

(1− (4K − 1)µ(D))
(6.4.10)

which is the desired result. �

6.5. l1 penalty problem

In this section we will examine the l1 penalty problem more closely.

Let us recall the approximation error minimization with l1 penalty

problem.

α̂ = arg min
α∈CD

1

2
‖x−Dα‖2

2 + γ‖α‖1. (Pγ
1)

We will focus on following issues in this section:

• Some results from convex analysis useful for our study

• Conditions for the minimization of (Pγ
1) over coefficients α

supported on a subdictionary DΛ

• Conditions under which the unique minimizer for a subdic-

tionary is also the global minimizer for (Pγ
1)

• Application of (Pγ
1) for sparse signal recovery

• Application of (Pγ
1) for identification of sparse signals in pres-

ence of noise

• Application of (Pγ
1) for identification of sparse signals in pres-

ence of Gaussian noise

6.5.1. Convex analysis

We recall some definitions and results from convex analysis which will

help us understand the minimizers for (Pγ
1) problem.
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Convex analysis for real valued functions over a complex vector space

is developed using the bilinear inner product defined as

〈x, y〉B = Re(yHx). (6.5.1)

We can easily notice that 〈x, y〉B = 〈y, x〉B, 〈x, x〉B ≥ 0, 〈x, x〉B =

0 ⇐⇒ x = 0 and this inner product is linear in its first argument.

Thus, it is a valid inner product. Further, the norm induced by this

inner product is
√

Re(xHx) = ‖x‖2 which is the usual l2 norm.

The subscript B is there to distinguish it from the usual inner product

for the complex vector space 〈x, y〉 = yHx. The two inner products are

related as

〈x, y〉B = Re(〈x, y〉).

We consider real valued functions over the inner product space X =

(CD, 〈·, ·〉B). Note that the dimension of X is D which is equal to the

number of atoms in the dictionary D. A convex function f : X → R
satisfies usual definitions of

f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y) ∀ 0 ≤ θ ≤ 1.

The objective function for the problem (Pγ
1) is

L(α) =
1

2
‖x−Dα‖2

2 + γ‖α‖1 (6.5.2)

Clearly, L is a real valued function over X and it is easy to so that it

is a convex function. Moreover L(α) ≥ 0 always.

For any function f : X→ R, its subdifferential set is defined as

∂f(x) , {g ∈ X : f(y) ≥ f(x) + 〈y − x, g〉B ∀ y ∈ X}. (6.5.3)

The elements of subdifferential set are called subgradients. If f pos-

sesses a gradient at x, then it is the unique subgradient at x. i.e.

∂f(x) = {∇f(x)}

where ∇f(x) is the gradient of f at x.
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The subdifferential of a sum is the (Minkowski) sum of the subdiffer-

entials. i.e.

∂(f(x)+g(x)) = ∂f(x)+∂g(x) = {h1 +h2| ∈ h1 ∈ ∂f(x), h2 ∈ ∂g(x)}.

If f is a closed, proper convex function, then x is a global minimizer of

f if and only if 0 ∈ ∂f(x).

We would be specifically interested in the subdifferential for the func-

tion ‖α‖1.

Theorem 6.11 Let z ∈ X. The vector g ∈ X lies in the subdiffer-

ential ∂‖z‖1 if and only if

(a) |gk| ≤ 1 whenever zk = 0.

(a) gk = sgn(zk) whenever zk 6= 0.

We recall that the signum function for complex numbers is defined as

sgn(rejθ) =

{
ejθ if r > 0;

0 if r = 0.
(6.5.4)

The proof is skipped.

Remark. ‖g‖∞ = 1 whenever z 6= 0. ‖g‖∞ ≤ 1 when z = 0.

6.5.2. Restricted minimizers

Suppose Λ index a sub-dictionary DΛ. Since DΛ is a linearly inde-

pendent collection of atoms, hence a unique l2 best approximation x̂Λ

of x using the atoms in DΛ can be obtained using the least square

techniques. We define the orthogonal projection operator

PΛ = DΛD†Λ.

And we get

x̂Λ = PΛx.

Obviously the approximation is orthogonal to the residual, i.e. x −
x̂Λ ⊥ x̂Λ. There is a unique coefficient vector cΛ supported on Λ that
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synthesizes the approximation x̂Λ.

cΛ = D†Λx = D†Λx̂Λ.

We also have

x̂Λ = PΛx = DΛcΛ.

Theorem 6.12 Let Λ index a linearly independent collection of

atoms in D and let α∗ minimize the objective function L(α) over all

coefficient vectors supported on Λ (i.e. supp(α) ⊆ Λ). A necessary

and sufficient condition on such a minimizer is that

cΛ − α∗ = γ(DHΛDΛ)−1g (6.5.5)

where the vector g is drawn from ∂‖α∗‖1. Moreover, the minimizer

α∗ is unique.

Proof. Since we are restricted α to be supported on Λ (i.e. α ∈
CΛ), hence

Dα = DΛαΛ.

Now, both x̂Λ and DΛαΛ belong to the column space of DΛ while x− x̂Λ

is orthogonal to it, hence

x− x̂Λ ⊥ x̂Λ −Dα.

Thus, using the Pythagorean theorem, we get

‖x−Dα‖2
2 = ‖x− x̂Λ + x̂Λ −Dα‖2

2 = ‖x− x̂Λ‖2
2 + ‖x̂Λ −Dα‖2

2.

We can rewrite L(α) as

L(α) =
1

2
‖x− x̂Λ‖2

2 +
1

2
‖x̂Λ −Dα‖2

2 + γ‖α‖1.

Define

F (α) =
1

2
‖x̂Λ −Dα‖2

2 + γ‖α‖1.

Then

L(α) =
1

2
‖x− x̂Λ‖2

2 + F (α).
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Note that the term ‖x− x̂Λ‖2
2 is constant. Thus, minimizing L(α) over

the coefficient vectors supported on Λ is equivalent to minimizing F (α)

over the same support set. Note that

Dα = DΛαΛ and ‖α‖1 = ‖αΛ‖1.

We can write F (α) as

F (α) =
1

2
‖x̂Λ −DΛαΛ‖2

2 + γ‖αΛ‖1.

Note that F (α) depends only on entries in α which are part of the

support Λ. We can replace the variable αΛ with α ∈ CΛ and rewrite

F (α) as

F (α) =
1

2
‖x̂Λ −DΛα‖2

2 + γ‖α‖1 ∀ α ∈ CΛ.

Since atoms indexed by Λ are linearly independent, hence DΛ has full

column rank. Thus, the quadratic term ‖x̂Λ−DΛα‖2
2 is strictly convex.

Since ‖α‖1 is also convex, F (α) therefore is strictly convex and its

minimizer is unique.

Since F is strictly convex and unconstrained, hence 0 ∈ ∂F (α∗) is

a necessary and sufficient condition for the coefficient vector α∗ to

minimize F (α).

The gradient of the first (quadratic) term is(
DHΛDΛ

)
α−DHΛ x̂Λ.

For the second term we have to consider its subdifferential δ‖α‖. Thus,

at α∗ it follows that(
DHΛDΛ

)
α∗ −DHΛ x̂Λ + γg = 0

where g is some subgradient in ∂‖α∗‖. Premultiplying with
(
DHΛDΛ

)−1

we get

α∗ −D†Λx̂Λ + γ
(
DHΛDΛ

)−1
g = 0

=⇒ D†Λx̂Λ − α∗ = γ
(
DHΛDΛ

)−1
g.

Finally, we recall that D†Λx̂Λ = cΛ. Thus, we get the desired result

cΛ − α∗ = γ
(
DHΛDΛ

)−1
g.
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�

Some bounds follow as a result of this theorem.

Theorem 6.13 Suppose that Λ index a subdictionary DΛ and let

α∗ minimize the function (L) over all coefficient vectors supported

on Λ. Then following bounds are in force:

‖cΛ − α∗‖∞ ≤ γ‖
(
DHΛDΛ

)−1 ‖∞. (6.5.6)

‖DΛ(cΛ − α∗)‖2 ≤ γ‖D†Λ‖2→1. (6.5.7)

Proof. Starting with

cΛ − α∗ = γ
(
DHΛDΛ

)−1
g (6.5.8)

we take the l∞norm on both sides and apply some norm bounds

‖cΛ − α∗‖∞ = ‖
(
DHΛDΛ

)−1
g‖∞

≤ γ‖
(
DHΛDΛ

)−1 ‖∞‖g‖∞

≤ γ‖
(
DHΛDΛ

)−1 ‖∞.

The last inequality is valid since from theorem 6.11 we have: ‖g‖∞ ≤ 1.

Now let us multiply (6.5.8) with DΛ and apply l2 norm

‖DΛ(cΛ − α∗)‖2 = ‖γDDΛ

(
DHΛDΛ

)−1
g‖2 = γ‖(D†Λ)Hg‖2

≤ ‖(D†Λ)H‖∞→2‖g‖∞

= ‖D†Λ‖2→1‖g‖∞

≤ ‖D†Λ‖2→1.

In this derivation we used facts like ‖A‖p→q = ‖AH‖q′→p′ , ‖Ax‖q ≤
‖A‖p→q‖x‖p and ‖g‖∞ ≤ 1.

�
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6.5.3. The correlation condition

So far we have established a condition which ensures that α∗ is a unique

minimizer of L given that α is supported on Λ. We now establish

a sufficient condition under which α∗ is also a global minimizer for

L(α).

Theorem 6.14 [Correlation condition] Assume that Λ indexes a

subdictionary. Let α∗ minimize the function (L) over all coefficient

vectors supported on Λ. Suppose that

‖DH(x− x̂Λ)‖∞ ≤ γ

[
1−max

ω/∈Λ
|〈D†Λdω, g〉|

]
(6.5.9)

where g ∈ ∂‖α∗‖1 is determined by (6.5.5). Then α∗ is the unique

global minimizer of (L).

Moreover, the condition

‖DH(x− x̂Λ)‖∞ ≤ γ

[
1−max

ω/∈Λ
‖D†Λdω‖1

]
(6.5.10)

guarantees that α∗ is the unique global minimizer of (L).

Proof. Let α∗ be the unique minimizer of (L) over coefficient vec-

tors supported on Λ. Then, the value of the objective function L(α)

increases if we change any coordinate of α∗ indexed in Λ.

What we need is a condition which ensures that the value of objective

function also increases if we change any other component of α∗ (not

indexed by Λ). If this happens, then α∗ will become a local minimizer

of (L). Further, since (L) is convex, α∗ will also be global minimizer.

Towards this, let ω be some index not in Λ and eω ∈ CD be corre-

sponding unit vector. Let δeω be a small perturbation introduced in

ω-th coordinate. (δ ∈ C is a small scalar, though need not be positive

real) We need find a condition which ensures

L(α∗ + δeω)− L(α∗) > 0 ∀ ω /∈ Λ.
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Let us expand the L.H.S. of this inequality:

L(α∗ + δeω)− L(α∗) =[
1

2
‖x−Dα∗ − δdω‖2

2 −
1

2
‖x−Dα∗‖2

2

]
+ γ [‖α∗ + δeω‖1 − ‖α∗‖1] .

Here we used the fact that Deω = dω.

Note that since α∗ is supported on Λ and ω /∈ Λ, hence

‖α∗ + δeω‖1 = ‖α∗‖1 + ‖δeω‖1.

Thus

‖α∗ + δeω‖1 − ‖α∗‖1 = |δ|.

We should also simplify the first bracket.

‖x−Dα∗‖2
2 = (x−Dα∗)H(x−Dα∗)

= xHx+ αH∗ DHDα∗ − xHDα∗ − αH∗ DHx.

Similarly

‖x−Dα∗ − δdω‖2
2 = (x−Dα∗ − δdω)H(x−Dα∗ − δdω)

= xHx+ αH∗ DHDα∗ − xHDα∗ − αH∗ DHx

− (x−Dα∗)Hδdω − δdHω (x−Dα∗) + ‖δdω‖2
2.

Canceling the like terms we get

‖δdω‖2
2 − 2 Re(〈x−Dα∗, δdω〉).

Thus,

L(α∗ + δeω)− L(α∗) =

1

2
‖δdω‖2

2 − Re(〈x−Dα∗, δdω〉) + γ|δ|.

Recall that since α∗ is supported on Λ, hence Dα∗ = DΛα∗.

We can further split the middle term by adding and subtracting DΛcΛ.

Re(〈x−DΛα∗, δdω〉) = Re(〈x−DΛcΛ +DΛcΛ −DΛα∗, δdω〉)

= Re(〈x−DΛcΛ, δdω〉) + Re(〈DΛ(cΛ − α∗), δdω〉)
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Thus, we can write

L(α∗+δeω)−L(α∗) =
1

2
‖δdω‖2

2−Re(〈x−DΛcΛ, δdω〉)−Re(〈DΛ(cΛ−α∗), δdω〉)+γ|δ|.

The term 1
2
‖δdω‖2

2 is strictly positive giving us

L(α∗+δeω)−L(α∗) > −Re(〈x−DΛcΛ, δdω〉)−Re(〈DΛ(cΛ−α∗), δdω〉)+γ|δ|.

Using lower triangle inequality we can write

L(α∗ + δeω)− L(α∗) > γ|δ| − |〈x−DΛcΛ, δdω〉| − |〈DΛ(cΛ − α∗), δdω〉|.

Using linearity of inner product, we can take out |δ|:

L(α∗ + δeω)−L(α∗) > |δ| [γ − |〈x−DΛcΛ, dω〉| − |〈DΛ(cΛ − α∗), dω〉|] .
(6.5.11)

Let us simplify this expression. Since α∗ is a unique minimizer over

coefficients in CΛ, hence using theorem 6.12

cΛ − α∗ = γ(DHΛDΛ)−1g

⇐⇒ DΛ(cΛ − α∗) = γDΛ(DHΛDΛ)−1g = (D†Λ)Hg.

where g ∈ ∂‖α∗‖1. Thus

|〈DΛ(cΛ − α∗), dω〉| = γ|〈(D†Λ)Hg, dω〉| = γ|〈D†Λdω, g〉|

Using the fact that 〈Ax, y〉 = 〈x,AHy〉. Also, we recall that x̂Λ = DΛcΛ.

Putting the back in (6.5.11) we obtain:

L(α∗+δeω)−L(α∗) > |δ|
[
γ − γ|〈D†Λdω, g〉| − |〈x− x̂Λ, dω〉|

]
. (6.5.12)

In (6.5.12), the L.H.S. is positive (our real goal) whenever the term

in the bracket on the R.H.S. is non-negative (since |δ| is positive).

Therefore we want that

γ − γ|〈D†Λdω, g〉| − |〈x− x̂Λ, dω〉| ≥ 0.

This can be rewritten as

|〈x− x̂Λ, dω〉| ≤ γ
[
1− |〈D†Λdω, g〉|

]
.
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Since this condition should hold for every ω /∈ Λ, hence we maximize

the L.H.S. and minimize the R.H.S. over ω /∈ Λ. We get

max
ω/∈Λ
|〈x− x̂Λ, dω〉| ≤ min

ω/∈Λ
γ
[
1− |〈D†Λdω, g〉|

]
= γ

[
1−max

ω/∈Λ
|〈D†Λdω, g〉|

]
.

Recall that x− x̂Λ is orthogonal to the space spanned by atoms in DΛ.

Hence

max
ω/∈Λ
|〈x− x̂Λ, dω〉| = max

ω
|〈x− x̂Λ, dω〉| = ‖DH(x− x̂Λ)‖∞.

This gives us the desired sufficient condition

‖DH(x− x̂Λ)‖∞ ≤ γ

[
1−max

ω/∈Λ
|〈D†Λdω, g〉|

]
.

This condition still uses g. We know that ‖g‖∞ ≤ 1. Let us simplify

as follows:

|〈D†Λdω, g〉| = |(D
†
Λdω)Hg|

= ‖(D†Λdω)Hg‖∞

≤ ‖(D†Λdω)H‖∞‖g‖∞

= ‖(D†Λdω)‖1‖g‖∞

≤ ‖(D†Λdω)‖1.

Another way to understand this is as follows. For any vector v ∈ CD

|〈v, g〉| = |
D∑
i=1

givi|

≤
D∑
i=1

|gi||vi|

≤ [
D∑
i=1

|vi|]‖g‖∞

≤ ‖v‖1.

Thus

|〈D†Λdω, g〉| ≤ ‖D
†
Λdω‖1.
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Thus, it is also sufficient that

‖DH(x− x̂Λ)‖∞ ≤ γ

[
1−max

ω/∈Λ
‖(D†Λdω)‖1

]
.

�

6.5.4. Exact recovery coefficient

We recall that Exact Recovery Coefficient for a subdictionary is defined

as

ERC(Λ) = 1−max
ω/∈Λ
‖D†Λdω‖1.

Thus, the sufficient condition can be rewritten as

‖DH(x− x̂Λ)‖∞ ≤ γ ERC(Λ).

Note that the L.H.S. in both sufficient conditions is always non-negative.

Hence, if the R.H.S. is negative (i.e. ERC(Λ) < 0), the sufficient con-

dition is useless.

On the other hand if ERC(Λ) > 0, then a sufficiently high γ can

always be chosen to satisfy the condition in (6.5.10). At the same time

as γ →∞, the optimum minimizer is α∗ = 0.

How do we interpret the L.H.S. ‖DH(x− x̂Λ)‖∞?

Definition 6.2 Given a non-zero signal v and a dictionary D,

define the function

maxcor(v) ,
max
ω∈Ω
|〈v, dω〉|

‖v‖2

. (6.5.13)

If v = 0, then define maxcor(v) = 0. This is known as the maxi-

mum correlation [37] of a signal with a dictionary.

Essentially, for any signal we normalize it and then find out its max-

imum inner product (absolute value) with atoms in the dictionary D.

Obviously 0 ≤ maxcor(v) ≤ 1.

Remark.

‖DHv‖∞ = maxcor(v)‖v‖2. (6.5.14)
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We can now interpret

‖DH(x− x̂Λ)‖∞ = maxcor(x− x̂Λ)‖x− x̂Λ‖2.

Therefore, the sufficient condition in theorem 6.14 is strongest when

the magnitude of the residual (x − x̂Λ) and its maximum correlation

with the dictionary are both small.

Since the maximum correlation of the residual never exceeds one, hence

we obtain following (much weaker result)

Corollary 6.15. Let Λ index a subdictionary and let x be an input

signal. Suppose that the residual vector x− x̂Λ satisfies

‖x− x̂Λ‖2 ≤ γ ERC(Λ).

Then any coefficient vector α∗ that minimizes the function (L) must be

supported inside Λ.

6.5.5. Applications of l1 penalization

Having setup the basic results in place, we can now study the applica-

tions of (Pγ
1).

Theorem 6.16 Let Λ index a subdictionary DΛ for which ERC(Λ) ≥
0. Suppose that x is an input signal whose l2 best approximation

over Λ satisfies the correlation condition

‖DHΛ (x− x̂Λ)‖∞ ≤ γ ERC(Λ).

Let α∗ solve the convex program (Pγ
1) with parameter γ. We may

conclude that:

(1) Support of α∗ is contained in Λ and

(2) The distance between α∗ and the optimal coefficient vector

cΛ satisfies

‖α∗ − cΛ‖∞ ≤ γ
∥∥∥(DHΛDΛ

)−1
∥∥∥
∞
.
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(3) In particular, supp(α∗) contains every index λ in Λ for

which

|cΛ(λ)| > γ
∥∥∥(DHΛDΛ

)−1
∥∥∥
∞
.

(4) Moreover, the minimizer α∗ is unique.

Proof. Since the sufficient condition for correlation condition the-

orem 6.14 are satisfied, hence α∗ which minimizes (L) over coefficient

vectors in CΛ is also a global minimizer of (L). Since α∗ ∈ CΛ, hence

supp(α∗) ⊆ Λ.

For claim 2, application of theorem 6.13 gives us

‖cΛ − α∗‖∞ ≤ γ‖
(
DHΛDΛ

)−1 ‖∞.

Since the convex function (L) is strictly convex, hence α∗ is unique

global minimizer.

For claim 3, suppose α∗(λ) = 0 for some index λ ∈ Λ for which

|cΛ(λ)| > γ
∥∥∥(DHΛDΛ

)−1
∥∥∥
∞
.

Then

|α∗(λ)− cΛ(λ)| = |cΛ(λ)| > γ
∥∥∥(DHΛDΛ

)−1
∥∥∥
∞
.

But

‖α∗ − cΛ‖∞ ≥ |α∗(λ)− cΛ(λ)|.

This violates the bound that

‖α∗ − cΛ‖∞ ≤ γ
∥∥∥(DHΛDΛ

)−1
∥∥∥
∞
.

Thus, supp(α∗) contains every index λ ∈ Λ for which

|cΛ(λ)| > γ
∥∥∥(DHΛDΛ

)−1
∥∥∥
∞
.

�

We can formulate a simpler condition in terms of coherence of the

dictionary.
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Theorem 6.17 Suppose that Kµ ≤ 1
2
. Assume that |Λ| ≤ K

i.e. Λ contains at most K indices. Suppose that x is an input

signal whose l2 best approximation over Λ denoted by x̂Λ satisfies

the correlation condition

‖DHΛ (x− x̂Λ)‖∞ ≤ γ
1− (2K − 1)µ

1− (K − 1)µ
.

Let α∗ solve the convex program (Pγ
1) with parameter γ. We may

conclude that:

(1) Support of α∗ is contained in Λ and

(2) The distance between α∗ and the optimal coefficient vector

cΛ satisfies

‖α∗ − cΛ‖∞ ≤ γ
1

1− (K − 1)µ
.

(3) In particular, supp(α∗) contains every index λ in Λ for

which

|cΛ(λ)| > γ
1

1− (K − 1)µ
.

(4) Moreover, the minimizer α∗ is unique.

Proof. We recall the coherence bounds on ERC as

ERC(Λ) ≥ 1− (2K − 1)µ

1− (K − 1)µ
.

Thus,

‖DHΛ (x− x̂Λ)‖∞ ≤ γ
1− (2K − 1)µ

1− (K − 1)µ
≤ γ ERC(Λ).

A direct application of theorem 6.16 validates claims 1 and 4.

We recall the upper bound on norm of inverse Gram matrix of a sub-

dictionary as

‖G−1‖∞ = ‖G−1‖1 ≤
1

1− µ1(K − 1)
≤ 1

1− (K − 1)µ
.

Putting this in theorem 6.16 validates claims 2 and 3.

�
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6.5.6. Application: Identifying sparse signals

We now show how one can recover an exactly sparse signal solving the

convex program (Pγ
1).

Theorem 6.18 Assume that Λ indexes a subdictionary for which

ERC(Λ) ≥ 0. Choose an arbitrary coefficient vector copt supported

on Λ. Fix an input signal x = Dcopt. Let α∗(γ) denote the unique

minimizer of (Pγ
1) with parameter γ. We may conclude that

i. There is a positive number γ0 for which γ < γ0 implies

that supp(α∗(γ) = Λ.

ii. In the limit as γ → 0, we have α∗(γ)→ copt.

Proof. Since there is no noise, hence the best l2 approximation of

x over Λ

x̂Λ = x

itself and the corresponding coefficient vector is

cΛ = copt.

Therefore

‖DHΛ (x− x̂Λ)‖∞ = 0 ≤ γ ERC(Λ).

Thus, the correlation condition is in force for every positive value of

γ. Thus, as per theorem 6.16, minimizer α∗(γ) of the convex program

(Pγ
1) must be supported inside Λ. Moreover, we have

‖α∗(γ)− copt‖∞ ≤ γ
∥∥∥(DHΛDΛ

)−1
∥∥∥
∞
.

Clearly, as γ → 0, we have α∗(γ)→ copt.

Finally, recall that supp(α∗(γ)) contains very index λ in Λ for which

|copt(λ)| > γ
∥∥∥(DHΛDΛ

)−1
∥∥∥
∞
.
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In order for every index in Λ to be part of supp(α∗(γ)), we require

min
γ∈Γ
|copt(λ)|∥∥∥(DHΛDΛ)

−1
∥∥∥
∞

> γ.

Choosing the L.H.S. to be γ0, we get an explicit value of upper bound

on γ such that γ < γ0 leads to complete discovery of support. �

6.6. BPIC for compressed sensing

In this section we study the issue of stable signal recovery from incom-

plete and inaccurate measurements using basis pursuit with inequality

constraints approach.

The results are based on [12].

We recall the formulation of compressed sensing as

y = Φx+ e

where x ∈ CN is our desired signal and x is K-sparse, Φ ∈ CM×N

is our sensing matrix with appropriate RIP constants, e ∈ CM is the

measurement noise introduced during sensing process and y ∈ CM is

the vector of compressed measurements with K < M � N . The

measurement noise l2 norm has an upper bound given by ‖e‖2 ≤ ε. We

can think of e as a perturbation to the sensing system.

Let us recall the problem of sparse recovery from CS measurements

with bound on measurement noise.

x̂ = arg min
x∈CN
‖x‖0 subject to ‖y − Φx‖2 ≤ ε (CSε0)

A convex relaxation of this problem is

x̂ = arg min
x∈CN
‖x‖1 subject to ‖y − Φx‖2 ≤ ε. (CSε1)

For stable recovery, we need to connect the measurement error norm

bound ε with the recovery error norm ‖x̂− x‖2 and identify the condi-

tions under which the recovery error norm ‖x̂−x‖2 is bounded by some
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small multiple of the measurement error upper bound ε. Such a result

establishes that if the measurement error is small, then the recovery

error will also remain small.

In this section

• We will develop the guarantee for recovery of sparse signals in

terms of restricted isometry property of Φ.

• We will then generalize the guarantee for arbitrary signals.

• We will then specialize the general guarantee for compressible

signals.

First of all, let us focus our attention to sparse signals.

We will denote recovery error vector as

h = x̂− x. (6.6.1)

Note that h need not belong to the null space of Φ. This happens only

when measurement noise is 0. Also, as a solution of (CSε1), x̂ need not

be sparse. h need not be sparse either.

6.6.1. The recovery error vector

For most part of this section, we will study the behavior of the recovery

error vector. As a result of this analysis we will obtain the recovery

guarantees for the (CSε1) program.

Theorem 6.19 The recovery error vector of (CSε1) h = x̂ − x

satisfies

‖Φh‖2 ≤ 2ε. (6.6.2)

This constraint is also known as the tube constraint.

Proof. We are given that

‖y − Φx̂‖2 ≤ ε

and

‖y − Φx‖2 ≤ ε.
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This gives us

‖Φ(x− x̂)‖2 = ‖y − Φx̂+ Φx− y‖2 ≤ ‖y − Φx̂‖2 + ‖y − Φx‖2 ≤ 2ε.

�

Theorem 6.20 The recovery error vector of (CSε1) h = x̂ − x

satisfies

‖hΛc‖1 ≤ ‖hΛ‖1 (6.6.3)

where Λ = supp(x). This constraint is also known as cone con-

straint.

Proof. Since x is a feasible vector for (CSε1), hence

‖x̂‖1 ≤ ‖x‖1. (6.6.4)

We can further split h as

h = hΛ + hΛc

i.e. hΛ is the part of h with the same support as x and hΛc is the rest

of h.

Now, replacing x̂ = x+ h in (6.6.4) we get

‖x+ h‖1 ≤ ‖x‖1

=⇒ ‖x+ hΛ + hΛc‖1 ≤ ‖x‖1

=⇒ ‖x+ hΛ‖1 + ‖hΛc‖1 ≤ ‖x‖1

=⇒ ‖x‖1 − ‖hΛ‖1 + ‖hΛc‖1 ≤ ‖x‖1

=⇒ − ‖hΛ‖1 + ‖hΛc‖1 ≤ 0

=⇒ ‖hΛc‖1 ≤ ‖hΛ‖1

where we used the triangle inequality in ‖x+hΛ‖1 ≥ ‖x‖1−‖hΛ‖1. �

We have established a relationship between the l1 norms of hΛ and hΛc .

Although, it is not possible to compare ‖hΛ‖2 and ‖hΛc‖2 at this stage,

if we pick up some of the largest entries in hΛc and include in Λ, then
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we can say something concrete about the l2 norm of the aggregated

vector.

Let us enumerate the indices in Λc as

n1, n2, . . . , nN−|Λ|

in decreasing order of magnitude of entries in hΛc .

We proceed by breaking Λc down into smaller subsets of size T (exact

value would be specified later). The smaller sets will be denoted as Λj.

Λ1 will contain indices of T largest (magnitude) entries in hΛc . Λ2 will

contain next T largest entries and so on, i.e. we set

Λj = {nl : (j − 1)T + 1 ≤ l ≤ jT}.

Total number of such sets would be J =
⌈
N−|Λ|
T

⌉
. Note that the last

set may have fewer than T indices. One reason we break down Λc into

smaller sets is because it is then possible to apply restricted isometry

property on the vectors hΛj
individually.

h need not be sparse. hΛ is K-sparse. hΛc need not be sparse either

but hΛj
are T -sparse where T would be appropriately chosen.

Obviously

‖hΛj
‖p ≥ ‖hΛk

‖p whenever j < k

for any p-norm.

We are now ready to include indices in Λ1 and develop a bound on

‖h‖2 in terms of entries in h indexed by Λ and Λ1.

Theorem 6.21 Consider the index set Γ = Λ ∪ Λ1.

‖h‖2
2 ≤ (1 + ρ)‖hΓ‖2

2. (6.6.5)

where ρ = |Λ|
T

Before proving, we can easily see that if we choose T = 3|Λ|, then

‖h‖2
2 ≤

4

3
‖hΓ‖2

2 ⇐⇒ ‖hΓc‖2
2 ≤

1

3
‖hΓ‖2

2.
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This demonstrates the concentration of l2-norm of h over the index set

Γ = Λ ∪ Λ1.

Proof. We recall that the k-th largest entry in hΛc obeys

|hΛc |(k) ≤
‖hΛc‖1

k
.

|hΛc | denotes the vector of absolute values of entries in hΛc . We are

using the subscript (k) to indicate k-th largest entry in the vector.

Consider the vector hΓc ∈ CN . The |Λ| entries of h corresponding

to hΛ are set to 0 in hΓc . T largest entries of hΛc are set to zero in

hΓc . Consequently, the largest entries in hΓc start with T + 1-th largest

entries in hΛc . Thus,

|hΓc|(k−T ) ≤
‖hΛc‖1

k
∀ T + 1 ≤ k ≤ N − |Λ|.

This gives us

‖hΓc‖2
2 =

N−|Λ|∑
T+1

|hΓc|2(k−T ) ≤ ‖hΛc‖2
1

N−|Λ|∑
k=T+1

1

k2
.

Just to clarify, the entries over the index set Γ are known to be 0 in

hΛc by construction. Hence, they have been left out in the l2-norm

(squared) expansion in above.

It is possible to show that

N−|Λ|∑
k=T+1

1

k2
≤ 1

T
.

This gives us

‖hΓc‖2
2 ≤
‖hΛc‖2

1

T
.

Applying the cone inequality (6.6.3) (‖hΛc‖1 ≤ ‖hΛ‖1), we get

‖hΓc‖2
2 ≤
‖hΛ‖2

1

T

We also recall the upper bound on l1-norm in terms of l2-norm for

sparse signals as:

‖hΛ‖1 ≤
√
|Λ|‖hΛ‖2.
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This gives us

‖hΓc‖2
2 ≤
|Λ|
T
‖hΛ‖2

2. (6.6.6)

Since ‖hΛ‖2
2 ≤ ‖hΓ‖2

2, we can also write

‖hΓc‖2
2 ≤
|Λ|
T
‖hΓ‖2

2.

Finally this gives us

‖h‖2
2 = ‖hΓ‖2

2 + ‖hΓc‖2
2 ≤

(
1 +
|Λ|
T

)
‖hΓ‖2

2 (6.6.7)

Replacing the definition of ρ = |Λ|
T

, we get

‖h‖2
2] ≤ (1 + ρ)‖hΓ‖2

2.

�

Looking back at (6.6.6), we see that T should be greater than |Λ| or

ρ ≤ 1 in order to have a useful energy concentration over Γ.

In (6.6.6) we established ‖hΓc‖2 ≤
√
ρ‖hΛ‖2. We can write

hΓc =
J∑
j=2

hΛj
.

This leads us to

‖hΓc‖2 ≤
J∑
j=2

‖hΛj
‖2.

At this moment, no relationship between the two upper bounds
∑J

j=2 ‖hΛj
‖2

and
√
ρ‖hΛ‖2 is obvious. Before proving main recovery guarantees of

this section, we will need one more result which establishes the rela-

tionship between these two upper bounds.

Theorem 6.22 The split of h over the index sets Λj satisfies

J∑
j=2

‖hΛj
‖2 ≤

√
ρ‖hΛ‖2 (6.6.8)

where ρ = |Λ|
T

.
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Proof. Consider the vectors hΛj
and hΛj+1

. By construction every

non-zero entry in hΛj+1
is not larger (in magnitude) than every entry

in hΛj
.

The average value of magnitude of entries in hΛj
is given by

‖hΛj
‖1

T
.

Thus, by construction

|hΛj+1
(i)| ≤

‖hΛj
‖1

T
∀ 1 ≤ i ≤ N.

Using this, we get a bound on the squared l2-norm of hΛj+1
(only T

entries in hΛj+1
can be non-zero) as

‖hΛj+1
‖2

2 ≤
‖hΛj
‖2

1

T
.

Now, summing over all the Λj with 2 ≤ j ≤ J , we get

J∑
j=2

‖hΛj+1
‖2 ≤

J−1∑
j=1

‖hΛj
‖1√
T

≤
J∑
j=1

‖hΛj
‖1√
T

=

∑J
j=1 ‖hΛj

‖1√
T

=
‖hΛc‖1√

T

≤ ‖hΛ‖1√
T

≤
√
|Λ|‖hΛ‖2√

T

=

√
|Λ|
T
‖hΛ‖2 =

√
ρ‖hΛ‖2

which is the desired result. In between, we used the cone inequality

and l1-l2 norm bounds for sparse vectors. �

6.6.2. Sparse case recovery guarantee

We have now developed enough understanding of the behavior of the

recovery error vector. We get back to the job of establishing an upper
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bound on the recovery error in terms of the measurement error upper

bound.

Our main result is

Theorem 6.23 Let K be such that δ3K +3δ4K < 2. Then, for any

signal x supported on Λ with |Λ| ≤ K and any perturbation e with

‖e‖2 ≤ ε, the solution x̂ to (CSε1) obeys

‖x̂− x‖2 = ‖h‖2 ≤ CKε, (6.6.9)

where the constant CK may only depend on δ4K. For reasonable

values of δ4K, CK is well behaved; e.g. CK ≈ 8.82 for δ4K = 1/5

and CK = 10.47 for δ4K = 1/4.

Proof. We will work on ‖Φh‖2. We will expand it in terms of

sparse components of h and then apply RIP to get a bound on ‖h‖2.

Recall that

h = hΛ + hΛ1 + hΛ2 + · · ·+ hΛJ
= hΓ +

J∑
j=2

hΛj
.

So, by multiplying with Φ on both sides we get

‖Φh‖2 =

∥∥∥∥∥ΦhΓ +
J∑
j=2

ΦhΛj

∥∥∥∥∥
2

≥ ‖ΦhΓ‖2 −

∥∥∥∥∥
J∑
j=2

ΦhΛj

∥∥∥∥∥
2

≥ ‖ΦhΓ‖2 −
∑
j≥2

‖ΦhΛj
‖2

≥
√

1− δT+|Λ|‖hΓ‖2 −
√

1 + δT

J∑
j=2

‖hΛj
‖2.

We used RIP in

‖ΦhΓ‖2 ≥
√

1− δT+|Λ|‖hΓ‖2
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since |Γ| = T + |Λ| and in

‖ΦhΛj
‖2 ≤

√
1 + δT‖hΛj

‖2

since |Λj| ≤ T .

From (6.6.8) we have:

J∑
j=2

‖hΛj
‖2 ≤

√
ρ‖hΛ‖2.

This gives us

‖Φh‖2 ≥
√

1− δT+|Λ|‖hΓ‖2 −
√

1 + δT
√
ρ‖hΛ‖2

≥
(√

1− δT+|Λ| −
√
ρ
√

1 + δT

)
‖hΓ‖2

(6.6.10)

using the fact that ‖hΓ‖2 ≥ ‖hΛ‖2.

Now define a constant depending on |Λ| and T as

C|Λ|,T ,
√

1− δT+|Λ| −
√
ρ
√

1 + δT . (6.6.11)

Then, the inequality can be simplified as

‖Φh‖2 ≥ C|Λ|,T‖hΓ‖2. (6.6.12)

From tube constraint (6.6.2), we have ‖Φh‖2 ≤ 2ε. Thus,

‖hΓ‖2 ≤
2ε

C|Λ|,T

provided the denominator C|Λ|,T is positive.

Finally from (6.6.5)

‖h‖2 ≤
√

1 + ρ‖hΓ‖2 ≤
2
√

1 + ρ

C|Λ|,T
ε.

Since |Λ| ≤ K2, hence δT+|Λ| ≤ δT+K , leading to

CK,T ≥ C|Λ|,T .

Thus,

‖h‖2 ≤
2
√

1 + ρ

CK,T
ε.

2The RIP constants are non-decreasing function of sparsity level.
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Choosing

CK =
2
√

1 + ρ

CK,T

we can rewrite this as

‖h‖2 ≤ CKε

which indeed is the desired result.

It remains to show that C|Λ|,T is indeed positive with reasonable values

for specific choices of T . We take T = 3|Λ|. Then ρ = 1
3

and

C|Λ|,T =
√

1− δ4|Λ| −
√

1

3

√
1 + δ3|Λ|.

Now
C|Λ|,T > 0

⇐⇒
√

1− δ4|Λ| − 2
√

1 + δ3|Λ| > 0

⇐⇒ 1− δ4|Λ| >
1

3
(1 + δ3|Λ|)

⇐⇒ 3− 3δ4|Λ| > 1 + δ3|Λ|

⇐⇒ δ3|Λ| + 3δ4|Λ| < 2

Since |Λ| ≤ K, hence δ3|Λ| ≤ δ3K and δ4|Λ| ≤ δ4K . Thus,

δ3K + 3δ4K < 2 =⇒ δ3|Λ| + 3δ4|Λ| < 2.

Remark. We note that if δ4K < 1
2
, then δ3K ≤ δ4K ensures that

δ3K + 3δ4K < 2.

What remains is to show some explicit values of CK with

CK =
2
√

1 + ρ

CK,T
≈

2
√

4/3
√

1− δ4K −
√

1
3

√
1 + δ3K

for specific suitable choices of δ4K and ρ = 1
3
.

Choosing δ4K = 1
5

and assuming δ3K ≈ 1
5
, we get

CK ≈
2
√

4/3
√
.8−

√
1/3
√

1.2
= 8.8155.
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Similarly, for δ4K = .25, we get

CK ≈
2
√

4/3
√
.75−

√
1/3
√

1.25
= 10.4721.

�

6.6.3. General case recovery guarantee

We now relax the condition that x is sparse and consider the case for

recovery of arbitrary x by (CSε1) program.

We recall that the best K-term approximation of x is given by x|K
which is a vector comprising of K largest entries (in absolute value) in

x and having 0 everywhere else.

Let Λ = supp(x|K). We can consider x − x|K as another noise intro-

duced during the compressive sampling process. Define

g = x− x|K

as the approximation error vector for the best K-sparse approximation

of x. We note that x|K = xΛ and

x = xΛ + xΛc =⇒ g = x− x|K = x− xΛ = xΛc .

A suitable recovery guarantee should be able to connect the recovery

error ‖h‖2 = ‖x̂− x‖2 with the measurement error upper bound ε and

some measure of the approximation error g.

The tube constraint (6.6.2) continues to hold for the arbitrary signal

x. But the cone constraint (6.6.3) doesn’t hold anymore. Although, a

variation does hold.

Theorem 6.24 The recovery error vector h = x̂− x for the arbi-

trary vector x ∈ CN satisfies

‖hΛc‖1 ≤ ‖hΛ‖1 + 2‖xΛc‖1 (6.6.13)

where Λ = supp(x|K).



6.6. BPIC FOR COMPRESSED SENSING 275

Proof. We start with

‖x+ h‖1 ≤ ‖x‖1.

Taking lower bounds (using triangle inequality) for the L.H.S.:

‖x+ h‖1 = ‖xΛ + xΛc + hΛ + hΛc‖1

≥ ‖xΛ + hΛ + hΛc‖1 − ‖xΛc‖1

≥ ‖xΛ + hΛc‖1 − ‖xΛc‖1 − ‖hΛ‖1

= ‖xΛ‖1 + ‖hΛc‖1 − ‖xΛc‖1 − ‖hΛ‖1.

At the same time on the R.H.S.:

‖x‖1 = ‖xΛ‖1 + ‖xΛc‖1.

Putting them together, we get

‖xΛ‖1 + ‖hΛc‖1 − ‖xΛc‖1 − ‖hΛ‖1 ≤ ‖xΛ‖1 + ‖xΛc‖1.

Canceling the common term and rearranging we get

‖hΛc‖1 − ‖hΛ‖1 ≤ 2‖xΛc‖1.

Alternatively

‖hΛc‖1 ≤ ‖hΛ‖1 + 2‖xΛc‖1.

�

As before, we will now consider the vector hΛc and divide Λc into index

sets of size T with decreasing order of magnitudes of entries in hΛc .

There would be J such sets.

We will now develop a bound similar to theorem 6.21.

Theorem 6.25 Consider the index set Γ = Λ ∪ Λ1.

‖h‖2 ≤ (1 +
√
ρ)‖hΓ‖2 + 2

√
ρ
‖xΛc‖1√

K
. (6.6.14)

where ρ = K
T
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Proof. Proceeding as in the proof of theorem 6.21, we have

‖hΓc‖2 ≤
‖hΛc‖1√

T
.

We cannot apply the cone inequality here, but (6.6.13) is available.

This gives us

‖hΓc‖2 ≤
‖hΛ‖1 + 2‖xΛc‖1√

T
.

Using ‖hΛ‖1 ≤
√
K‖hΛ‖2 and 1√

T
=
√
ρ√
K

, we obtain

‖hΓc‖2 ≤
√
ρ ·
(
‖hΛ‖2 +

2‖xΛc‖1√
K

)
.

Using ‖hΛ‖2 ≤ ‖hΓ‖2, we get

‖hΓc‖2 ≤
√
ρ ·
(
‖hΓ‖2 +

2‖xΛc‖1√
K

)
.

Adding ‖hΓ‖2 on both sides and noting that

‖h‖2 ≤ ‖hΓ‖2 + ‖hΓc‖2

we get

‖h‖2 ≤ (1 +
√
ρ)‖hΓ‖2 + 2

√
ρ
‖xΛc‖1√

K
.

�

Next we develop a result similar to theorem 6.22 for the general case

Theorem 6.26 The split of h over the index sets Λj satisfies

J∑
j=2

‖hΛj+1
‖2 ≤

√
ρ ·
(
‖hΛ‖2 +

2‖xΛc‖1√
K

)
. (6.6.15)

where ρ = |Λ|
T

.

Proof. Proceeding as in theorem 6.22 we obtain

J∑
j=2

‖hΛj+1
‖2 ≤

‖hΛc‖1√
T

.
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Things change here as cone constraint doesn’t apply anymore. Apply-

ing (6.6.13) we get

J∑
j=2

‖hΛj+1
‖2 ≤

‖hΛ‖1 + 2‖xΛc‖1√
T

.

Simplifying just like theorem 6.25, we get

J∑
j=2

‖hΛj+1
‖2 ≤

√
ρ ·
(
‖hΛ‖2 +

2‖xΛc‖1√
K

)
.

�

We are now in a position to develop a recovery guarantee for arbitrary

signals in terms of ε and ‖xΛc‖1.

Theorem 6.27 Suppose that x is an arbitrary vector in CN and

let x|K be the best K-term approximation of x in CN . Under the

hypothesis of theorem 6.23, the solution x̂ to (CSε1) obeys

‖x̂− x‖2 ≤ C1,Kε+ C2,K ·
‖x− x|K‖1√

K
. (6.6.16)

For reasonable values of δ4K the constants in (6.6.16) are well be-

haved; e.g. C1,K ≈ 12.04 and C2,K ≈ 8.77 for δ4K = 1
5
.

We note that the bound in (6.6.16) is useful when ‖x− x|K‖1 is small.

In terms of g = xΛc and h = x̂− x we can write (6.6.16) as

‖h‖2 ≤ C1,Kε+ C2,K ·
‖g‖1√
K
.

Proof. Proceeding as in the proof of theorem 6.23

‖Φh‖2 ≥
√

1− δT+K‖hΓ‖2 −
√

1 + δT

J∑
j=2

‖hΛj
‖2.

From (6.6.15), we have

J∑
j=2

‖hΛj+1
‖2 ≤

√
ρ ·
(
‖hΛ‖2 +

2‖xΛc‖1√
K

)
.
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Thus,

‖Φh‖2 ≥
√

1− δT+K‖hΓ‖2 −
√
ρ
√

1 + δT

(
‖hΛ‖2 +

2‖xΛc‖1√
K

)
.

Using ‖hΓ‖2 ≥ ‖hΛ‖2, we obtain

‖Φh‖2 ≥ (
√

1− δT+K −
√
ρ
√

1 + δT )‖hΓ‖2 −
√
ρ
√

1 + δT
2‖xΛc‖1√

K
.

Like in theorem 6.23, we introduce

CK,T =
√

1− δT+K −
√
ρ
√

1 + δT

and using the tube constraint (6.6.2) we get

CK,T‖hΓ‖2 −
√
ρ
√

1 + δT
2‖xΛc‖1√

K
≤ 2ε

or

CK,T‖hΓ‖2 ≤ 2ε+
√
ρ
√

1 + δT
2‖xΛc‖1√

K
.

Under the hypothesis of theorem 6.23 we know that CK,T is positive.

This gives us

‖hΓ‖2 ≤
2

CK,T
·
(
ε+
√
ρ
√

1 + δT
‖xΛc‖1√

K

)
Finally, from (6.6.14), we have

‖h‖2 ≤ (1 +
√
ρ)‖hΓ‖2 + 2

√
ρ
‖xΛc‖1√

K
.

Define

C1,K =
2(1 +

√
ρ)

CK,T
and

C2,K =
2(1 +

√
ρ)

CK,T

√
ρ
√

1 + δT + 2
√
ρ.

Then we get:

‖h‖2 ≤ C1,Kε+ C2,K
‖xΛc‖1√

K
which is the desired result.

Choosing T = 3K, we have ρ = 1
3
. We get

CK,T =
√

1− δ4K −
√

1/3
√

1 + δ3K
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Now choosing δ4K = 0.2, we have

CK,T ≈ 0.2620.

This gives us

C1,K ≈ 12.0421

and

C2,K ≈ 8.7708.

Note that we can also write

C2,K = C1,K
√
ρ
√

1 + δT + 2
√
ρ.

�

6.6.4. Compressible signal recovery guarantee

Recall the definition of a p-compressible signal x ∈ CN satisfying

|x(i)| ≤ R · i−
1
p ∀i = 1, 2, . . . , N.

where x(i) represents the i-th largest (magnitude wise) entry in x.

We also recall that the l1 norm of approximation error for the K-sparse

approximation x|K satisfies

‖x− x|K‖1 ≤ Cp ·R ·K1− 1
p

where

Cp =

(
1

p
− 1

)−1

.

Dividing by
√
K on both sides we get

‖x− x|K‖1√
K

≤ Cp ·R ·K−
1
p

+ 1
2 .

Putting these bounds in theorem 6.27, we obtain a bound on the re-

covery error as

‖x̂− x‖2 ≤ C1,Kε+ C2,K · Cp ·R ·K−
1
p

+ 1
2 . (6.6.17)
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6.6.5. Concluding remarks

We note that the analysis in this section exclusively depends on the

restricted isometry property of Φ. Thus, the analysis is completely

deterministic and applies for all sparse or compressible signals.

6.7. Digest

Problem formulations

Exact sparse problem:

α̂ = arg min
α∈CD
‖α‖0 subject to x = Dα. (P0)

Sparse recovery with sparsity bound:

α̂ = arg min
α∈CD
‖x−Dα‖2 subject to ‖α‖0 ≤ K. (PK

0 )

Sparse recovery with approximation error bound

α̂ = arg min
α∈CD
‖α‖0 subject to ‖x−Dα‖2 ≤ ε. (Pε

0)

Noiseless compressed sensing

x̂ = arg min
x∈CN
‖x‖0 subject to y = Φx. (CS0)

CS recovery with sparsity bound

x̂ = arg min
x∈CN
‖y − Φx‖2 subject to ‖x‖0 ≤ K. (CSK0 )

CS recovery with measurement error bound

x̂ = arg min
x∈CN
‖x‖0 subject to ‖y − Φx‖2 ≤ ε. (CSε0)

Basis pursuit

α̂ = arg min
α∈CD
‖α‖1 subject to x = Dα. (P1)
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Basis pursuit with inequality constraints

α̂ = arg min
α∈CD
‖α‖1 subject to ‖x−Dα‖2 ≤ ε (Pε

1)

Basis pursuit denoising with approximation error penalty

α̂ = arg min
α∈CD
‖α‖1 + λ‖x−Dα‖2

2. (Pλ
1)

Basis pursuit denoising with l1 penalty

α̂ = arg min
α∈CD

1

2
‖x−Dα‖2

2 + γ‖α‖1. (Pγ
1)

Basis pursuit We examine conditions for equivalence of (P0) and (P1)

problems.

BP: Two ortho case

D =
[
Ψ Φ

]
x = Dα =

[
Ψ Φ

] [αp
αq

]
= Ψαp + Φαq.

kp = ‖αp‖0 and kq = ‖αq‖0.

Basis pursuit equivalence two ortho case sufficient condition:

2µ(D)2kpkq + µ(D)kp − 1 < 0

Weaker sufficient condition:

‖α‖0 = K = kp + kq <

√
2− 0.5

µ(D)

BP: General case Equivalence-Basis Pursuit sufficient condition:

‖α‖0 <
1

2

(
1 +

1

µ(D)

)
.

sparkη Smallest possible K with K = |Λ| s.t.

min
Λ
σK(AΛ) ≤ η.

spark0(D) = spark(D).

spark1(D) = 1.
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sparkη1
(D) ≤ sparkη2

(D), whenever η1 > η2.

1 ≤ sparkη(D) ≤ spark0(D) = spark(D) ≤ N + 1 ∀ 0 ≤ η ≤ 1.

Null space vectors If ‖Dv‖2 ≤ η and ‖v‖2 = 1, then ‖v‖0 ≥ sparkη(D).

sparkη and coherence

sparkη(D) ≥ 1− η2

µ(D)
+ 1.

Uncertainty result for sparse representations

‖α1‖0 + ‖α2‖0 ≥ sparkη(D), where η =
2ε

‖α1 − α2‖2

.

Localization of sparse representations sufficient condition:

‖αi‖0 ≤
1

2
sparkη(D)

Representation error upper bound

‖α1 − α2‖2 ≤ δ =
2ε

η
.

Stability coherence

‖α̂− α‖2
2 ≤

4ε2

1− µ(D)(2‖α‖0 − 1)
.

whenever

‖α‖0 <
1

2

(
1 +

1

µ(D)

)
.

Stability RIP

‖α̂− α‖2
2 ≤

4ε2

1− δ2K

.

BPIC stability guarantee

‖α̂− α‖2
2 ≤

4ε2

1− µ(D)(4‖α‖0 − 1)
.

whenever

‖α‖0 <
1

4

(
1 +

1

µ(D)

)
.



CHAPTER 7

Matching Pursuit Algorithms

7.1. Introduction

In this chapter we will review some matching pursuit algorithms which

can help us solve the sparse approximation problem and the sparse

recovery problem discussed in chapter 2.

The presentation in this chapter is based on a number of sources in-

cluding [4, 7, 21, 29, 34, 38].

Let us recall the definitions of sparse approximation and recovery prob-

lems from previous chapters.

From definition 2.8 let D be a signal dictionary with Φ ∈ CN×D being

its synthesis matrix. The (D, K)-sparse approximation can be written

as
minimize

α
‖x− Φα‖2

subject to ‖α‖0 ≤ K.
(P ε

0)

From definition 2.7 with the help of synthesis matrix Φ, the (D, K)-

exact-sparse problem can be written as

minimize
α

‖α‖0

subject to x = Φα

and ‖α‖0 ≤ K

(P0)

From definition 2.23 we recall the sparse signal recovery from com-

pressed measurements problem as following. Let Φ ∈ CM×N be a sens-

ing matrix. Let x ∈ CN be an unknown signal which is assumed to be

sparse or compressible. Let y = Φx be a measurement vector in CM .

283
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Then the signal recovery problem is to recover x from y subject to

y = Φx

assuming x to be K sparse or at least K compressible.

We note that sparse approximation problem and sparse recovery prob-

lems have pretty much same structure. They are in fact dual to each

other. Thus we will see that the same set of algorithms can be adapted

to solve both problems.

In the sequel we will see many variations of above problems.

7.1.1. Our first problem

We will start with attacking a very simple version of (D, K)-exact-

sparse problem.

Setting up notation

• x ∈ CN is our signal of interest and it is known.

• D is the dictionary in which we are looking for a sparse repre-

sentation of x.

• Φ ∈ CN×D is the synthesis matrix for D.

• The sparse representation of x in D is given by

x = Φα.

• It is assumed that α ∈ CD is sparse with |α|0 ≤ K.

• Also we assume that α is the sparsest possible solution for x

that we are looking.

• We know x, we know Φ, we don’t know α. We are looking for

it.

Thus we need to solve the optimization problem given by

minimize
α

‖α‖0 subject tox = Φα. (7.1.1)

For the unknown vector α, we need to find



7.1. INTRODUCTION 285

• the sparsest support for the solution i.e. {i|αi 6= 0}
• the non-zero values αi over this support.

If we are able to find the support for the solution α, then we may

assume that the non-zero values of α can be easily computed by least

squares methods.

Note that the support is discrete in nature (An index i either belongs

to the support or it does not). Hence algorithms which will seek the

support will also be discrete in nature.

We now build up a case for greedy algorithms before jumping into

specific algorithms later.

Let us begin with a much simplified version of the problem.

Let the columns of the matrix Φ be represented as

Φ =
[
φ1 φ2 . . . φN

]
. (7.1.2)

Let spark(Φ) > 2. Thus no two columns in Φ are linearly dependent

and as per theorem 2.23, for any x, there is at most only one 1-sparse

explanation vector.

We now assume that such a representation exists and we would be

looking for optimal solution vector α∗ that has only one non-zero value,

i.e. ‖α∗‖0 = 1.

Let i be the index at which α∗i 6= 0.

Thus x = α∗iφi, i.e. x is a scalar multiple of φi (the i-th column of Φ).

Off-course we don’t know what is the value of index i.

We can find this by comparing x with each column of Φ and find the

column which best matches it.

Consider the least squares minimization problem:

ε(j) = minimize
zj

‖φjzj − x‖2. (7.1.3)
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where zj ∈ C is a scalar.

From linear algebra, it attempts to find the projection of x over φj and

ε(j) represents the magnitude of error between x and the projection of

x over φj.

Optimal solution is given by

z∗j =
φHj x

‖φj‖2
2

= φHj x (7.1.4)

since columns of a dictionary are assumed to be unit norm.

Plugging it back into the expression of minimum squared error we get

ε2(j) = minimize
zj

‖φjzj − x‖2
2

=
∥∥φjφHj x− x∥∥2

2

= ‖x‖2
2 − |φHj x|2.

Now since x is a scalar multiple of φi, hence ε(i) = 0, thus if we look at

ε(j) for j = 1, . . . , D, the minimum value 0 will be obtained for j = i.

And ε(i) = 0 means

‖x‖2
2 − |φHi x|2 = 0 =⇒ ‖x‖2

2 = |φHi x|2. (7.1.5)

This is a special case of Cauchy-Schwartz inequality when x and φi are

collinear.

The sparse representation is given by

α =



0
...

z∗i
...

0


Since x ∈ CN and φj ∈ CN , hence computation of ε(j) requires O(N)

time.
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Since we may need to do it for all D columns, hence finding the index

i takes O(ND) time.

Now let us make our life more complex. We now suppose that spark(Φ) >

2K. Thus a sparse representation α of x with up to K non-zero val-

ues is unique if it exists(see again theorem 2.23). We assume it exists.

Since x = Φα, x is a linear combination of up to K columns of Φ.

One approach could be to check out all
(
D
K

)
possible subsets of K

columns from Φ.

But
(
D
K

)
is O

(
DK
)

and for each subset of K columns solving the least

squares problem will take O(NK2) time. Hence overall complexity

of the recovery process would be O
(
DKNK2

)
. This is prohibitively

expensive.

A way around is by adopting a greedy strategy in which we abandon the

hopeless exhaustive search and attempt a series of single term updates

in the solution vector α.

Since this is an iterative procedure, let us call the approximation at

each iteration as αk where k is the iteration index.

• We start with α0 = 0.

• At each iteration we choose one new column in αk and fill in

a value.

• The column and value are chosen such that it maximally re-

duces the l2 error between x and the approximation. i.e.

‖x− Φαk+1‖2 < ‖x− Φαk‖2 (7.1.6)

and the error reduction is as high as possible.

• We stop when the l2 error reduces below a specific threshold.

We are now ready to explore different greedy algorithms.
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7.2. Orthogonal Matching Pursuit for sparse approximation

7.2.1. The algorithm

The core Orthogonal Matching Pursuit algorithm is presented in

Figure 7.1. The algorithm is iterative.

• We start with the initial estimate of solution α = 0.

• We also maintain the support of α i.e. the set of indices for which α

is non-zero. We start with an empty support.

• In each (k-th) iteration we attempt to reduce the difference between

the actual signal x and the approximate signal based on current

solution αk−1 given by rk−1 = x− Φαk−1.

• We do this by choosing a new index in α given by j0 for the column

φj0 which most closely matches our current residual.

• We include this to our support for α, estimate new solution vector α

and compute new residual.

• We stop when the residual magnitude is below a threshold ε0 defined

by us.

Each iteration of algorithm consists of following stages:

Sweep: For each column φj in our synthesis matrix, we measure the

projection of residual from previous iteration on the column and com-

pute the magnitude of error between the projection and residual.

The square of minimum error for φj is given by:

ε2(j) = ‖rk−1‖2
2 − |φHj rk−1|2.

We can also note that minimizing over ε(j) is equivalent to max-

imizing over the inner product of φj with rk−1 though this just helps

us reduce only N subtractions per iteration.

Update support: Ignoring the columns which have already been in-

cluded in the support, we pick up the column which most closely

resembles the residual of previous stage. i.e. the magnitude of error

is minimum. We include the index of this column j0 in the support

set Sk.
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Input: Synthesis matrix Φ ∈ CN×D with spark(Φ) > 2K � D

Input: Threshold ε0

Input: Signal x ∈ CN

Output: K-sparse approximate representation α ∈ ΣK ⊆ CD

satisfying ‖x− Φα‖2 ≤ ε0
// Initialization

k ← 0 ; // Iteration counter

α0 ← 0 ; // Solution vector α ∈ CD

r0 ← x− Φα0 = x ; // Residual r ∈ CN

S0 ← ∅ ; // Solution support S = supp(α)

while ‖rk‖2 > ε0 do

k ← k + 1 ;

// Sweep

foreach j ← 1, . . . , D do

ε2(j)← minimize
zj

‖zjφj − rk−1‖22 = ‖rk−1‖22 − |φHj rk−1|2 ;

// z∗j = φHj r
k−1

end

// Update support

Find j0 that minimizes ε(j) ∀ j /∈ Sk−1 ; // i.e. ε(j0) ≤ ε(j)
Sk ← Sk−1 ∪ {j0} ;

// Update provisional solution

αk ← minimize
α

‖Φα− x‖22 subject to supp(α) = Sk;

// Update residual

rk = x− Φαk ;

end

Figure 7.1. Orthogonal matching pursuit for sparse

approximation

Update provisional solution: In this step we find the solution of

minimizing ‖Φα − x‖2 over the support Sk as our next candidate

solution vector.
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By keeping αi = 0 for i /∈ Sk we are essentially leaving out corre-

sponding columns φi from our calculations.

Thus we pickup up only the columns specified by Sk from Φ. Let

us call this matrix as ΦSk . The size of this matrix is N × |Sk|. Let us

call corresponding sub vector as αSk .

E.g. suppose D = 4, then Φ =
[
φ1 φ2 φ3 φ4

]
. Let Sk = {1, 4}.

Then ΦSk =
[
φ1 φ4

]
and αSk = (α1, α4).

Our minimization problem then reduces to minimizing ‖ΦSkαSk −
x‖2.

We use standard least squares estimate for getting the coefficients

for αSk over these indices. We put back αSk to obtain our new solution

estimate αk.

In the running example after obtaining the values α1 and α4, we

will have αk = (α1, 0, 0, α4).

The solution to this minimization problem is given by

ΦH
Sk(ΦSkαSk − x) = 0 =⇒ αSk = (ΦH

SkΦSk)−1ΦH
Skx

Interestingly we note that rk = x− Φαk = x− ΦSkαSk , thus

ΦH
Skr

k = 0

which means that columns in ΦSk which are part of support Sk are nec-

essarily orthogonal to the residual rk. This implies that these columns

will not be considered in the coming iterations for extending the sup-

port. This orthogonality is the reason behind the name of the algo-

rithm as OMP.

Update residual: We finally update the residual vector to rk based

on new solution vector estimate.

Example 7.1: (D, K)-exact-sparse recovery with OMP

Let us consider a synthesis matrix of size 10 × 20. Thus N = 10 and

D = 20. In order to fit into the display, we will present the matrix in

two 10 column parts.
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Φa =
1
√

10



−1 −1 −1 1 −1 −1 1 1 −1 1

1 1 1 1 1 −1 −1 1 −1 −1

−1 −1 −1 −1 −1 1 1 1 1 1

1 −1 −1 1 1 1 −1 1 1 1

1 1 1 −1 −1 1 −1 −1 1 1

1 −1 1 −1 −1 −1 1 −1 1 −1

−1 −1 1 1 −1 −1 −1 −1 1 −1

1 −1 1 1 −1 1 −1 −1 −1 1

−1 1 −1 1 1 −1 −1 −1 1 1

1 1 1 1 −1 1 −1 1 −1 1



Φb =
1
√

10



1 −1 −1 −1 1 1 1 −1 −1 −1

1 1 1 −1 −1 −1 −1 −1 −1 1

−1 1 1 1 1 1 −1 −1 −1 −1

1 −1 1 −1 1 1 1 −1 −1 −1

1 −1 −1 1 1 1 −1 1 1 −1

−1 1 1 1 −1 1 −1 1 −1 1

−1 1 1 −1 1 −1 −1 −1 1 1

1 −1 −1 1 1 −1 −1 1 −1 1

1 1 1 1 −1 −1 1 1 1 −1

−1 −1 1 1 −1 1 1 −1 −1 1



with

Φ =
[
Φa Φb

]
.

You may verify that each column is unit norm.

It is known that rank(Φ) = 10 and spark(Φ) = 6. Thus if a signal x

has a 2 sparse representation in Φ then the representation is necessarily

unique.

We now consider a signal x given by

x =

(
4.74342 −4.74342 1.58114 −4.74342 −1.58114

1.58114 −4.74342 −1.58114 −4.74342 −4.74342

)
.

For saving space, we have written it as an n-tuple over two rows. You

should treat it as a column vector of size 10× 1.

It is known that the vector has a two sparse representation in Φ. Let

us go through the steps of OMP and see how it works.

In step 0, r0 = x, α0 = 0, and S0 = ∅.



292 7. MATCHING PURSUIT ALGORITHMS

We now compute absolute value of inner product of r0 with each of the

columns. They are given by(
4 4 4 7 3 1 11 1 2 1

2 1 7 0 2 4 0 2 1 3

)

We quickly note that the maximum occurs at index 7 with value 11.

We modify our support to S1 = {7}.

We now solve the least squares problem

minimize ‖x− [φ7]α7‖2
2 .

The solution gives us α7 = 11.00. Thus we get

α1 =

(
0 0 0 0 0 0 11 0 0 0

0 0 0 0 0 0 0 0 0 0

)
.

Again note that to save space we have presented α over two rows. You

should consider it as a 20× 1 column vector.

This leaves us the residual as

r1 = x−Φα1 =

(
1.26491 −1.26491 −1.89737 −1.26491 1.89737

−1.89737 −1.26491 1.89737 −1.26491 −1.26491

)
.

We can cross check that the residual is indeed orthogonal to the columns

already selected, for

〈r1, φ7〉 = 0.

Next we compute inner product of r1 with all the columns in Φ and

take absolute values. They are given by(
0.4 0.4 0.4 0.4 0.8 1.2 0 1.2 2 1.2

2.4 3.2 4.8 0 2 0.4 0 2 1.2 0.8

)

We quickly note that the maximum occurs at index 13 with value 4.8.

We modify our support to S1 = {7, 13}.
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We now solve the least squares problem

minimize‖x−
[
φ7 φ13

] [α7

α13

]
‖2

2.

This gives us α7 = 10 and α13 = −5.

Thus we get

α2 =

(
0 0 0 0 0 0 10 0 0 0

0 0 −5 0 0 0 0 0 0 0

)
Finally the residual we get at step 2 is

r2 = x− Φα2 = 10−14

(
0 0 −0.111022 0 0.111022

−0.111022 0 0.111022 0 0

)
The magnitude of residual is very small. We conclude that our OMP

algorithm has converged and we have been able to recover the exact 2

sparse representation of x in Φ. �

7.2.2. Exact recovery conditions

In this section following Tropp in [34] we will closely look at some

conditions under which OMP is guaranteed to recover the solution for

(D, K)-exact-sparse problem.

It is known that x = Φα where α contains at most K non-zero entries.

Both the support and entries of α are known.

Let Λopt = supp(α) i.e. the set of indices at which optimal representa-

tion α has non-zero entries. Then we can write

x =
∑
i∈Λ

αiφi.

From the synthesis matrix Φ we can extract a N×K matrix Φopt whose

columns are indexed by Λopt.

Φopt ,
[
φλ1 . . . φλK

]
where λi ∈ Λopt.
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Thus we can also write

x = Φoptαopt

where αopt ∈ CK is a vector of K complex entries.

Now the columns of optimum Φopt are linearly independent. Hence

Φopt has full column rank.

We define another matrix Ψopt whose columns are the remaining D−K
columns of Φ. Thus Ψopt consists of atoms or columns which do not

participate in the optimum representation of x.

OMP starts with an empty support. In every step, it picks up one

column from Φ and adds to the support of approximation. If we can

ensure that it never selects any column from Ψopt we will be guaranteed

that correct K sparse representation is recovered.

We will use mathematical induction and assume that OMP has suc-

ceeded in its first k steps and has chosen k columns from Φopt so far.

At this point it is left with the residual rk.

In (k+1)-th iteration, we compute inner product of rk with all columns

in Φ and choose the column which has highest inner product.

We note that maximum value of inner product of rk with any of the

columns in Ψopt is given by

‖ΨH
optr

k‖∞.

Correspondingly maximum value of inner product of rk with any of the

columns in Φopt is given by

‖ΦH
optr

k‖∞.

Actually since we have already shown that rk is orthogonal to the

columns already chosen, hence they will not contribute to this equation.

In order to make sure that none of the columns in Ψopt is selected, we

need

‖ΨH
optr

k‖∞ < ‖ΦH
optr

k‖∞.
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Definition 7.1 [Greedy selection ratio] We define a ratio

ρ(rk) ,
‖ΨH

optr
k‖∞

‖ΦH
optr

k‖∞
. (7.2.1)

This ratio is known as greedy selection ratio.

We can see that as long as ρ(rk) < 1, OMP will make a right decision

at (k + 1)-th stage. If ρ(rk) = 1 then there is no guarantee that OMP

will make the right decision. We will assume pessimistically that OMP

makes wrong decision in such situations.

We note that this definition of ρ(rk) looks very similar to matrix p-

norms defined in ??. It is suggested to review the properties of p-norms

for matrices at this point.

We now present a condition which guarantees that ρ(rk) < 1 is always

satisfied.

Theorem 7.1 [Exact recovery for OMP] A sufficient condition for

Orthogonal Matching Pursuit to resolve x completely in K steps is

that

max
ψ
‖Φ†optψ‖1 < 1, (7.2.2)

where ψ ranges over columns in Ψopt.

Moreover, Orthogonal Matching Pursuit is a correct algorithm for

(D, K)-exact-sparse problem whenever the condition holds for

every superposition of K atoms from D.

Proof. In (7.2.2) Φ†opt is the pseudo-inverse of Φ

Φ†opt = (ΦH
optΦopt)

−1ΦH
opt.

What we need to show is if (7.2.2) holds true then ρ(rk) will always be

less than 1.
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We note that the projection operator for the column span of Φopt is

given by

Φopt(Φ
H
optΦopt)

−1ΦH
opt = (Φ†opt)

HΦH
opt.

We also note that by assumption since x ∈ C(Φopt) and the approxi-

mation at the k-th step, xk = Φαk ∈ C(Φopt), hence rk = x − xk also

belongs to C(Φopt).

Thus

rk = (Φ†opt)
HΦH

optr
k

i.e. applying the projection operator for Φopt on rk doesn’t change it.

Using this we can rewrite ρ(rk) as

ρ(rk) =
‖ΨH

optr
k‖∞

‖ΦH
optr

k‖∞
=
‖ΨH

opt(Φ
†
opt)

HΦH
optr

k‖∞
‖ΦH

optr
k‖∞

.

We see ΦH
optr

k appearing both in numerator and denominator.

Now consider the matrix ΨH
opt(Φ

†
opt)

H and recall the definition of matrix

∞-norm from ??

‖A‖∞ = max
x 6=0

‖Ax‖∞
‖x‖∞

≥ ‖Ax‖∞
‖x‖∞

∀ x 6= 0.

Thus

‖ΨH
opt(Φ

†
opt)

H‖∞ ≥
‖ΨH

opt(Φ
†
opt)

HΦH
optr

k‖∞
‖ΦH

optr
k‖∞

which gives us

ρ(rk) ≤ ‖ΨH
opt(Φ

†
opt)

H‖∞ = ‖
(

Φ†optΨopt

)H
‖∞.

Finally we recall that ‖A‖∞ is max row sum norm while ‖A‖1 is max

column sum norm. Hence

‖A‖∞ = ‖AT‖1 = ‖AH‖1

which means

‖
(

Φ†optΨopt

)H
‖∞ = ‖Φ†optΨopt‖1.

Thus

ρ(rk) ≤ ‖Φ†optΨopt‖1.
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Now the columns of Φ†optΨopt are nothing but Φ†optψ where ψ ranges

over columns of Ψopt.

Thus in terms of max column sum norm

ρ(rk) ≤ max
ψ
‖Φ†optψ‖1

.

Thus assuming that OMP has made k correct decision and rk lies in

C(Φopt), ρ(rk) < 1 whenever

max
ψ
‖Φ†optψ‖1 < 1. (7.2.3)

Finally the initial residual r0 = 0 which always lies in column space

of Φopt. By above logic, OMP will always select an optimal column

in each step. Since the residual is always orthogonal to the columns

already selected, hence it will never select the same column twice. Thus

in K steps it will retrieve all K atoms which comprise x. �

7.2.3. Babel function estimates

There is a small problem with theorem 7.1. Since we don’t know the

support a-priori hence its not possible to verify that

max
ψ
‖Φ†optψ‖1 < 1

holds. Off course verifying this for all K column sub-matrices is com-

putationally prohibitive.

It turns out that Babel function (recall definition 2.21) is there to help.

We show how Babel function guarantees that exact recovery condition

for OMP holds.

Theorem 7.2 Suppose that µ1 is the Babel function for a dic-

tionary D with synthesis matrix Φ. The exact recovery condition

holds whenever

µ1(K − 1) + µ1(K) < 1. (7.2.4)
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Thus, Orthogonal Matching Pursuit is a correct algorithm for (D, K)-

exact-sparse problem whenever (7.2.4) holds.

In other words, for sufficiently small K for which (7.2.4) holds,

OMP will recover any arbitrary superposition of K atoms from D.

Proof. We can write

max
ψ
‖Φ†optψ‖1 = max

ψ
‖(ΦH

optΦopt)
−1ΦH

optψ‖1

We recall from ?? that operator-norm is subordinate i.e.

‖Ax‖1 ≤ ‖A‖1‖x‖1.

Thus with A = (ΦH
optΦopt)

−1 we have

‖(ΦH
optΦopt)

−1ΦH
optψ‖1 ≤ ‖(ΦH

optΦopt)
−1‖1‖ΦH

optψ‖1.

With this we have

max
ψ
‖Φ†optψ‖1 ≤ ‖(ΦH

optΦopt)
−1‖1max

ψ
‖ΦH

optψ‖1. (7.2.5)

Now let us look at ‖ΦH
optψ‖1 closely. There are K columns in Φopt. For

each column we compute its inner product with ψ. And then absolute

sum of the inner product.

Also recall the definition of Babel function:

µ1(K) = max
|Λ|=K

max
ψ

∑
Λ

|〈ψ, φλ〉|.

Clearly

max
ψ
‖ΦH

optψ‖1 = max
ψ

∑
Λopt

|〈ψ, φλi〉| ≤ µ1(K). (7.2.6)

We also need to provide a bound on ‖(ΦH
optΦopt)

−1‖1 which requires

more work.

First note that since all columns in Φ are unit norm, hence the diagonal

of ΦH
optΦopt contains unit entries. Thus we can write

ΦH
optΦopt = IK + A
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where A contains the off diagonal terms in ΦH
optΦopt.

Looking carefully , each column of A lists the inner products between

one atom of Φopt and the remaining K − 1 atoms. By definition of

Babel function

‖A‖1 = max
k

∑
j 6=k

|〈φλkφλj〉| ≤ µ1(K − 1).

Now whenever ‖A‖1 < 1 then the Von Neumann series
∑

(−A)k con-

verges to the inverse (IK + A)−1.

Thus we have

‖(ΦH
optΦopt)

−1‖1 = ‖(IK + A)−1‖1

= ‖
∞∑
k=0

(−A)k‖1

≤
∞∑
k=0

‖A‖k1

=
1

1− ‖A‖1

≤ 1

1− µ1(K − 1)
.

(7.2.7)

Thus putting things together we get

max
ψ
‖Φ†optψ‖1 ≤

µ1(K)

1− µ1(K − 1)
.

Thus whenever

µ1(K − 1) + µ1(K) < 1.

we have

µ1(K)

1− µ1(K − 1)
< 1 =⇒ max

ψ
‖Φ†optψ‖1 < 1.

�
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7.2.4. Sparse approximation conditions

We now remove the assumption that x is K-sparse in Φ. This is indeed

true for all real life signals as they are not truly sparse.

In this section we will look at conditions under which OMP can suc-

cessfully solve the (D, K)-sparse approximation problem.

Let x be an arbitrary signal and suppose that αopt is an optimum K-

term approximation representation of x. i.e. αopt is a solution to (P ε
0)

and the optimal K-term approximation of x is given by

xopt = Φαopt.

We note that αopt may not be unique.

Let Λopt be the support of αopt which identifies the atoms in Φ that

participate in the K-term approximation of x.

Once again let Φopt be the sub-matrix consisting of columns of Φ in-

dexed by Λopt.

We assume that columns in Φopt are linearly independent. This is

easily established since if any atom in this set were linearly dependent

on other atoms, we could always find a more optimal solution.

Again let Ψopt be the matrix of (D−K) columns which are not indexed

by Λopt.

We note that if Λopt is identified then finding αopt is a straightforward

least squares problem.

We now present a condition under which Orthogonal Matching Pursuit

is able to recover the optimal atoms.

Theorem 7.3 [General recovery for OMP] Assume that µ1(K) <
1
2
, and suppose that at k-th iteration, the support Sk for αk consists

only of atoms from an optimal k-term approximation of the signal

x.At step (k+1), Orthogonal Matching Pursuit will recover another
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atom indexed by Λopt whenever

‖x− Φαk‖2 >

√
1 +

K(1− µ1(K))

(1− 2µ1(K))2
‖x− Φαopt‖2. (7.2.8)

A few remarks are in order.

• ‖x−Φαk‖2 is the approximation error norm at k-th iteration.

• ‖x − Φαopt‖2 is the optimum approximation error after K it-

erations.

• The theorem says that OMP makes absolute progress when-

ever the current error is larger than optimum error by a factor.

• As a result of this theorem, we note that every optimal K-

term approximation of x contains the same kernel of atoms.

The optimum error is always independent of choice of atoms

in K term approximation (since it is optimum). Initial error

is also independent of choice of atoms (since initial support is

empty). OMP always selects the same set of atoms by design.

Proof. Let us assume that after k steps, OMP has recovered an

approximation xk given by

xk = Φαk

where Sk = supp(αk) chooses k columns from Φ all of which belong to

Φopt.

Let the residual at k-th stage be

rk = x− xk = x− Φαk.

Recalling from previous section, a sufficient condition for recovering

another optimal atom is

ρ(rk) =
‖ΨH

optr
k‖∞

‖ΦH
optr

k‖∞
< 1. (7.2.9)

One difference from previous section is that rk /∈ C(Φopt).
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We can write

rk = x− xk = (x− xopt) + (xopt − xk).

Note that (x− xopt) is nothing but the residual left after K iterations.

We also note that since residual in OMP is always orthogonal to already

selected columns, hence

ΦH
opt(x− xopt) = 0.

We will now use these expressions to simplify ρ(rk).

ρ(rk) =
‖ΨH

optr
k‖∞

‖ΦH
optr

k‖∞

=
‖ΨH

opt(x− xopt) + ΨH
opt(xopt − xk)‖∞

‖ΦH
opt(x− xopt) + ΦH

opt(xopt − xk)‖∞

=
‖ΨH

opt(x− xopt) + ΨH
opt(xopt − xk)‖∞

‖ΦH
opt(xopt − xk)‖∞

≤
‖ΨH

opt(x− xopt)‖∞
‖ΦH

opt(xopt − xk)‖∞
+
‖ΨH

opt(xopt − xk)‖∞
‖ΦH

opt(xopt − xk)‖∞

(7.2.10)

We now define two new terms

ρerr(r
k) ,

‖ΨH
opt(x− xopt)‖∞

‖ΦH
opt(xopt − xk)‖∞

(7.2.11)

and

ρopt(r
k) ,

‖ΨH
opt(xopt − xk)‖∞

‖ΦH
opt(xopt − xk)‖∞

. (7.2.12)

With these we have

ρ(rk) ≤ ρopt(r
k) + ρerr(r

k) (7.2.13)

Now xopt has an exact K-term representation in Φ given by αopt. Hence

ρopt(r
k) is nothing but ρ(rk) for corresponding exact-sparse problem.

From the proof of theorem 7.2 we recall



7.2. ORTHOGONAL MATCHING PURSUIT 303

ρopt(r
k) ≤ µ1(K)

1− µ1(K − 1)
≤ µ1(K)

1− µ1(K)
(7.2.14)

since

µ1(K − 1) ≤ µ1(K) =⇒ 1− µ1(K − 1) ≥ 1− µ1(K).

The remaining problem is ρerr(r
k). Let us look at its numerator and

denominator one by one.

‖ΨH
opt(x−xopt)‖∞ essentially is the maximum (absolute) inner product

between any column in Ψopt with x− xopt.

We can write

‖ΨH
opt(x−xopt)‖∞ ≤ max

ψ
|ψH(x−xopt)| ≤ max

ψ
‖ψ‖2‖x−xopt‖2 = ‖x−xopt‖2

since all columns in Φ are unit norm. In between we used Cauchy-

Schwartz inequality.

Now look at denominator ‖ΦH
opt(xopt − xk)‖∞ where (xopt − xk) ∈ CN

and Φopt ∈ CN×K . Thus

ΦH
opt(xopt − xk) ∈ CK .

Now for every v ∈ CK we have

‖v‖2 ≤
√
K‖v‖∞.

Hence

‖ΦH
opt(xopt − xk)‖∞ ≥ K−1/2‖ΦH

opt(xopt − xk)‖2.

Since Φopt has full column rank, hence its singular values are non-zero.

Thus

‖ΦH
opt(xopt − xk)‖2 ≥ σmin(Φopt)‖xopt − xk‖2.

From corollary 2.35 we have

σmin(Φopt) ≥
√

1− µ1(K − 1) ≥
√

1− µ1(K).
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Combining these observations we get

ρerr(r
k) ≤

√
K‖x− xopt‖2√

1− µ1(K)‖xopt − xk‖2

. (7.2.15)

Now from (7.2.13) ρ(rk) < 1 whenever ρopt(r
k) + ρerr(r

k) < 1.

Thus a sufficient condition for ρ(rk) < 1 can be written as

µ1(K)

1− µ1(K)
+

√
K‖x− xopt‖2√

1− µ1(K)‖xopt − xk‖2

< 1. (7.2.16)

We need to simplify this expression a bit. Multiplying by (1− µ1(K))

on both sides we get

µ1(K) +

√
K
√

1− µ1(K)‖x− xopt‖2

‖xopt − xk‖2

< 1− µ1(K)

=⇒
√
K(1− µ1(K))‖x− xopt‖2

‖xopt − xk‖2

< 1− 2µ1(K)

=⇒ ‖xopt − xk‖2 >

√
K(1− µ1(K))

1− 2µ1(K)
‖x− xopt‖2.

(7.2.17)

We assumed µ1(K) < 1
2

thus 1− 2µ1(K) > 0 which validates the steps

above.

Finally we remember that (x−xopt) ⊥ C(Φopt) and (xopt−xk) ∈ C(Φopt)

thus (x− xopt) and (xopt − xk) are orthogonal to each other. Thus by

applying Pythagorean theorem we have

‖x− xk‖2
2 = ‖x− xopt‖2

2 + ‖xopt − xk‖2
2.

Thus we have

‖x− xk‖2
2 >

K(1− µ1(K))

(1− 2µ1(K))2
‖x− xopt‖2

2 + ‖x− xopt‖2
2.

This gives us a sufficient condition

‖x− xk‖2 >

√
1 +

K(1− µ1(K))

(1− 2µ1(K))2
‖x− xopt‖2. (7.2.18)
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i.e. whenever (7.2.18) holds true, we have ρ(rk) < 1 which leads to

OMP making a correct choice and choosing an atom from the optimal

set.

Putting xk = Φαk and xopt = Φαopt we get back (7.2.8) which is the

desired result. �

Theorem 7.3 establishes that as long as (7.2.8) holds for each of the

steps from 1 to K, OMP will recover a K term optimum approximation

xopt. If x ∈ CN is completely arbitrary, then it may not be possible

that (7.2.8) holds for all the K iterations. In this situation, a question

arises as to what is the worst K-term approximation error that OMP

will incur if (7.2.8) doesn’t hold true all the way.

This is answered in following corollary of theorem 7.3.

Corollary 7.4. Assume that µ1(K) < 1
2

and let x ∈ CN be a completely

arbitrary signal. Orthogonal Matching Pursuit produces a K-term ap-

proximation xK which satisfies

‖x− xK‖2 ≤
√

1 + C(D, K)‖x− xopt‖2 (7.2.19)

where xopt is the optimum K-term approximation of x in dictionary D
(i.e. xopt = Φαopt where αopt is an optimal solution of (P ε

0) ). C(D, K)

is a constant depending upon the dictionary D and the desired sparsity

level K. An estimate of C(D, K) is given by

C(D, K) ≤ K(1− µ1(K))

(1− 2µ1(K))2
. (7.2.20)

Proof. Suppose that OMP runs fine for first p steps where p < K.

Thus (7.2.8) keeps holding for first p steps. We now assume that (7.2.8)

breaks at step p + 1 and OMP is no longer guaranteed to make an

optimal choice of column from Φopt. Thus at step p+ 1 we have

‖x− xp‖2 ≤

√
1 +

K(1− µ1(K))

(1− 2µ1(K))2
‖x− xopt‖2. (7.2.21)
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Any further iterations of OMP will only reduce the error further (al-

though not in an optimal way). This gives us

‖x− xK‖2 ≤ ‖x− xp‖2 ≤

√
1 +

K(1− µ1(K))

(1− 2µ1(K))2
‖x− xopt‖2. (7.2.22)

Choosing

C(D, K) =
K(1− µ1(K))

(1− 2µ1(K))2

we can rewrite this as

‖x− xK‖2 ≤
√

1 + C(D, K)‖x− xopt‖2.

�

This is a very useful result. It establishes that even if OMP is not

able to recover the optimum K-term representation of x, it always

constructs an approximation whose error lies within a constant factor

of optimum approximation error where the constant factor is given by√
1 + C(D, K).

If the optimum approximation error ‖x−xopt‖2 is small then ‖x−xK‖2

will also be not too large.

If ‖x−xopt‖2 is moderate, then the OMP may inflate the approximation

error to a higher value. But in this case, probably sparse approximation

is not the right tool for signal representation over the dictionary.

7.3. Orthogonal Matching Pursuit for Compressed Sensing

We now switch gears and consider adapting OMP for the problem of

compressed sensing. This section is largely based on [38].

We start by fixing the notation recalling from definition 2.23. We will

restrict our attention to the N dimensional Euclidean space as our

signal space for the moment. x ∈ RN is a signal vector. Φ ∈ RM×N is

the sensing matrix with M � N . The measurement vector y ∈ RM is

given by

y = Φx
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where RM is our measurement space. y is known, Φ is known while x

is unknown. x is assumed to be either K-sparse or K-compressible.

The sparse recovery problem can be written as

minimize
x

‖y − Φx‖2

subject to ‖x‖0 ≤ K.
(7.3.1)

Though the problem looks similar to (D, K)-sparse approximation

problem, but there are differences since Φ is not a dictionary (see sec-

tion 2.8.1).

We will adapt OMP algorithm studied in previous section for the prob-

lem of sparse recovery in compressed sensing framework.

In the analysis of OMP for CS We will address following questions :

• How many measurements are required to recover x from y

exactly if x is K-sparse?

• What kind of sensing matrices are admissible for OMP to work

in CS framework?

• If x is not K-sparse, then how much maximum error is in-

curred?

7.3.1. The algorithm

OMP algorithm adapted to CS is presented in fig. 7.2.

Some remarks are in order

• The algorithm returns a K-term approximation of x given by

x̂.

• Each step of algorithm is identified by the iteration counter k

which runs from 0 to K.

• At each step xk, yk and rk are estimated where xk is the k-

term estimate of x, yk is corresponding measurement vector

and rk is the residual between actual measurement vector y

and the estimated measurement vector yk.
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• The support for x̂ is maintained in an index set Λ.

• At each iteration we add one more new index λk to Λk−1 giving

us Λk.

• We will use ΦΛk ∈ RM×k to denote the sub-matrix constructed

from the columns indexed by Λk. i.e. If Λk = {λ1, . . . , λk},
then

ΦΛk =
[
φλ1 . . . φλk

]
.

• Similarly we will denote a vector xk
Λk ∈ Rk to denote a vector

consisting of only k non-zero entries in x.

• We note that rk is orthogonal to ΦΛk . This is true due to

xk being the least squares solution in the update provisional

solution step.

• This also ensures that in each iteration a new column from Φ

indexed by λk will be chosen. OMP will never choose the same

column again.

• In case x has a sparsity level less than K then rk will become

zero in the middle. At that point we halt. There is no point

going forward.

• The algorithm spends most of its time in the update provi-

sional solution step where it needs to compute the least square

solution.

• An equivalent formulation of the least squares step is

z ← minimize
v∈Rk

‖ΦΛkv − y‖2
2

followed by

xk(Λk)← z.

• Essentially we solve the least squares problem for columns of

Φ indexed by Λk and then assign the k entries in the resultant

z to the entries in xk indexed by Λk while keeping other entries

as 0.

• Least squares can be accelerated by using xk−1 as the starting

estimate of xk and carrying out a descent like Richardson’s

iteration from there.
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7.3.2. Signal recovery using OMP with random sensing

matrices

The objective of this section is to demonstrate that OMP can recover

sparse signals from a small set of random linear measurements. In this

subsection we discuss the conditions on the random sensing matrix Φ

under which they are suitable for signal recovery through OMP.

Definition 7.2 [Admissible sensing matrices for OMP] An admis-

sible sensing matrix for K-sparse signals in RM is an M × N
random matrix Φ with following properties.

M0: Independence: The columns of Φ are stochastically indepen-

dent.

M1: Normalization: E(‖φj‖2
2) = 1 for j = 1, . . . , N .

M2: Joint correlation: Let {uk} be a sequence of K vectors whose

l2 norms do not exceed one. Let φ be a column of Φ that

is independent from this sequence. Then

P(max
k
|〈φ, uk〉| ≤ ε) ≥ 1− 2K exp(−cε2M). (7.3.2)

M3: Smallest singular value: Given an M × K (K < M) sub-

matrix Z from Φ, the K-th largest singular value σmin(Z)

satisfies

P(σmin(Z) ≥ 0.5) ≥ 1− exp(−cM). (7.3.3)

It can be shown Rademacher sensing matrices (section 5.3) and Gauss-

ian sensing matrices (section 5.4) satisfy all the requirements of ad-

missible sensing matrices for sparse recovery using OMP. Some of the

proofs are included in the book. You may want to review corresponding

sections.

Some remarks are in order to further explain the definition of admissible

sensing matrices.
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• Usually all the columns of a sensing matrix are drawn from

the same distribution. But (M0) doesn’t require so. It allows

different columns of Φ to be drawn from different distributions.

• The joint correlation property (M2) depends on the decay of

random variables ‖φj‖2. i.e. it needs the tails of ‖φj‖2 to be

small.

• A bound on the smallest (non-zero) singular value of M ×K-

sub-matrices (M3) controls how much the sensing matrix can

shrink K-sparse vectors.

• I guess that the idea of admissible matrices came as follows.

First OMP signal recovery guarantees were developed for Gauss-

ian and Rademacher sensing matrices. Then the proofs were

analyzed to identify the minimum requirements they imposed

on the structure of random sensing matrices. This was ex-

tracted in the form of notion of admissible matrices. Finally

the proof was reorganized to work for all random matrices

which satisfy the admissibility criteria. It is important to un-

derstand this process of abstraction otherwise we just get sur-

prised as to how the ideas like admissible matrices came out

of the blue.

7.3.3. Signal recovery guarantees with OMP

We now show that OMP can be used to recover the original signal

with high probability if the random measurements are taken using an

admissible sensing matrix as described in previous section.

Here we consider the case where x is known to be K-sparse.

Theorem 7.5 [OMP with admissible sensing matrices] Fix some

δ ∈ (0, 1), and choose M ≥ CK ln
(
N
δ

)
where C is an absolute con-

stant. Suppose that x is an arbitrary K-sparse signal in RN and

draw a M × N admissible sensing matrix Φ independent from x.
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Given the measurement vector y = Φx ∈ RM , Orthogonal Match-

ing Pursuit can reconstruct the signal with probability exceeding

1− δ.

Some remarks are in order. Specifically we compare OMP here with

basis pursuit (BP).

• The theorem provides probabilistic guarantees.

• The theorem actually requires more measurements than the

results for BP.

• The biggest advantage is that OMP is a much simpler algo-

rithm than BP and works very fast.

• Results for BP show that a single random sensing matrix can

be used for recovering all sparse signals. This theorem says

that any sparse signal independent from the sensing matrix

can be recovered. Thus this theorem is weaker than the results

for BP.

• It can be argued that for practical situations, this limitation

doesn’t matter much.

Proof. The main challenge here is to handle the issues that arise

due to random nature of Φ.

We start with setting up some notation for this proof.

We note that the columns that OMP chooses do not depend on the

order in which they are stacked in Φ. Thus without loss of generality we

can assume that the firstK entries of x are non-zero and rest are zero. If

OMP picks up the first K columns, then OMP has succeeded otherwise

it has failed. With this, support of x given by Λopt = {1, . . . , K}.

We now partition the sensing matrix Φ as

Φ =
[
Φopt | Ψ

]
where Φopt consists of first K columns of Φ which correspond to Λopt.

Ψ consists of remaining (N −K) columns of Φ.
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We recall from the proof of theorem 7.1 that in order for OMP to make

absolute progress at step k + 1 we require the greedy selection ratio

ρ(rk) < 1 where

ρ(rk) =
‖ΨHrk‖∞
‖ΦH

optr
k‖∞

=
max
ψ∈Ψ
|〈ψ, rk〉|

‖ΦH
optr

k‖∞
.

The proof is organized as follows:

• We first construct a thought experiment in which Ψ is not

present and OMP is run only with y and Φopt.

• We then run OMP with Ψ present under the condition ρ(rk) <

1.

• We show that the sequence of columns chosen and residual

obtained in both cases is exactly the same.

• We show that the residuals obtained in the thought experiment

are stochastically independent from the columns of Ψ.

• We then describe the success of OMP as an event in terms of

these residuals.

• We compute a lower bound on the probability of the event of

OMP success.

For a moment suppose that there was no Ψ and OMP is run with y and

Φopt as input for K iterations. Naturally OMP will choose K columns

in Φopt one by one.

Let the columns it picks up in each step be indexed by ω1, ω2, . . . , ωK .

Let the residuals before each step be q0, q1, q2, . . . , qK−1. Since x ∈
C(Φopt, hence the residual after K iterations qK = 0.

Since OMP is a deterministic algorithm, hence the two sequences are

simply functions of x and Φopt.

Clearly, we can say that the residual qk are stochastically independent

of the columns in Ψ (since columns of Ψ are independent of the columns

of Φopt ).
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We also know that qk ∈ C(Φopt).

In this thought experiment we made no assumptions about ρ(qk) since

Ψ is not present.

We now consider the full matrix Φ and execute OMP with y.

The actual sequence of residuals before each step is r0, r1, . . . , rK−1.

The actual sequence of column indices is λ1, . . . , λK .

Clearly OMP succeeds in recovering x in K steps if and only if it selects

the first K columns of Φ in some order. This can happen if and only

if ρ(rk) < 1 holds.

We are going to show inductively that this can happen if and only if

λk = ωk and qk = rk.

At the beginning of step 1, we have r0 = q0 = y. Now OMP selects

one column from Φopt if and only if ρ(r0) < 1 which is identical to

ρ(q0) < 1.

So it remains to show at step 1 that λ1 = ω1.

Because ρ(r0) < 1, the algorithm selects the index λ1 of the column

from Φopt whose inner product with r0 is the largest (in absolute value).

Also since ρ(q0) < 1 with r0 = q0, ω1 is the index of column in Φopt

whose inner product with q0 is largest, thus ω1 = λ1.

We now assume that for the first k iterations, actual OMP chooses the

same columns as our imaginary thought experiment. Thus we have

λj = ωj ∀ 1 ≤ j ≤ k

and

rj = qj ∀ 0 ≤ j ≤ k.

This is valid since the residuals at each step depend solely on the set

of columns chosen so far and input y which are same for both cases.

Clearly OMP choose a column in Φopt at (k + 1)-th step if and only if

ρ(rk) < 1 which is same as ρ(qk) < 1.
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Moreover since rk = qk hence the column chosen by maximizing the

inner product is same for both situations. Thus

λk+1 = ωk+1.

Therefore the criteria for success of OMP can be stated as ρ(qk) < 1

for all 0 ≤ k ≤ K − 1.

We now recall that qk is actually a random variable (depending upon

the random vectors which comprise the columns of Φopt).

Thus the event on which the algorthim succeeds in sparse recovery of

x from y is given by

Esucc ,

{
max

0≤k<K
ρ(qk) < 1

}
.

In a particular instance of OMP execution if the event Esucc happens,

then OMP successfully recovers x from y. Otherwise OMP fails. So

the probability of success of OMP is same as the probability of event

Esucc. We will be looking for some sort of a lower bound on P(Esucc).

We note that we have {qk} as a sequence of random vectors in the col-

umn span of Φopt and they are stochastically independent from columns

of Ψ.

Its difficult to compute P(Esucc) directly. We consider another event

Γ = {σmin(Φopt) ≥ 0.5}. Clearly

P(Esucc) ≥ P
(

max
0≤k<K

ρ(qk) < 1 and Γ

)
.

Using conditional probability we can rewrite

P(Esucc) ≥ P
(

max
0≤k<K

ρ(qk) < 1|Γ
)
P(Γ).

Since Φ is an admissible matrix hence it satisfies (M3) which gives us

P(Γ) ≥ 1− exp(−cM).

We just need a lower bound on the conditional probability.
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We assume that Γ occurs. For each step index k = 0, 1, . . . , K − 1, we

have

ρ(qk) =
maxψ |〈ψ, qk〉|
‖ΦH

optq
k‖∞

.

Since ΦH
optq

k ∈ RK , we have

√
K‖ΦH

optq
k‖∞ ≥ ‖ΦH

optq
k‖2.

This gives us

ρ(qk) ≤
√
K maxψ |〈ψ, qk〉|
‖ΦH

optq
k‖2

.

To simplify this expression, we define a vector

uk ,
0.5qk

‖ΦH
optq

k‖2

.

This lets us write

ρ(qk) ≤ 2
√
K max

ψ
|〈ψ, uk〉|.

Thus

P(ρ(qk) < 1|Γ) ≥ P(2
√
K max

ψ
|〈ψ, uk〉| < 1|Γ) = P

(
max
ψ
|〈ψ, uk〉| < 1

2
√
K
|Γ
)
.

From the basic properties of singular values we recall that

‖ΦH
optq‖2

‖q‖2

≥ σmin(Φopt) ≥ 0.5

for all vectors q in the range of Φopt.

This gives us

0.5‖q‖2

‖ΦH
optq‖2

≤ 1.

Since qk is in the column space of Φopt, for uk defined above we have

‖uk‖2 ≤ 1.
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From the above we get

P
(

max
k
ρ(qk) < 1|Γ

)
≥ P

(
max
k

max
ψ
|〈ψ, uk〉| < 1

2
√
K
|Γ
)

In the R.H.S. we can exchange the order of two maxima. This gives us

P
(

max
k

max
ψ
|〈ψ, uk〉| < 1

2
√
K
|Γ
)

= P
(

max
ψ

max
k
|〈ψ, uk〉| < 1

2
√
K
|Γ
)
.

We also note that columns of Ψ are independent. Thus in above we

require that for each column of Ψ maxk |〈ψ, uk〉| < 1
2
√
K

should hold

independently. Hence we can say

P
(

max
ψ

max
k
|〈ψ, uk〉| < 1

2
√
K
|Γ
)

=
∏
ψ

P
(

max
k
|〈ψ, uk〉| < 1

2
√
K
|Γ
)
.

We recall that event Γ depends only on columns of Φopt. Hence columns

of Ψ are independent of Γ. Thus∏
ψ

P
(

max
k
|〈ψ, uk〉| < 1

2
√
K
|Γ
)

=
∏
ψ

P
(

max
k
|〈ψ, uk〉| < 1

2
√
K

)
.

Finally since the sequence {uk} depends only on columns of Φopt, hence

columns of Ψ are independent of {uk}, thus we can take help of (M2)

to get∏
ψ

P
(

max
k
|〈ψ, uk〉| < 1

2
√
K

)
≥
(

1− 2K exp

(
−cM

4K

))N−K
.

This gives us the lower bound

P
(

max
k
ρ(qk) < 1|Γ

)
≥
(

1− 2K exp

(
−cM

4K

))N−K
.

Finally plugging in the lower bound for P(Γ) we get

P(Esucc) ≥
(

1− 2K exp

(
−cM

4K

))N−K
(1− exp(−cM)). (7.3.4)

All that is remaining now is to simplify this expression.
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We recall that we assumed in the theorem statement

M ≥ CK ln

(
N

δ

)
=⇒ M

CK
≥ ln

(
N

δ

)
=⇒ exp

(
M

CK

)
≥ N

δ

=⇒ δ

N
≥ exp

(
− M

CK

)
=⇒ δ ≥ N exp

(
− M

CK

)
.

(7.3.5)

But we assumed that 0 < δ < 1, thus

N exp

(
− M

CK

)
< 1.

If we choose C ≥ 4
c

then

− 1

C
≥ − c

4

=⇒ − M

CK
≥ −cM

4K

=⇒ exp

(
− M

CK

)
≥ exp

(
−cM

4K

)
=⇒ N exp

(
− M

CK

)
≥ 2K exp

(
−cM

4K

)
=⇒ 1 > δ ≥ 2K exp

(
−cM

4K

)
(7.3.6)

where we assumed that N � 2K.

We recall that

(1− x)k ≥ 1− kx if k ≥ 1 and x ≤ 1.

Applying on (7.3.4) we get

P(Esucc) ≥ 1− 2K(N −K) exp

(
−cM

4K

)
− exp(−cM). (7.3.7)

We ignored the 4-th term in this expansion.
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Now we can safely assume that K(N −K) ≥ N2

4
giving us

P(Esucc) ≥ 1− N2

2
exp

(
−cM

4K

)
− exp(−cM).

If we choose C ≥ 8
c

then following (7.3.6) we can get

N exp

(
− M

CK

)
≥ N exp

(
−cM

8K

)
=⇒ δ ≥ N exp

(
−cM

8K

)
=⇒ δ2 ≥ N2 exp

(
−cM

4K

)
=⇒ 1− δ2

2
≤ 1− N2

2
exp

(
−cM

4K

)
.

(7.3.8)

Thus

P(Esucc) ≥ 1− δ2

2
− exp(−cM).

Some further simplification can give us

P(Esucc) ≥ 1− δ.

Thus with a suitable choice of the constant C, a choice of M ≥
CK ln

(
N
δ

)
with δ ∈ (0, 1) is sufficient to reduce the failure probability

below δ. �
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Input: Sensing matrix Φ ∈ RM×N

Input: Measurement vector y ∈ RM

Input: Sparsity level K

Output: A K-sparse estimate x̂ ∈ ΣK ⊆ RN for the ideal signal x

Output: An index set ΛK ⊂ {1, . . . , N} identifying the support of x̂

Output: An approximation yK ∈ RM of y

Output: A residual rK = y − yK ∈ RM

// Initialization

k ← 0 ; // Iteration counter

x0 ← 0 ; // Estimate of x ∈ RN

y0 ← Φx0 // Approximation of y

r0 ← y − y0 ; // Residual r ∈ RM

Λ0 ← ∅ ; // Solution support Λ = supp(x̂)

while k < K do

k ← k + 1 ; // Increase the iteration count

// Sweep

λk = arg max
1≤j≤N

|〈rk−1, φj〉| ; // maximum inner product

// Update support

Λk ← Λk−1 ∪ {λk} ;

// Update provisional solution

xk ← minimize
x

‖Φx− y‖22 subject to supp(x) = Λk;

// Update residual

yk = Φxk ;

rk = y − yk ;

if rk = 0 then

break ;

end

end

x̂← xk ; // Return estimate

Figure 7.2. Orthogonal matching pursuit for sparse re-

covery in CS
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7.4. Analysis of OMP using Restricted Isometry Property

In this section we present an alternative analysis of OMP algorithm

using the Restricted Isometry Property of the matrix Φ [17].

α̂, r, Λ̂ = OMP(Φ, x);

α0 ← 0;

r0 ← x ; // r = x− Φα

Λ0 = ∅ ; // Index set of chosen atoms

k ← 0 ; // Iteration counter

repeat

hk+1 ← ΦHrk ; // Match

λk+1 = arg max
j /∈Λk

|hk+1
j |; // Identify

Λk+1 ← Λk ∪ {λk+1} ; // Update support

αk+1 ← 0 ;

αk+1
Λk+1 ← Φ†

Λk+1x ; // Update representation LS

xk+1 = Φαk+1 ; // Update approximation

rk+1 ← x− xk+1 ; // Update residual

k ← k + 1; // Update iteration counter

until halting criteria is satisfied ;

α̂← αk ; Λ̂← Λk ; r ← rk ;

Figure 7.3. Orthogonal matching pursuit [17]

The OMP algorithm is presented again in fig. 7.3. We will follow the

notation of section 7.2 with slight changes and additions as explained

below.

7.4.1. A re-look at the OMP algorithm

Before we get into the RIP based analysis of OMP, it would be useful

to get some new insights into the behavior of OMP algorithm. These

insights will help us a lot in performing the analysis later.
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We will use the symbol Λ to denote the index set of chosen atoms at

any stage during the algorithm execution. Earlier we used the symbol

S.

We will assume throughout that whenever |Λ| ≤ K, then ΦΛ is full

rank.

Naturally the pseudo-inverse is given by

Φ†Λ =
(
ΦH

Λ ΦΛ

)−1
ΦH

Λ . (7.4.1)

The orthogonal projection operator to the column space for ΦΛ is given

by

PΛ = ΦΛΦ†Λ. (7.4.2)

The orthogonal projection operator onto the orthogonal complement

of C(ΦΛ) (column space of ΦΛ) is given by

P⊥Λ = I − PΛ. (7.4.3)

Both PΛ and P⊥Λ satisfy the usual properties like P = PH and P 2 = P .

We further define

ΨΛ = P⊥Λ Φ. (7.4.4)

We are orthogonalizing the columns in Φ against C(ΦΛ), i.e. taking the

component of the column which is orthogonal to the column space of

ΦΛ). Obviously the columns in ΨΛ corresponding to the index set Λ

would be 0.

We will make some further observations on the behavior of OMP algo-

rithm [17].

Recall that the approximation after the k-th iteration is given by

αkΛk = Φ†
Λkx and αkΛkc = 0.

The residual after k-th iteration is given by

rk = x− Φαk
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and by construction rk is orthogonal to ΦΛk .

We can actually write

Φαk = ΦΛα
k
Λk + ΦΛkcαkΛc = ΦΛkαkΛk .

Thus,
rk = x− ΦΛkαkΛk

= x− ΦΛkΦ†
Λkx

= (I − PΛk)x = P⊥Λkx.

In summary

rk = P⊥Λkx. (7.4.5)

This shows that it is not actually necessary to compute αk in order to

find rk. An equivalent way of writing OMP algorithm could be as in

fig. 7.4.

while halting criteria do

hk+1 ← ΦHrk ; // Match

λk+1 ← arg max
j /∈Λk

|hk+1
j | ; // Identify

Λk+1 ← Λk ∪ {λk+1} ; // Update support

rk+1 ← P⊥
Λk+1x ; // Update residual

k ← k + 1 ;

end

α̂Λk ← Φ†
Λkx ;

α̂Λkc ← 0;

Figure 7.4. Sketch of OMP without intermediate αk

computation

In the matching step, we are correlating rk with columns of Φ. Since rk

is orthogonal to column space of ΦΛk , hence this correlation is identical

to correlating rk with ΨΛk .

To see this, observe that

rk = P⊥Λkx = P⊥ΛkP
⊥
Λkx = (P⊥Λk)HP⊥Λkx. (7.4.6)
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Thus,

hk+1 = ΦHrk = ΦH(P⊥Λk)HP⊥Λkx

=
(
P⊥ΛkΦ

)H
P⊥Λkx = (ΨΛk)H rk.

(7.4.7)

On similar lines, we can also see that

hk+1 = ΦHrk = ΦHP⊥Λkx = ΦH
(
P⊥Λk

)H
x = (ΨΛk)H x.

i.e. we have

hk+1 = (ΨΛk)H rk = (ΨΛk)H x. (7.4.8)

Thus, we can observe that OMP can be further simplified and we don’t

even need to compute rk in order to compute hk+1.

There is one catch though. If the halting criterion depends on the need

to compute the residual energy, then we certainly need to compute rk.

If the halting criteria is simply the number of K iterations, then we

don’t need to compute rk.

The revised OMP algorithm sketch is presented in fig. 7.5.

while halting criteria do

hk+1 ← (ΨΛk)H x ; // Match

λk+1 ← arg max
i/∈Λk

|hk+1
i | ; // Identify

Λk+1 ← Λk ∪ {λk+1} ; // Update support

k ← k + 1 ;

end

α̂Λk ← Φ†
Λkx ;

α̂Λkc ← 0;

Figure 7.5. Sketch of OMP without intermediate αk

computation

With this the OMP algorithm is considerably simplified from the per-

spective of analyzing its recovery guarantees.
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Coming back to hk+1, note that the columns of ΨΛk indexed by Λk are

all 0s. Thus

hk+1
j = 0 ∀ j ∈ Λk. (7.4.9)

This makes it obvious that λk+1 /∈ Λ and consequently |Λk| = k (in-

ductively).

Lastly for the case of noise free model x = Φα, we may write

rk = P⊥Λkx = P⊥ΛkΦα = ΨΛkα.

Since columns of ΨΛk indexed by Λk are 0, hence when supp(α) ⊆ Λk,

then rk = 0. In this case αk = α exactly since it is a least squares

estimate over ΦΛk .

For the same reason, if we construct a vector α̃k by zeroing out the

entries indexed by Λk i.e.

α̃kΛk = 0 and α̃Λkc = αΛkc (7.4.10)

then

rk = ΨΛk α̃k. (7.4.11)

If ‖α‖0 = K, then ‖α̃k‖0 = K − k.

Lastly putting rk back in (7.4.8), we obtain

hk+1 = (ΨΛk)H ΨΛk α̃k. (7.4.12)

In this version, we see that hk+1 is computed by applying the matrix

(ΨΛk)H ΨΛk to the (K − k) sparse vector α̃k.

We are now ready to carry out RIP based analysis of OMP.

7.4.2. RIP based analysis of OMP

In this section, our analysis will focus on the case for real signals and

real dictionaries i.e. Φ ∈ RN×D and α ∈ RD. We will attack the noise

free case.

Some results for matrices that satisfy RIP will be useful in the upcom-

ing analysis.
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The following result applies to approximate preservation of the inner

product of sparse signals u, v ∈ RD.

If u, v ∈ RN and K ≥ max(‖u+ v‖0, ‖u− v‖0). Then

|〈Φu,Φv〉 − 〈u, v〉| ≤ δK‖u‖2‖v‖2. (7.4.13)

The next result shows that the matrix ΨΛ also satisfies a modified

version of RIP. Let |Λ| < K. Then(
1− δK

1− δK

)
‖x‖2

2 ≤ ‖ΨΛx‖2
2 ≤ (1 + δK)‖x‖2

2 (7.4.14)

whenever ‖x‖0 ≤ K − |Λ| and supp(x) ∩ Λ = ∅.

If Φ satisfies RIP of order K, then ΨΛ acts as an approximate isometry

on every (K − |Λ|)-sparse vector supported on Λc.

From (7.4.11) recall that the residual vector rk is formed by applying

ΨΛk to α̃k which is a K − k sparse vector supported on Λkc.

Our interest is in combining above two results and get some bound on

the inner products hk+1
j . Exactly what kind of bound? When Λk has

been identified, our interest is in ensuring that the next index is chosen

from the set supp(α) \ Λk. A useful way to ensure this would be to

verify if the entries in hk+1 are close to α̃k. If they are, then they would

be 0 over Λk , they would be pretty high over supp(α) \ Λk and lastly,

very small over supp(α)c which is what we want.

The next result develops these bounds around (7.4.12).

Lemma 7.6 Let Λ ⊂ {1, . . . , D} and suppose α̃ ∈ RD with supp(α̃)∩
Λ = ∅. Define

h = ΨT
ΛΨΛα̃. (7.4.15)

Then if Φ satisfies the RIP of order K ≥ ‖α̃‖0 + |Λ| + 1 with

isometry constant δK, we have

|hj − α̃j| ≤
δK

1− δK
‖α̃‖2 ∀ j /∈ Λ. (7.4.16)
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Note that |Λ| is the number of entries in the the discovered part of the

support at any iteration in OMP and ‖α̃‖0 is the number of entries in

not yet discovered part of the support.

Proof. We have |Λ| < K and ‖α̃‖0 < K−|Λ|. Thus, from (7.4.14),

we obtain(
1− δK

1− δK

)
‖α̃‖2

2 ≤ ‖ΨΛα̃‖2
2 ≤ (1 + δK)‖α̃‖2

2. (7.4.17)

We can make a statement saying ΨΛ satisfies a RIP of order (‖α̃‖0 +

|Λ|+ 1)− |Λ| = ‖α̃‖0 + 1 with a RIP constant δK
1−δK

.

By the definition of h, we have

hj = 〈ΨΛα̃,ΨΛej〉

where hj is the j-th entry in h and ej denotes the j-th vector from the

Dirac basis. We already know that hj = 0 for all j ∈ Λ.

Consider j /∈ Λ and take the two vectors α̃ and ej.

We can easily see that

‖α̃± ej‖0 ≤ ‖α̃‖0 + 1

and

supp(α̃± ej) ∩ Λ = ∅.

Applying (7.4.13) on the two vectors with ΨΛ as our RIP matrix, we

see that

|〈ΨΛα̃,ΨΛej〉 − 〈α̃, ej〉| ≤
δK

1− δK
‖α̃‖2‖ej‖2.

But

|〈ΨΛα̃,ΨΛej〉 − 〈α̃, ej〉| = |hj − α̃j|.

Noting that ‖ej‖2 = 1, we get our desired result. �

With this bound in place, we can develop a sufficient condition under

which the identification step of OMP (which identifies the new index

λk+1) will succeed.
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The following corollary establishes a lower bound on the largest entry

in α̃ which will ensure that OMP indeed chooses the next index λk

from the support of α̃.

Corollary 7.7. Suppose that Λ, Φ, α̃ meet the assumptions in

lemma 7.6, and let h be as defined in (7.4.15). If

‖α̃‖∞ >
2δK

1− δK
‖α̃‖2, (7.4.18)

we are guaranteed that

arg max
j /∈Λ

|hj| ∈ supp(α̃).

Proof. If (7.4.16) is satisfied, then for indices j /∈ supp(α̃), we

will have

|hj| ≤
δK

1− δK
‖α̃‖2.

We already know that hj = 0 for all j ∈ Λ.

If (7.4.18) is satisfied, then there exists j ∈ supp(α̃) with

|α̃j| >
2δK

1− δK
‖α̃‖2.

For this particular j, applying triangular inequality on (7.4.16)

δK
1− δK

‖α̃‖2 ≥ |hj − α̃j| ≥ |α̃j| − |hj|.

Thus

|hj| ≥ |α̃j| −
δK

1− δK
‖α̃‖2

>
2δK

1− δK
‖α̃‖2 −

δK
1− δK

‖α̃‖2

=
δK

1− δK
‖α̃‖2.

We have established that there exists some j ∈ supp(α̃) for which

|hj| >
δK

1− δK
‖α̃‖2
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and for every j /∈ supp(α̃)

|hj| ≤
δK

1− δK
‖α̃‖2.

Together, they establish that OMP will indeed choose an index from

the correct set. �

All we need to do now is to make sure that (7.4.18) is satisfied by

choosing δK small enough.

Theorem 7.8 [17] Suppose that Φ satisfies the RIP of order K+1

with isometry constant δ < 1
2
√
K+1

. Then for any α ∈ RD with

‖α‖0 ≤ K, OMP will recover α exactly from x = Φα in K itera-

tions.

The upper bound on δ can be simplified can be simplified as δ < 1
3
√
K

.

Proof. The proof works by induction. We show that under the

stated conditions, λ1 ∈ supp(α). Then we show that whenever λk ∈
supp(α) then λk+1 also ∈ supp(α).

For the first iteration, we have

h1 = ΦTΦx.

Note that Φ = Ψ∅.

It is given that ‖α‖0 ≤ K. Thus:

‖α‖∞ ≥
‖α‖2√
K
.

Now δ < 1
3
√
K

or δ < 1
2
√
K+1

implies that

2δ

1− δ
<

1√
K
. (7.4.19)
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This can be seen as follows. Assuming K ≥ 1, we have:

3
√
K ≥ 2

√
K + 1

=⇒ 1

3
√
K
≤ 1

2
√
K + 1

=⇒ δ <
1

2
√
K + 1

=⇒ 2δ
√
K + δ < 1

=⇒ 2δ
√
K < 1− δ

=⇒ 2δ

1− δ
<

1√
K
.

Therefore

‖α‖∞ >
2δ

1− δ
‖α‖2

and (7.4.18) is satisfied and λ1 will indeed be chosen from supp(α) due

to corollary 7.7.

We now assume that OMP has correctly discovered indices up to λ1, . . . , λk.

i.e.

Λk ⊂ supp(α).

We have to show that it will also correctly discover λk+1.

From the definition of α̃ in (7.4.10), we know that supp
(
α̃k
)
∩Λk = ∅.

Thus

‖α̃k‖0 ≤ K − k.

We also know that |Λk| = k. By assumption Φ satisfies RIP of order

K + 1 = (K − k) + k + 1. Thus

K + 1 ≥ ‖α̃k‖0 + |Λk|+ 1.

Also:

‖α̃k‖∞ ≥
‖α̃k‖2√
K − k

≥ ‖α̃
k‖2√
K

.

Using (7.4.19), we get

‖α̃k‖∞ >
2δ

1− δ
‖α̃k‖2.
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This is the sufficient condition for corollary 7.7 in (7.4.18) giving us

λk+1 = arg max
j /∈Λk

|hk+1
j | ∈ supp(α̃k).

Hence Λk+1 ⊆ supp(α). �

7.5. Compressive Sampling Matching Pursuit

We now turn our attention to CoSaMP ( Compressive Sampling Match-

ing Pursuit) developed in [29]. This algorithm follows in the tradition

of orthogonal matching pursuit while bringing in other ideas from many

recent developments in the field leading to an algorithm which is much

more robust, fast and provides much stronger guarantees. As noted in

section 2.8 compressive sampling is just another name for compressed

sensing. We will adapt the discussion on CoSaMP to follow the termi-

nology we have adopted in this book.

This algorithm has many impressive features:

• It can work with a variety of sensing matrices.

• It works with minimal number of measurements (c.f. basis

pursuit).

• It is robust against presence of measurement noise (OMP has

not such claim).

• It provides optimal error guarantees for every signal (sparse

signals, compressible signals, completely arbitrary signals).

• The algorithm is quite efficient in terms of resource (memory,

CPU) requirements.

As we move along in this section, we will understand the algorithm

and validate all of these claims. Hopefully through this process we will

have a very good understanding of how to evaluate the quality of signal

recovery algorithm.
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z = CoSaMP(Φ, y,K);

Input: Sensing matrix Φ ∈ CM×N

Input: Measurement: y ∈ CM where y = Φx+ e

Input: Sparsity level: K

Output: z: a K-sparse approximation of the signal:x ∈ CN

// Initialization

z0 = 0; // Initial approximation

r0 = y ; // Residual y − Φz

k = 0 ; // Iteration counter

repeat

k ← k + 1;

p← ΦHrk−1 ; // Form signal proxy

Ω = supp(p|2K) ; // Identify 2K large components

T ← Ω ∪ supp(zk−1) ; // Merge supports

bT ← Φ†T y ; // Estimation by least-squares

bT c ← 0 ;

zk ← b|K ; // Prune to obtain next approximation

rk ← y − Φzk ; // Update residual

until halting criteria is true;

Figure 7.6. CoSaMP for iterative sparse signal recovery

7.5.1. Algorithm

The algorithm itself is presented in fig. 7.6. Let us set out the notation

before proceeding further. Most of the things are as usual, with few

minor updates.

• x ∈ CN represents the signal which is to be estimated through

the algorithm. x is unknown to us within the algorithm.

• As usual N is the dimension of ambient signal space, K �
N is the sparsity level of of the approximation of x that we

are estimating and M is the dimension of measurement space

(number of measurementsK < M � N). We note that x itself

may not be K-sparse. Our algorithm is designed to estimate

a K-sparse approximation of x.
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• Φ ∈ CM×N represents our sensing matrix. Its known to us.

• y = Φx + e represents the measurement vector belonging to

CM . This is known to us.

• e ∈ CM represents the measurement noise which is unknown

to us within the algorithm.

• k represents the iteration (or step) counter within the algo-

rithm.

• z ∈ CN represents our estimate of x. z is updated iteratively.

• zk represents the estimate of x at the end of k-th iteration.

• We start with zk = 0 and update it in each cycle.

• p ∈ CN represents a proxy for x − zk−1. We will explain it

shortly.

• T , Ω etc. represent index sets (subsets of {1, 2, . . . , N}).
• For any v ∈ CN and any index set T ⊂ {1, 2, . . . , N}, vT can

mean either of the two things:

– A vector in C|T | consisting of only those entries in v which

are indexed by T .

– A vector in CN whose entries indexed by T are same as

that of v while entries indexed by {1, 2, . . . , N}\T are set

all to zero.

vT (i) =

{
v(i) if i ∈ T ;

0 otherwise.
(7.5.1)

• For any v ∈ CN and any scalar 1 ≤ n ≤ N , v|n means a vector

in CN which consists of the n largest (in magnitude) entries

of v (at the corresponding indices) while rest of the entries in

v|n are 0.

• With an index set T , ΦT means an M × |T | matrix consisting

of selected columns of Φ indexed by T .

• r ∈ CM represents the difference between the actual measure-

ment vector y and estimated measurement vector Φz.

• Ideal estimate of r would be e itself. But that won’t be possible

to achieve in general.
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• x|K is the best K-sparse approximation of x which can be

estimated by our algorithm (definition 2.12).

Example 7.2: Clarifying the notation in CoSaMP Let us con-

sider

x = (−1, 5, 8, 0, 0,−3, 0, 0, 0, 0)

Then

x|2 = (0, 5, 8, 0, 0, 0, 0, 0, 0, 0)

Also

x|4 = x

since x happens to be 4-sparse.

x{1,2,3,4} = (−1, 5, 8, 0, 0, 0, 0, 0, 0, 0)

or

x{1,2,3,4} = (−1, 5, 8, 0)

in different contexts. �

7.5.1.1. The signal proxy. As we have learnt by now that the

most challenging part in a signal recovery algorithm is to identify the

support of the K-sparse approximation. OMP identifies one index in

the support at each iteration and hopes that it never makes any mis-

takes. It ends up taking K iterations and solving K least squares prob-

lems. If there could be a simple way which could identify the support

quickly (even if roughly), that can help in tremendously accelerating

the algorithm. The fundamental innovation in CoSaMP is to identify

the support through the signal proxy.

If x is K-sparse and Φ satisfies RIP (see section 3.1) or order K with

the restricted isometry constant δK � 1 then it can be argued that

p = ΦHΦx can serve as a proxy for the signal x. In particular the largest

K entries of p point towards the largest K entries of x. Although we

don’t know x inside the algorithm, yet we have y = Φx (assuming error

to be 0), the proxy can be easily estimated by computing p = ΦHy.



334 7. MATCHING PURSUIT ALGORITHMS

This is the key idea in CoSaMP. Rather than identifying just one new

index in support of x, it tries to identify whole of support by picking

up the largest 2K entries of p. It then solves a least squares problem

around the columns of Φ indexed by this support set. It keeps only

the K largest entries from the least squares solution as an estimate

of x. Off course there is no guarantee that in a single attempt the

support of x will be recovered completely. Hence the residual between

actual measurement vector y and estimated measurement vector Φz is

computed and it is used to identify other indices of supp(x) iteratively.

7.5.1.2. Core of algorithm. There are two things which are es-

timated in each iteration of algorithm

• K-sparse estimate of x at k-th step: zk.

• Residual at k-th step: rk

We start with a trivial estimate z0 = 0 and improve it in each iteration.

r0 is nothing but the measurement vector y.

As explained before rk is the difference between actual measurement

vector y and the estimated measurement vector Φzk. This rk is used

for computing the signal proxy at k-th step.

Concretely assuming e = 0

p = ΦHrk = ΦH(y − Φzk) = ΦHΦ(x− zk).

Thus p is actually the proxy of the difference between original signal

and estimated signal.

During each iteration, the algorithm performs following tasks

Identification: The algorithm forms a proxy of the residual rk−1 and

locates the 2K largest entries of the proxy.

Support merger: The set of newly identified indices is merged with

the set of indices that appear in the current approximation

zk−1 (i.e. supp(zk−1)).
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Estimation: The algorithm solves a least squares problem to approx-

imate the signal x on the merged set of indices.

Pruning: The algorithm produces a new approximation zk by retain-

ing only the largest K entries in the least squares solution.

Residual update: Finally the new residual rk between original mea-

surement vector y and estimated measurement vector Φzk is

computed.

The steps are repeated until the halting criteria is reached. We will

discuss the halting criteria in detail later. A possible halting criteria is

when the norm of residual rk reaches a very small value.

7.5.2. CoSaMP analysis sparse case

In this subsection, we will carry out a detailed theoretical analysis of

CoSaMP algorithm for sparse signal recovery.

We will make following assumptions in the analysis:

• The sparsity level K is fixed and known in advance.

• The signal x is K-sparse (i.e. x ∈ ΣK ⊂ CN).

• The sensing matrix Φ satisfies RIP of order 4K with δ4K ≤ 0.1.

• Measurement error e ∈ CM is arbitrary.

For each iteration, we need to define one more quantity: recovery

error

dk = x− zk. (7.5.2)

dk captures the difference between actual signal x and estimated signal

zk at the end of k-th iteration. Under ideal recovery, dk should become

0 as k increases. Since we don’t know x within the algorithm, we cannot

see dk either directly. We do have following equation

rk = y − Φzk = Φx+ e− Φzk = Φ(x− zk) + e = Φdk + e.

We will show that in each iteration, CoSaMP reduces the recovery error

by a constant factor while adding a small multiple of the measurement
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noise ‖e‖2. As a result, when recovery error is large compared to mea-

surement noise, the algorithm makes substantial progress in each step.

The algorithm stops making progress when recovery error is of the

order of measurement noise.

We will consider some iteration k ≥ 1 and analyze the behavior of each

of the steps: identification, support merger, estimation, pruning and

residual update one by one. At the beginning of the iteration we have

rk−1 = Φ(x− zk−1) + e = Φdk−1 + e.

The quantities of interest are zk−1, rk−1 and dk−1 out of which dk−1 is

unknowable. In order to simplify the equations below we will write

r = rk−1, z = zk−1 and d = dk−1.

7.5.2.1. Identification. We start our analysis with the identifi-

cation step in the main loop of CoSaMP (fig. 7.6).

We compute p = ΦHr and consider Ω = supp(p|2K) as the index set of

largest 2K indices in p. We will show that most of the energy in d (the

recovery error) is concentrated in the entries indexed by Ω. i.e. we will

be looking for a bound of the form

‖dΩc‖2 � ‖d‖2.

Since x is K-sparse and z is K-sparse hence d is 2K-sparse. Actually

in first iteration where z0 = 0, support of d0 is same as support of x.

In later iterations it may include more indices. Let

Γ = supp(d).

We remind that Ω is known to us while Γ is unknown to us. Ideal

case would be when Γ ⊆ Ω. Then we would have recovered whole of

support of x; recovering x would therefore be easier. It so happens, life

is not that easy. So let us examine what are the differences between
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the two sets. We have |Ω| ≤ 2K and |Γ| ≤ 2K. Moreover, Ω indexes

2K largest entries in p. Thus we have (due to lemma 2.17)

‖pΓ‖2 ≤ ‖pΩ‖2. (7.5.3)

where pΓ, pΩ ∈ CN are obtained from p as per definition 2.10.

Squaring (7.5.3) on both sides and expanding we get∑
γ∈Γ

|pγ|2 ≤
∑
ω∈Ω

|pω|2.

Now we do hope that some of the entries are common in both sides.

Those entries are indexed by Γ ∩ Ω. The remaining entries on L.H.S.

are indexed by Γ \ Ω and on the R.H.S. are indexed by Ω \ Γ. So we

have

‖pΓ\Ω‖2
2 ≤ ‖pΩ\Γ‖2

2 =⇒ ‖pΓ\Ω‖2 ≤ ‖pΩ\Γ‖2. (7.5.4)

For both Γ \ Ω and Ω \ Γ we have

|Γ \ Ω| ≤ 2K and |Ω \ Γ| ≤ 2K.

The worst case happens when both sets are totally disjoint.

Let us first examine the R.H.S and find an upper bound for it.

‖pΩ\Γ‖2 = ‖ΦH
Ω\Γr‖2

= ‖ΦH
Ω\Γ(Φd+ e)‖2

≤ ‖ΦH
Ω\ΓΦd‖2 + ‖ΦH

Ω\Γe‖2.

(7.5.5)

At this juncture, its worthwhile to scan various results in section 3.1

since we are going to need many of them in the following steps.

Let us look at the term ‖ΦH
Ω\ΓΦd‖2. We have |Ω \ Γ| ≤ 2K. Further

d is 2K sparse and sits over Γ which is disjoint with Ω \ Γ. Together

|Γ ∪ Ω| ≤ 4K. A straightforward application of corollary 3.21 gives us

‖ΦH
Ω\ΓΦd‖2 ≤ δ4K‖d‖2.

Similarly using theorem 3.16 we get

‖ΦH
Ω\Γe‖2 ≤

√
1 + δ2K‖e‖2.
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Combining the two we get

‖pΩ\Γ‖2 ≤ δ4K‖d‖2 +
√

1 + δ2K‖e‖2. (7.5.6)

We now look at L.H.S. and find a lower bound for it.

‖pΓ\Ω‖2 = ‖ΦH
Γ\Ωr‖2

= ‖ΦH
Γ\Ω(Φd+ e)‖2.

(7.5.7)

We will split d as

d = dΓ\Ω + dΩ.

Further we will use a form of triangular inequality as

‖a+ b‖ ≥ ‖a‖ − ‖b‖.

We expand L.H.S.

‖ΦH
Γ\Ω(Φd+ e)‖2 = ‖ΦH

Γ\Ω
(
Φ
(
dΓ\Ω + dΩ

)
+ e
)
‖2

≥ ‖ΦH
Γ\ΩΦdΓ\Ω‖2 − ‖ΦH

Γ\ΩΦdΩ‖2 − ‖ΦH
Γ\Ωe‖2.

(7.5.8)

As before

‖ΦH
Γ\ΩΦdΓ\Ω‖2 = ‖ΦH

Γ\ΩΦΓ\ΩdΓ\Ω‖2.

We can use the lower bound from theorem 3.18 to give us

‖ΦH
Γ\ΩΦΓ\ΩdΓ\Ω‖2 ≥ (1− δ2K)‖dΓ\Ω‖2

since |Γ \ Ω| ≤ 2K.

For the other two terms we need to find their upper bounds since they

appear in negative sign. Applying corollary 3.21 we get

‖ΦH
Γ\ΩΦdΩ‖2 ≤ δ2K‖d‖2.

Again using theorem 3.16 we get

‖ΦH
Γ\Ωe‖2 ≤

√
1 + δ2K‖e‖2.

Putting the three bounds together, we get a lower bound for L.H.S.

‖pΓ\Ω‖2 ≥ (1− δ2K)‖dΓ\Ω‖2 − δ2K‖d‖2 −
√

1 + δ2K‖e‖2. (7.5.9)
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Finally plugging the upper bound from (7.5.6) and lower bound from

(7.5.9) into (7.5.4) we get

(1− δ2K)‖dΓ\Ω‖2 − δ2K‖d‖2 −
√

1 + δ2K‖e‖2 ≤ δ4K‖d‖2 +
√

1 + δ2K‖e‖2

=⇒ (1− δ2K)‖dΓ\Ω‖2 ≤ (δ2K + δ4K) ‖d‖2 + 2
√

1 + δ2K‖e‖2

=⇒ ‖dΓ\Ω‖2 ≤
(δ2K + δ4K) ‖d‖2 + 2

√
1 + δ2K‖e‖2

1− δ2K

.

(7.5.10)

This result is nice but there is a small problem. We would like to get

rid of Γ from L.H.S. and get dΩc instead. Now recall that

Ωc = (Γ ∩ Ωc) ∪ (Γc ∩ Ωc)

where Γ ∩ Ωc and Γc ∩ Ωc are disjoint. Thus

dΩc = dΓ∩Ωc + dΓc∩Ωc .

Since d is 0 on Γc (recall that Γ = supp(d)), hence

dΓc∩Ωc = 0.

As a result

dΩc = dΓ∩Ωc = dΓ\Ω.

This gives us

‖dΩc‖2 ≤
(δ2K + δ4K) ‖d‖2 + 2

√
1 + δ2K‖e‖2

1− δ2K

. (7.5.11)

Let us simplify this equation by using δ2K ≤ δ4K ≤ 0.1 assumed at the

beginning of the analysis. This gives us

1− δ2K ≥ 0.9, δ2K + δ4K ≤ 0.2, 2
√

1 + δ2K ≤ 2
√

1.1 = 2.098.

Thus we get

‖dΩc‖2 ≤
0.2‖d‖2 + 2.098‖e‖2

.9
.

Simplifying

‖dΩc‖2 ≤ 0.223‖d‖2 + 2.331‖e‖2. (7.5.12)

This result tells us that in the absence of measurement noise, at least

78% of energy in the recovery error is indeed concentrated in the entries
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indexed by Ω. Moreover, if the measurement noise is small compared

to the size of recovery error, then this concentration continues to hold.

Thus even if we don’t know Γ directly, Ω is a close approximation for

Γ.

We summarize the analysis for the identification step in the following

lemma.

Lemma 7.9 [Identification] Let Φ satisfy RIP of order 4K with

δ4K ≤ 0.1. At every iteration k in CoSaMP algorithm, let dk−1 =

(x−zk−1) be the recovery error and p = ΦHrk−1 be the signal proxy.

The set Ω = supp(p|2K) contains at most 2K indices and

‖dk−1
Ωc ‖2 ≤ 0.223‖dk−1‖2 + 2.331‖e‖2 (7.5.13)

i.e. most of the energy in dk−1 is concentrated in the entries in-

dexed by Ω when measurement noise is small.

7.5.2.2. Support merger. The next step in a CoSaMP iteration

is support merger. Recalling from fig. 7.6, the step involves computing

T = Ω ∪ supp(z)

i.e. we merge the support of current signal estimate z with the newly

identified set of indices Ω.

In previous lemma we were able to show how well the recovery error

is concentrated over the index set Ω. But we didn’t establish anything

concrete about how x is concentrated. In the support merger step, we

will be able to show that x is highly concentrated over the index set T .

For this we will need to find an upper bound on ‖xT c‖2 i.e. the energy

of entries in x which are not covered by T .

We recall that |Ω| ≤ 2K and since z is a K-sparse estimate of x hence

| supp(z)| ≤ K. Thus

|T | ≤ 3K.

Clearly

T c = Ωc ∩ supp(z)c ⊂ Ωc.
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Further since supp(z) ⊂ T hence zT c = 0. Thus

xT c = (x− z)T c = dT c .

Since T c ⊂ Ωc hence

‖dT c‖2 ≤ ‖dΩc‖2.

Combining these facts we can write

‖xT c‖2 = ‖dT c‖2 ≤ ‖dΩc‖2.

We summarize this analysis in following lemma.

Lemma 7.10 [Support merger] Let Ω be a set of at most 2K

entries. The set T = Ω∪ supp(zk−1) contains at most 3K entries,

and

‖xT c‖2 ≤ ‖dΩc‖2. (7.5.14)

Note that this inequality says nothing about how Ω is chosen. But we

can use an upper bound on ‖dΩc‖2 from lemma 7.9 to get an upper

bound on ‖xT c‖2.

7.5.2.3. Estimation. Next step is a least square estimate of x

over the columns indexed by T . Recalling from fig. 7.6 we compute

bT = Φ†Ty = Φ†T (Φx+ e).

We also set bT c = 0. We have

b = bT + bT c = bT .

Since |T | ≤ 3K, b is a 3K-sparse approximation of x. What we need

here is a bound over the approximation error ‖x−b‖2. We have already

obtained a bound on ‖xT c‖2. If an upper bound on ‖x − b‖2 depends

on ‖xT c‖2 and off course measurement noise ‖e‖2 that would be quite

reasonable.

We start with splitting x over T and T c.

x = xT + xT c .



342 7. MATCHING PURSUIT ALGORITHMS

Since supp(b) ⊂ T hence

x− b = xT + xT c − bT = (xT − bT ) + xT c .

This gives us

‖x− b‖2 ≤ ‖xT − bT‖2 + ‖xT c‖2.

We will now expand the term ‖xT − bT‖2.

‖xT − bT‖2 = ‖xT − Φ†T (Φx+ e)‖2 = ‖xT − Φ†T (ΦxT + ΦxT c + e)‖2

Now since ΦT is full column rank (since Φ satisfies RIP of order 3K)

hence Φ†TΦT = I. Also ΦxT = ΦTxT (since column columns indexed

by T are involved). This helps us cancel xT − Φ†TΦxT . Thus

‖xT − bT‖2 = ‖Φ†T (ΦxT c + e)‖2 ≤ ‖(ΦH
T ΦT )−1ΦH

T ΦxT c‖2 + ‖Φ†T e‖2.

Let us look at the terms on R.H.S. one by one. Let v = ΦH
T ΦxT c . Then

‖(ΦH
T ΦT )−1ΦH

T ΦxT c‖2 = ‖(ΦH
T ΦT )−1v‖2.

This perfectly fits theorem 3.18 with |T | ≤ 3K giving us

‖(ΦH
T ΦT )−1ΦTΦxT c‖2 ≤

1

1− δ3K

‖ΦH
T ΦxT c‖2.

Further, applying corollary 3.21 we get

‖ΦH
T ΦxT c‖2 ≤ δ4K‖xT c‖2

since |T ∪ supp(x)| ≤ 4K.

For the measurement noise term, applying theorem 3.17 we get

‖Φ†T e‖2 ≤
1√

1− δ3K

‖e‖2.

Combining the above inequalities we get

‖x− b‖2 ≤
[
1 +

δ4K

1− δ3K

]
‖xT c‖2 +

1√
1− δ3K

‖e‖2. (7.5.15)

Recalling our assumption that δ3K ≤ δ4K ≤ 0.1 we can simplify the

constants to get

‖x− b‖2 ≤ 1.112‖xT c‖2 + 1.0541‖e‖2. (7.5.16)

We summarize the analysis in this step in the following lemma.



7.5. COSAMP 343

Lemma 7.11 [Estimation] Let T be a set of at most 3K indices,

and define the least squares signal estimate b by the formula

bT = Φ†Ty = Φ†T (Φx+ e) and bT c = 0.

If Φ satisfies RIP of order 4K with δ4K ≤ 0.1 then the following

holds

‖x− b‖2 ≤ 1.112‖xT c‖2 + 1.0541‖e‖2. (7.5.17)

Note that the lemma doesn’t make any assumptions about how T is

arrived at except that |T | ≤ 3K. Also, this analysis assumes that

the least squares solution is of infinite precision given by Φ†Ty. The

approximation error in an iterative least squares solution needs to be

separately analyzed to identify the number of required steps so that

the least squares error is negligible.

7.5.2.4. Pruning. The last step in the main loop of CoSaMP

(fig. 7.6) is pruning. We compute

zk = b|K

as the next estimate of x by picking the K largest entries in b. We note

that both x and b|K can be regarded as K term approximations of b.

As established in lemma 2.17, b|K is the best K-term approximation of

b. Thus

‖b− b|K‖2 ≤ ‖b− x‖2.

Now

‖x− zk‖2 = ‖x− b+ b− b|K‖2 ≤ ‖x− b‖2 + ‖b− b|K‖2 ≤ 2‖x− b‖2.

This helps us establish that although the 3K-sparse approximation b is

closer to x compared to b|K , but b|K is also not too bad approximation

of x while using only K entries at most. We summarize it in following

lemma.
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Lemma 7.12 The pruned estimate zk = b|K satisfies

‖x− b|k‖2 ≤ 2‖x− b‖2. (7.5.18)

7.5.2.5. The CoSaMP iteration invariant. Having analyzed

each of the steps in the main loop of CoSaMP algorithm, it is time for

us to combine the analysis. Concretely, we wish to establish how much

progress CoSaMP makes in each iteration. Following theorem provides

an upper bound on how the recovery error changes from one iteration

to next iteration. This theorem is known as the iteration invariant for

the sparse case.

Theorem 7.13 [CoSaMP iteration invariant for sparse case] As-

sume that x is K-sparse. Assume that Φ satisfies RIP of order

4K with δ4K ≤ 0.1. For each iteration number k ≥ 1, the signal

estimate zk is K-sparse and satisfies

‖x− zk‖2 ≤
1

2
‖x− zk−1‖2 + 7.5‖e‖2. (7.5.19)

In particular

‖x− zk‖2 ≤ 2−k‖x‖2 + 15‖e‖2. (7.5.20)

This theorem helps us establish that if measurement noise is small,

then the algorithm makes substantial progress in each iteration. The

proof makes use of the lemmas developed above.

Proof. We run the proof in backtracking mode. We start from zk

and go back step by step through pruning, estimation, support merger,

and identification to connect it with zk−1.

From lemma 7.12 we have

‖x− zk‖2 = ‖x− b|K‖2 ≤ 2‖x− b‖2. (7.5.21)
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Applying lemma 7.11 for the least squares estimation step gives us

2‖x− b‖2 ≤ 2 · (1.112‖xT c‖2 + 1.0541‖e‖2) = 2.224‖xT c‖2 + 2.1082‖e‖2.

(7.5.22)

Lemma 7.10 (Support merger) tells us that

‖xT c‖2 ≤ ‖dk−1
Ωc ‖2.

This gives us

‖x− zk‖2 ≤ 2.224‖dk−1
Ωc ‖2 + 2.1082‖e‖2. (7.5.23)

From identification step we have lemma 7.9

‖dk−1
Ωc ‖2 ≤ 0.223‖dk−1‖2 + 2.331‖e‖2.

This gives us

‖x− zk‖2 ≤ 2.224
(
0.223‖dk−1‖2 + 2.331‖e‖2

)
+ 2.1082‖e‖2

≤ 0.5‖dk−1‖2 + 7.5‖e‖2

=
1

2
‖x− zk−1‖2 + 7.5‖e‖2.

(7.5.24)

The constants have been simplified to make them look better.

For the 2nd result in this theorem, we add up the error at each stage

as

(1 + 2−1 + 2−2 + · · ·+ 2−(k−1))7.5‖e‖2 ≤ 2 · 7.5‖e‖2 = 15‖e‖2.

At k = 1 we have z0 = 0. This gives us the result

‖x− zk‖2 ≤ 2−k‖x‖2 + 15‖e‖2. (7.5.25)

�

7.5.3. CoSaMP analysis general case

Having completed the analysis for the sparse case (where the signal

x is K-sparse) it is time for us to generalize the analysis for the case

where x is assumed to be an arbitrary signal in CN . Although it may

look hard at first sight but there is a simple way to transform the prob-

lem into the problem of CoSaMP for the sparse case. Essentially we
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decompose x into its K-sparse approximation and the approximation

error. Further, we absorb the approximation error term into the mea-

surement error term. Since sparse case analysis is applicable for an

arbitrary measurement error, this approach gives us an upper bound

on the performance of CoSaMP over arbitrary signals.

We start with writing

x = x− x|K + x|K (7.5.26)

where x|K is the best K-term approximation of x (lemma 2.17). Thus

we have

y = Φx+ e = Φ(x− x|K + x|K) + e = ΦxK + Φ(x− xK) + e.

We define

ê = Φ(x− xK) + e.

This lets us write

y = Φx|K + ê. (7.5.27)

In this formulation, the problem is equivalent to recovering the K-

sparse signal x|K from the measurement vector y. The results of sec-

tion 7.5.2 and in particular the iteration invariant theorem 7.13 apply

directly. The remaining problem is to estimate the norm of modified

error ê. We have

‖ê‖2 = ‖Φ(x− xK) + e‖2 ≤ ‖Φ(x− xK)‖2 + ‖e‖2.

Another result for RIP on the energy bound of embedding of arbitrary

signals from theorem 3.28 gives us

‖Φ(x− xK)‖2 ≤
√

1 + δK

[
‖x− xK‖2 +

1√
K
‖x− xK‖1

]
. (7.5.28)

Thus we have an upper bound on ‖ê‖2 given by

‖ê‖2 ≤
√

1 + δK

[
‖x− xK‖2 +

1√
K
‖x− xK‖1

]
+ ‖e‖2. (7.5.29)
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Since we have assumed throughout that δ4K ≤ 0.1, it gives us

‖ê‖2 ≤ 1.05

[
‖x− xK‖2 +

1√
K
‖x− xK‖1

]
+ ‖e‖2. (7.5.30)

This inequality is able to combine measurement error and approxima-

tion error into a single expression. To fix ideas further, we define the

notion of unrecoverable energy in CoSaMP.

Definition 7.3 The unrecoverable energy in CoSaMP algo-

rithm is defined as

ν =

[
‖x− xK‖2 +

1√
K
‖x− xK‖1

]
+ ‖e‖2. (7.5.31)

This quantity measures the baseline error in the CoSaMP recovery

consisting of measurement error and approximation error.

Its obvious that

‖ê‖2 ≤ 1.05ν.

We summarize this analysis in following lemma.

Lemma 7.14 Let x ∈ CN be an arbitrary signal. Let x|K be its

best K-term approximation. The measurement vector y = Φx + e

can be expressed as y = Φx|K + ê where

‖ê‖2 ≤ 1.05

[
‖x− xK‖2 +

1√
K
‖x− xK‖1

]
+ ‖e‖2 ≤ 1.05ν.

(7.5.32)

Invoking theorem 7.13 for the iteration invariant for recovery of a sparse

signal gives us

‖x|K − zk‖2 ≤
1

2
‖x|K − zk−1‖2 + 7.5‖ê‖2. (7.5.33)

What remains is to generalize this inequality for the arbitrary signal x

itself. We can write

‖x|K − x+ x− zk‖2 ≤
1

2
‖x|K − x+ x− zk−1‖2 + 7.5‖ê‖2.
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We simplify L.H.S. as

‖x|K−x+x−zk‖2 = ‖(x−zk)− (x−x|K)‖2 ≥ ‖x−zk‖2−‖x−x|K‖2.

On the R.H.S. we expand as

‖x|K − x+ x− zk−1‖2 ≤ ‖x− zk−1‖2 + ‖x− x|K‖2.

Combining the two we get

‖x− zk‖2 ≤ 0.5‖x− zk−1‖2 + 1.5‖x− x|K‖2 + 7.5‖ê‖2.

Putting the estimate of ‖ê‖2 from lemma 7.14 we get

‖x−zk‖2 ≤ 0.5‖x−zk−1‖2+9.375‖x−x|K‖2+
7.875√
K
‖x−xK‖1+7.5‖e‖2.

Now

9.375‖x−x|K‖2+
7.875√
K
‖x−xK‖1+7.5‖e‖2 ≤ 10

([
‖x− xK‖2 +

1√
K
‖x− xK‖1

]
+ ‖e‖2

)
.

Thus we write a simplified expression

‖x− zk‖2 ≤ 0.5‖x− zk−1‖2 + 10ν (7.5.34)

where ν is the unrecoverable energy (definition 7.3).

We can summarize the analysis for the general case in the following

theorem

Theorem 7.15 Assume that Φ satisfies RIP of order 4K with

δ4K ≤ 0.1. For each iteration number k ≥ 1, the signal estimate

zk is K-sparse and satisfies

‖x− zk‖2 ≤
1

2
‖x− zk−1‖2 + 10ν. (7.5.35)

In particular

‖x− zk‖2 ≤ 2−k‖x‖2 + 20ν. (7.5.36)

Proof. 1st result was developed in this section before the theorem.

For the 2nd result in this theorem, we add up the error at each stage

as

(1 + 2−1 + 2−2 + · · ·+ 2−(k−1))10ν ≤ 2 · 10ν = 20ν.
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At k = 1 we have z0 = 0. This gives us the result. �

7.5.3.1. SNR analysis. A sensible though unusual definition of

signal-to-noise ratio (as proposed in [29]) is as follows

SNR = 10 log

(
‖x‖2

ν

)
. (7.5.37)

Essentially the whole of unrecoverable energy is treated as noise. The

signal l2 norm rather than its square is being treated as the measure of

its energy. This is the unusual part. Yet the way ν has been developed,

this definition is quite sensible.

Further we define the reconstruction SNR or recovery SNR as the ratio

between signal energy and recovery error energy.

R-SNR = 10 log

(
‖x‖2

‖x− z‖2

)
. (7.5.38)

Both SNR and R-SNR are expressed in dB. Certainly we have

R-SNR ≤ SNR.

Let us look closely at the iteration invariant

‖x− zk‖2 ≤ 2−k‖x‖2 + 20ν.

In the initial iterations, 2−k‖x‖2 term dominates in the R.H.S. Assum-

ing

2−k‖x‖2 ≥ 20ν

we can write

‖x− zk‖2 ≤ 2 · 2−k‖x‖2.

This gives us

‖x− zk‖2 ≤ 2−k+1‖x‖2

=⇒ ‖x‖2

‖x− z‖2

≥ 2k−1

=⇒ R-SNR ≥ 10(k − 1) log 2 ≥ 3k − 3.

In the later iterations, the 20ν term dominates in the R.H.S. Assuming

2−k‖x‖2 ≤ 20ν
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we can write

‖x− zk‖2 ≤ 2 · 20ν = 40ν.

This gives us

‖x− zk‖2 ≤ 40ν

=⇒ ‖x‖2

‖x− z‖2

≥ 1

40

‖x‖2

ν

=⇒ R-SNR ≥ SNR− 10 log 40 ≥ SNR− 16 = SNR− 13− 3.

We combine these two results into the following

R-SNR ≥ min{3k, SNR− 13} − 3. (7.5.39)

This result tells us that in the initial iterations the reconstruction SNR

keeps improving by 3dB per iteration till it hits the noise floor given

by SNR − 16 dB. Thus roughly the number of iterations required for

converging to the noise floor is given by

k ≈ SNR− 13

3
.

7.6. Digest



CHAPTER 8

Shrinkage and Thresholding Algorithms

In this chapter we will review some algorithms based on shrinkage and

iterative thresholding techniques which can help us solve the sparse

approximation problem and the sparse recovery problem discussed in

chapter 2. These algorithms also fall in the general category of greedy

algorithms.

The presentation in this chapter is based on a number of sources in-

cluding [4, 7, 21, 29].

8.1. Iterative hard thresholding for signal recovery

In this section we will study an algorithm called Iterative Hard Thresh-

olding (IHT) developed in [7].

8.1.1. Algorithm

The algorithm itself is presented in fig. 8.1.

As usual let us review the notation before proceeding further.

• x ∈ CN represents the signal which is to be estimated through

the algorithm. x is unknown to us within the algorithm.

• As usual N is the dimension of ambient signal space, K �
N is the sparsity level of of the approximation of x that we

are estimating and M is the dimension of measurement space

(number of measurementsK < M � N). We note that x itself

may not be K-sparse. Our algorithm is designed to estimate

a K-sparse approximation of x.

• Φ ∈ CM×N represents our sensing matrix. Its known to us.

351
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z = IHT(Φ, y,K);

Input: Sensing matrix Φ

Input: Measurement: y

Input: Sparsity level: K

Output: z: A K-sparse approximation of the target signal:x

// Initialization

z0 = 0; // Initial approximation

r0 = y ; // Residual y − Φz

k = 0 ; // Iteration counter

repeat

k ← k + 1;

p← ΦHrk−1 ; // Compute residual proxy

b← zk−1 + p ; // Add residual proxy to previous estimate

zk = b|K ; // Prune to obtain next approximation

rk ← y − Φzk ; // Update residual

until halting criteria is true;

Figure 8.1. Iterative hard thresholding for sparse sig-

nal recovery

• y = Φx + e represents the measurement vector belonging to

CM . This is known to us.

• e ∈ CM represents the measurement noise which is unknown

to us within the algorithm.

• k represents the iteration (or step) counter within the algo-

rithm.

• z ∈ CN represents our estimate of x. z is updated iteratively.

zk represents the estimate of x at the end of k-th iteration.

• dk = x − zk denotes the recovery error at the end of k-th

iteration.

• We start with zk = 0 and update it in each cycle.

• r ∈ CM represents the difference between the actual measure-

ment vector y and estimated measurement vector Φz. rk is

updated at the end of each iteration.

• p ∈ CN represents a proxy for the recovery error dk−1.
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• b is the sum of previous estimate zk−1 and proxy for recovery

error p.

The core of this algorithm is so simple that it can be summarized into

just one line:

zk = HK

(
zk−1 + ΦH(y − Φzk−1)

)
(8.1.1)

where HK is a hard thresholding operator which keeps the K largest

entries in its input and sets all others to 0. Since we iteratively improve

the estimate and apply hard thresholding operator in each iteration,

hence the name of the algorithm is iterative hard thresholding.

8.1.2. IHTanalysis sparse case

In this subsection, we will carry out a detailed theoretical analysis of

IHTalgorithm for sparse signal recovery.

We will make following assumptions in the analysis:

• The sparsity level K is fixed and known in advance.

• The signal x is K-sparse (i.e. x ∈ ΣK ⊂ CN).

• The sensing matrix Φ satisfies RIP of order 3K with δ3K ≤
1√
32

.

• Measurement error e ∈ CM is arbitrary.

As usual we have the equation connecting r and d

rk−1 = Φdk−1 + e. (8.1.2)

We will consider some iteration k ≥ 1 and analyze the behavior of

the core loop of IHT. We will need some additional notation for the

analysis:

• We define Λ as support of best K-term representation of x.

Λ = supp(x|K) = supp(x) (8.1.3)

since it is assumed that x is K-sparse.
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• We define Ω as the support of K largest components of b (in

k-th iteration) i.e.

Ωk = supp(bk|K). (8.1.4)

• Also we define S and T index sets as follows

S = Λ ∪ Ωk−1, T = Λ ∪ Ωk. (8.1.5)

• We will also need S \ T . Let us define

U = S \ T. (8.1.6)

A word of caution: in the following analysis when we write vT for

some vector v ∈ CR then we will be conveniently switching between

the two interpretations where in one we think vT ∈ C|T | while in other

interpretation we say that vT ∈ CR with vT c set to 0.

Let us examine the support of dk:

supp(dk) = supp(x− zk) ⊆ supp(x)∪ supp(zk) = Λ∪Ωk = T. (8.1.7)

Thus we can safely write

dk = x− zk = xT − zkT . (8.1.8)

Let us now bring b in picture.

‖xT − zkT‖2 = ‖xT − bT + bT − zkT‖2 ≤ ‖xT − bT‖2 +‖zkT − bT‖2. (8.1.9)

We can consider both xT and zkT as K term approximations of bT . But

since zkT is the best K-term approximation of b hence we have

‖zkT − bT‖2 ≤ ‖xT − bT‖2. (8.1.10)

This gives us

‖x− zk‖2 ≤ 2‖xT − bT‖2. (8.1.11)

We now expand b:

b = zk−1 + p = zk−1 + ΦHΦdk−1 + ΦHe.

Thus

xT − bT = xT − zk−1
T − ΦH

T Φdk−1 − ΦH
T e.
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But

xT − zk−1
T = dk−1

T .

Also

supp(dk−1) = supp(x− zk−1) ⊆ supp(x) ∪ supp(zk−1) = Λ ∪Ωk−1 = S.

Thus

dk−1 = dk−1
S .

Hence we can write

Φdk−1 = ΦSd
k−1
S

since only columns of Φ indexed by S will be involved in the product.

Recalling U = S \ T , we can now split

dk−1
S = dk−1

T + dk−1
U .

This lets us write

Φdk−1 = ΦTd
k−1
T + ΦUd

k−1
U .

We can combine these observations to write

xT − bT = dk−1
T − ΦH

T ΦTd
k−1
T − ΦH

T ΦUd
k−1
U − ΦH

T e

= (I − ΦH
T ΦT )dk−1

T − ΦH
T ΦUd

k−1
U − ΦH

T e.

Applying triangle equality we get

‖x− zk‖2 ≤ 2‖xT − bT‖2

≤ 2‖(I − ΦH
T ΦT )dk−1

T ‖2 + 2‖ΦH
T ΦUd

k−1
U ‖2 + 2‖ΦH

T e‖2.

(8.1.12)

Let us look at the terms one by one. T = Λ ∪ Ωk, hence |T | ≤ 2K.

Applying theorem 3.19 we get

‖(I − ΦH
T ΦT )dk−1

T ‖2 ≤ δ2K‖dk−1
T ‖2.

Next since T and U are disjoint and T ∪ U = Λ ∪ Ωk ∪ Ωk−1 hence

application of theorem 3.20 gives us

‖ΦH
T ΦUd

k−1
U ‖2 ≤ δ3K‖dk−1

U ‖2.

Finally theorem 3.16 gives us

‖ΦH
T e‖2 ≤

√
1 + δ2K‖e‖2.
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Combining these results we get

‖x− zk‖2 ≤ 2δ2K‖dk−1
T ‖2 + 2δ3K‖dk−1

U ‖2 +
√

1 + δ2K‖e‖2.

Since δ2K ≤ δ3K we can merge the first two terms on R.H.S. as

δ2K‖dk−1
T ‖2 + δ3K‖dk−1

U ‖2 ≤ δ3K(‖dk−1
T ‖2 + ‖dk−1

U ‖2).

Since S and U are disjoint hence dk−1
T and dk−1

U are orthogonal. Recall-

ing

dk−1 = dk−1
S = dk−1

T + dk−1
U .

we have

‖dk−1‖2
2 = ‖dk−1

T ‖
2
2 + ‖dk−1

U ‖
2
2.

Thus using Pythagorean inequality we have

‖dk−1
T ‖2 + ‖dk−1

U ‖2 ≤
√

2‖dk−1‖2.

Therefore we get

‖x− zk‖2 ≤ 2
√

2δ3K‖dk−1‖2 +
√

1 + δ2K‖e‖2.

Putting δ2K ≤ δ3K ≤ 1√
32

we get

‖x− zk‖2 ≤ 0.5‖x− zk−1‖2 + 2.17‖e‖2. (8.1.13)

Further summing over iterations we get

‖x− zk‖2 ≤ 2−k‖x‖2 + 4.34‖e‖2. (8.1.14)

8.1.3. IHTanalysis general case



CHAPTER 9

Union of Orthonormal Bases

In this chapter we consider dictionaries which are made up of multiple

orthonormal bases. The discussion is drawn from [24].

As usual we will work with an overcomplete (full rank) dictionary D ∈
CN×D with coherence µ = µ(D). The sparse recovery problems we will

attempt to solve are restated below.

Exact sparse problem. Given a signal x ∈ CN which is known to

have a sparse representation in a dictionary D, the exact-sparse recov-

ery problem is:

α̂ = arg min
α∈CD
‖α‖0 subject to x = Dα. (P0)

Sparse approximation with sparsity bound. When x ∈ CN doesn’t

have a sparse representation in D, a K-sparse approximation of x in D
can be obtained by solving the following problem:

α̂ = arg min
α∈CD
‖x−Dα‖2 subject to ‖α‖0 ≤ K. (PK

0 )

Here x is modeled as x = Dα+ e where α denotes a sparse representa-

tion of x and e denotes the approximation error.

Sparse approximation with approximation error bound. A different

way to formulate the approximation problem is to provide an upper

bound to the acceptable approximation error ‖e‖2 ≤ ε and try to find

sparsest possible representation within this approximation error bound

as

α̂ = arg min
α∈CD
‖α‖0 subject to ‖x−Dα‖2 ≤ ε. (Pε

0)

357
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Exact lp norm minimization problem. The corresponding problem

for (P0) with lp-pseudo-norm for 0 ≤ p ≤ 1 is

α̂ = arg min
α∈CD
‖α‖p subject to x = Dα. (Pp)

Basis pursuit. In particular, when p = 1, we get the basis pursuit

problem:

α̂ = arg min
α∈CD
‖α‖1 subject to x = Dα. (P1)

9.1. Sparse lp representations

Theorem 9.1 Let D be a dictionary and Λ ⊆ Ω = {1, . . . , D} a

set of indices. For 0 ≤ p ≤ 1 define

Pp(Λ,D) , max
h∈N (D),h6=0

∑
k∈Λ |hk|p∑
k |hk|p

(9.1.1)

where we use the convention 00 = 0.

1. If Pp(Λ,D) < 1
2

then for all α such that supp(α) ⊆ Λ, α

is the unique solution to the problem (Pp).

2. If Pp(Λ,D) = 1
2

then for all α such that supp(α) ⊆ Λ, α

is a solution to the problem (Pp).

3. If Pp(Λ,D) > 1
2

then there exists α such that supp(α) ⊆ Λ,

and β (not supported on Λ) such that ‖β‖p < ‖α‖p and

Dα = Dβ. Thus (Pp) will not return a solution supported

over Λ.

The quantity Pp(Λ,D) measures the concentration of null space (of D)

vectors over the index set Λ. Pp(Λ,D) = 1
2

means that there is at least

one vector in the null space of D whose half of the energy (in terms of

lp pseudo-norm) is concentrated over the indices in Λ.

Proof. We start with the case for Pp(Λ,D) < 1
2
. We know x which

has been synthesized from a representation α with supp(α) ⊆ Λ. We

need to show that α indeed minimizes (Pp). Any other feasible vector

for (Pp) is given by α + h where h ∈ N (D).
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Thus, we need to show that

‖α + h‖pp > ‖α‖pp ⇐⇒
∑
k

|αk + hk|p >
∑
k

|αk|p

holds true for every nonzero h ∈ N (D). Since α is supported over Λ,

hence this is equivalent to show that∑
k/∈Λ

|hk|p +
∑
k∈Λ

(|αk + hk|p − |αk|p) > 0.

Although the triangle inequality is not valid for 0 < p < 1, but the

quasi-triangle inequality still works which states

|a+ b|p ≤ |a|p + |b|p.

With slight manipulation, we can rewrite this as

|a+ b|p − |a|p ≥ −|b|p.

Thus, ∑
k∈Λ

(|αk + hk|p − |αk|p) ≥ −
∑
k∈Λ

|hk|p.

Thus if ∑
k/∈Λ

|hk|p −
∑
k∈Λ

|hk|p > 0

holds, then it is sufficient condition for∑
k/∈Λ

|hk|p +
∑
k∈Λ

(|αk + hk|p − |αk|p) > 0.

to hold true also.

This is equivalent to writing∑
k/∈Λ

|hk|p +
∑
k∈Λ

|hk|p > 2
∑
k∈Λ

|hk|p

or ∑
k∈Λ

|hk|p <
1

2

∑
k

|hk|p ⇐⇒
∑

k∈Λ |hk|p
1
2

∑
k |hk|p

<
1

2
.

Since this condition should hold for every nonzero h ∈ N (D), by max-

imizing on the L.H.S., the sufficient condition can be written as

Pp(Λ,D) <
1

2
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which is exactly the condition assumed. Thus, whenever Pp(Λ,D) < 1
2

and α is supported over Λ, it is the unique solution for (Pp).

Let us revisit the argument with the relaxed requirement that we want

α to be just a solution of (Pp) (it need not be unique). Thus, we need

to show that

‖α + h‖pp ≥ ‖α‖pp.

Following, the same argument, this results in the sufficient condition:∑
k∈Λ

|hk|p ≤
1

2

∑
k

|hk|p

or (considering every nonzero h ∈ N (D))

Pp(Λ,D) ≤ 1

2
.

Since, we already know that Pp(Λ,D) < 1
2

guarantees uniqueness of α

as the solution, hence α is a solution of (Pp) whenever Pp(Λ,D) = 1
2
.

Finally, we need to show that the condition is sharp. Assume that

Pp(Λ,D) > 1
2
. Thus, there exists some h ∈ N (D) such that∑

k∈Λ

|hk|p >
1

2

∑
k

|hk|p

Define α as αk = −hk ∀ k ∈ Λ and αk = 0 ∀ k /∈ Λ. Consider β = α+h.

This gives us Dβ = Dα+Dh = Dα = x. Further, βk = 0 ∀ k ∈ Λ and

βk = hk ∀ k /∈ Λ. Clearly,

‖α‖pp =
∑
k∈Λ

|hk|p

and

‖β‖pp =
∑
k/∈Λ

|hk|p =
∑
k

|hk|p −
∑
k∈Λ

|hk|p <
∑
k∈Λ

|hk|p = ‖α‖pp.

And β is supported outside Λ. Clearly, the program (Pp) will never

find α. �

So how does theorem 9.1 help us? The theorem presents recovery

guarantee for a given index set Λ. If K = |Λ|, then the recovered

representation is K-sparse. But during the signal recovery, Λ is not



9.1. SPARSE LP REPRESENTATIONS 361

known in advance. Hence, we will look for guarantees which work

uniformly for all index sets Λ with K = |Λ|.

The guarantees should take the following form. If |Λ| ≤ K0 where K0

is some number depending on the dictionary D, then Pp(Λ,D) < 1
2
.

theorem 9.1 can automatically be invoked along with such a guarantee

to ensure that for every α with ‖α‖0 ≤ K0, the program (Pp) will

recover it.

Theorem 9.2 Let spark1/2(D) =
⌈

spark(D)
2

⌉
. A guarantee of the

form

If |Λ| < f(D), then P0(Λ,D) <
1

2
(9.1.2)

holds if and only if f(D) ≤ spark1/2(D).

Proof. For any nonzero h ∈ N (D) observe that∑
k∈Λ |hk|0∑
k |hk|0

≤ |Λ|
‖h‖0

.

We also note that

‖h‖0 ≥ spark(D).

Thus ∑
k∈Λ |hk|0∑
k |hk|0

≤ |Λ|
spark(D)

.

Finally, taking maximum on both sides

P0(Λ,D) = max
h∈N (D),h6=0

∑
k∈Λ |hk|p∑
k |hk|p

≤ |Λ|
spark(D)

.

Note that R.H.S. doesn’t depend explicitly on h. Hence, taking maxi-

mum has no effect.

Now, we assume that |Λ| < f(D) ≤ spark1/2(D). If spark(D) is even,

then spark1/2(D) = spark(D)/2. Thus,

|Λ|
spark(D)

<
spark1/2(D)

spark(D)
=

1

2
.
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If spark(D) is odd, then spark1/2(D) = spark(D)+1
2

. Now,

|Λ| < f ≤ spark(D) + 1

2
⇐⇒ |Λ|+1 ≤ spark(D) + 1

2
⇐⇒ |Λ| ≤ spark(D)− 1

2
.

Thus

P0(Λ,D) ≤ |Λ|
spark(D)

≤
spark(D)−1

2

spark(D)
≤ 1

2
− 1

2 spark(D)
<

1

2
.

Thus, we see that if f(D) ≤ spark1/2(D) then a guarantee of the form

If |Λ| < f(D), then P0(Λ,D) <
1

2
(9.1.3)

holds.

We now show the converse. i.e. if f(D) > spark1/2(D) then a guarantee

of the form above doesn’t hold.

We know that there exists some h ∈ N (D) such that ‖h‖0 = spark(D).

Let spark(D) be even. Then, f(D) > spark(D)/2. We can pick up

some Λ ⊂ supp(h) with |Λ| = spark(D)/2. For this |Λ| < f(D) holds,

but ∑
k∈Λ |hk|0∑
k |hk|0

=
spark(D)/2

spark(D)
=

1

2

leading to

P0(Λ,D) ≥ 1

2
.

We can similarly prove this for the case when spark is odd.

�

Theorem 9.3 If a guarantee of the form

If |Λ| < f(D), then Pp(Λ,D) <
1

2
(9.1.4)

holds true for some 0 ≤ p ≤ 1 with some f(D), then it also holds

true for p = 0, hence f(D) ≤ spark1/2(D).

Proof. Assume that (9.3.1) holds true for some 0 ≤ p ≤ 1. Let α

be such that ‖α‖0 < f(D). Then for all β 6= α such that Dβ = Dα we
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have that

‖β‖p > ‖α‖p

i.e. β cannot be the solution of the program (Pp). Now for the sake

of contradiction assume that there exists some β such that Dβ = Dα
and ‖β‖0 ≤ ‖α‖0. Since ‖α‖0 < f(D) hence, ‖β‖0 < f(D).

This means that β is also a unique minimizer of the same program

(Pp). But, since the minimizer is unique, hence α = β.

Consequently, α is indeed the unique minimizer of the (P0) program.

Applying theorem 9.2, we get

f(D) ≤ spark1/2(D).

�

We now develop a bound on sparsity which holds for unique recovery

of both l0 and l1 minimization problems.

Theorem 9.4 For any dictionary D with coherence µ, if

‖α‖0 <
1

2

(
1 +

1

µ

)
(9.1.5)

then α is the unique solution to both the (P0) and (P1) problems.

Proof. Let Λ = supp(α). We just need to show that

If |Λ| < f(D) =
1

2

(
1 +

1

µ

)
, then P1(Λ,D) <

1

2

holds.

Let

D =
[
d1 . . . dD

]
.
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Let h ∈ N (D) and h 6= 0. Then

D∑
k=1

hkdk = 0

⇐⇒ hkdk = −
∑
l 6=k

hldl.

Taking inner product on both sides with dk (recall that atoms of D are

unit norm)

hk = −
∑
l 6=k

hld
H
k dl.

Take absolute value on both sides (recall that coherence is highest inner

product between atoms)

|hk| = |
∑
l 6=k

hld
H
k dl| ≤

∑
l 6=k

|hl||dHk dl| ≤ µ
∑
l 6=k

|hl|.

Add µ|hk| on both sides.

(1 + µ)|hk| ≤ µ
D∑
l=1

|hl| = µ‖h‖1.

Sum the last inequality over k ∈ Λ. We get

(1 + µ)
∑
k∈Λ

|hk| ≤ µ|Λ|‖h‖1 = µ‖α‖0‖h‖1

⇐⇒
∑

k∈Λ |hk|∑
k |hk|

≤ ‖α‖0
µ

(1 + µ)
.

Maximizing the inequality over all h ∈ N (D) with h 6= 0, we get

P1(Λ,D) ≤ ‖α‖0
µ

(1 + µ)
.

Thus,

if |Λ| = ‖α‖0 <
1

2

(
1 +

1

µ

)
, then P1(Λ,D) <

1

2
.

�
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9.2. Union of bases

We now consider dictionaries which are a union of L orthonormal bases.

We will denote individual orthonormal bases as B1, B2, . . . , BL. We will

write our dictionary as

D =
[
B1 B2 . . . BL

]
. (9.2.1)

9.2.1. Spark and coherence

We will examine the null space of a union of bases dictionary and

develop a bound on the spark in terms of its coherence.

Theorem 9.5 Let D be a union of L orthonormal bases. Let h =[
h1, . . . , hL

]
∈ N (D) with hi ∈ CN and assume that h 6= 0. Then

L∑
l=1

1

1 + µ‖hl‖0

≤ L− 1. (9.2.2)

Consequently,

spark(D) ≥
(

1 +
1

L− 1

)
1

µ
. (9.2.3)

Proof. Since h ∈ N (D), hence

Dh = 0 ⇐⇒
L∑
l=1

Blh
l = 0.

For the l-th term, we can rewrite this as

Blh
l = −

∑
k 6=l

Bkh
k.

Since Bl is an ONB, hence BH
l Bl = I. Multiplying both sides by BH

l

we get

hl = −
∑
k 6=l

BH
l Bkh

k.
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Taking absolute values on both sides we get

|hl| = |
∑
k 6=l

BH
l Bkh

k| �
∑
k 6=l

|BH
l Bkh

k|.

Note that the symbol � means component wise inequality.

Let us look at the term |BH
l Bkh

k| more closely. If we write

Bl =
[
bl1 . . . blN

]
where bli are the column vectors of B. Then

BH
l Bk =


bHl1
...

bHlN

[bk1 . . . bkN

]
=
[
bHli bkj

]
1≤i,j≤N

.

Thus the column vector

|BH
l Bkh

k| =
[
|
∑N

j=1 b
H
li bkjh

k
j |
]

1≤i≤N
.

But for each 1 ≤ i ≤ N

|
N∑
j=1

bHli bkjh
k
j | ≤

N∑
j=1

|bHli bkjhkj | ≤ µ
N∑
j=1

|hkj | = µ‖hk‖1.

Thus

|BH
l Bkh

k| � µ‖hk‖11N

where 1N is a vector of all ones. Putting back we get

|hl| �
∑
k 6=l

µ‖hk‖11N .

Thus, each of the entries in |hl| is upper bounded by µ
∑

k 6=l ‖hk‖1.

Now, there are ‖hl‖0 non-zero entries in |hl|. Thus,

‖hl‖1 ≤ µ‖hl‖0

∑
k 6=l

‖hk‖1.

Adding µ‖hl‖0‖hl‖1 on both sides, we get

(1 + µ‖hl‖0)‖hl‖1 ≤ µ‖hl‖0

∑
k

‖hk‖1 = µ‖hl‖0‖h‖1.

We used the fact that ‖h‖1 =
∑

k ‖hk‖1.
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This gives us

‖hl‖1 ≤
µ‖hl‖0‖h‖1

1 + µ‖hl‖0

.

Again summing over l on both sides, we get

‖h‖1 ≤
L∑
l=1

µ‖hl‖0‖h‖1

1 + µ‖hl‖0

.

Canceling ‖h‖1 we obtain

L∑
l=1

µ‖hl‖0

1 + µ‖hl‖0

≥ 1.

A small set of steps follow:

−
L∑
l=1

µ‖hl‖0

1 + µ‖hl‖0

≤ −1

⇐⇒ L−
L∑
l=1

µ‖hl‖0

1 + µ‖hl‖0

≤ L− 1

⇐⇒
L∑
l=1

[
1− µ‖hl‖0

1 + µ‖hl‖0

]
≤ L− 1

⇐⇒
L∑
l=1

1

1 + µ‖hl‖0

≤ L− 1.

This is the desired result in (9.2.2).

To show (9.2.3) we proceed as follows.

We recall that

spark(D) ≥ ‖h‖0 =
N∑
l=1

‖hl‖0.

Consider the function

g(y) =
1

1 + y
.

The function is convex over the interval (−1,∞), hence

g(
x+ y

2
) ≤ g(x) + g(y)

2
.
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More generally

g

(∑L
l=1 yl
L

)
≤
∑L

l=1 g(yl)

L
.

Choosing yl = µ‖hl‖0 we get

g

(∑L
l=1 µ‖hl‖0

L

)
= g

(
µ‖h‖0

L

)
≤
∑L

l=1 g(µ‖hl‖0)

L

=
1

L

L∑
l=1

1

1 + µ‖hl‖0

≤ L− 1

L
.

Thus

1

1 + µ‖h‖0
L

≤ L− 1

L

⇐⇒ 1 +
µ‖h‖0

L
≥ L

L− 1

⇐⇒ µ‖h‖0

L
≥ L

L− 1
− 1 =

1

L− 1

⇐⇒ µ‖h‖0 ≥
L

L− 1
=
L− 1 + 1

L− 1
= 1 +

1

L− 1

⇐⇒ ‖h‖0 ≥
[
1 +

1

L− 1

]
1

µ
.

This gives us the desired result (9.2.3):

spark(D) ≥ ‖h‖0 ≥
[
1 +

1

L− 1

]
1

µ
.

�

Challenge Can we obtain tighter bounds using Babel function?

Let us look at the special case for two-ortho bases (with L = 2). Our

first result is:
2∑
l=1

1

1 + µ‖hl‖0

≤ 2− 1 = 1. (9.2.4)
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We can rewrite it as

1

1 + µ‖h1‖0

+
1

1 + µ‖h2‖0

≤ 1

⇐⇒ 1 + µ‖h1‖0 + 1 + µ‖h2‖0 ≤ 1 + µ‖h1‖0 + µ‖h2‖0 + µ2‖h1‖0‖h2‖0

⇐⇒ 1 ≤ µ2‖h1‖0‖h2‖0

⇐⇒ ‖h1‖0‖h2‖0 ≥
1

µ2

⇐⇒
√
‖h1‖0‖h2‖0 ≥

1

µ
.

Thus, the null space vectors for two ortho bases satisfy the condition√
‖h1‖0‖h2‖0 ≥

1

µ
.

The condition on spark reduces to

spark(D) ≥
(

1 +
1

2− 1

)
1

µ
=

2

µ
.

There are indeed examples of pairs of bases for which the lower bound of

spark(D) = 2
µ

is met. Thus, the bound is sharp for L = 2.

Challenge Can we found a set of L orthonormal bases for which

the the lower bound (9.2.3) holds? Starting with L = 3?

9.2.2. l0 minimization

Let us now extend the argument to identify conditions under which the

(P0) problem can have a unique solution.

Theorem 9.6 Let D be a union of L orthonormal bases. If

‖α‖0 <

(
1

2
+

1

2(L− 1)

)
1

µ
(9.2.5)

then the unique solution to the (P0) is α.
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Proof. Let

f(D) =

(
1

2
+

1

2(L− 1)

)
1

µ
.

Then from theorem 9.5

f(D) ≤ 1

2
spark(D) ≤ spark1/2(D)

for both even and odd cases. Applying theorem 9.2, we get our result.

�

Looking at the special case L = 2, the condition reduces to

‖α‖0 <
1

µ

then α is a unique solution to (P0) problem.

For L = 3, we get the upper bound as

‖α‖0 <
3

4µ
.

So, if coherence µ doesn’t change, then the level of sparsity for which

unique recovery is guaranteed has reduced. We see that the upper

bound on sparsity in (9.2.5) gets stricter and stricter as L (number

of orthonormal bases) increases provided the coherence of dictionary

remains constant.

Let us compare the bound for general dictionaries in (9.2.7)

‖α‖0 <
1

2

(
1 +

1

µ

)
with (9.2.5).

Let us find out the value of L beyond which the bound in (9.2.5) be-

comes more restrictive than the general bound in (9.2.7).
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1

2

(
1 +

1

µ

)
≥
(

1

2
+

1

2(L− 1)

)
1

µ

⇐⇒ 1 +
1

µ
≥ 1

µ
+

1

(L− 1)µ

⇐⇒ 1 ≥ 1

(L− 1)µ

⇐⇒ L− 1 ≥ 1

µ

⇐⇒ L ≥ 1 +
1

µ
.

Thus for L ≥ 1 + 1
µ
, the less restrictive general bound in (9.2.7) should

be preferred. At the same time, for smaller values of L, the specific

bound in (9.2.5) should be preferred.

As example, with µ = 0.2, for L ≥ 6, the general bound should be

used, while for 1 ≤ L ≤ 5 the more specific bound in (9.2.5) should be

used.

If the dictionary is even less coherent, with µ = 0.1, then for L ≥ 11,

the general bound should be used.

9.2.3. l1 minimization

We have identified unique recovery conditions for the (P0) problem.

Let us also identify conditions for the (P1) problem with union of bases

dictionary. Afterwards we will compare it with the result for general

dictionary in theorem 9.4.

Before we prove the main result of this section, a few lemmas are in

order which will help establish the main result.

Lemma 9.7 For p = 1,

P1(Λ,D) = max
h∈N (D),‖h‖1=1

1TΛ|h|. (9.2.6)
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Thus, to show that P1(Λ,D) < 1
2
, it is sufficient to show that

1TΛ|h| <
1

2

for all null space vectors with ‖h‖1 = 1.

Proof. Let h∗ maximize

P1(Λ,D) = max
h∈N (D),h6=0

∑
k∈Λ |hk|∑
k |hk|

= max
h∈N (D),h6=0

1TΛ|h|
‖h‖1

.

Thus,

P1(Λ,D) =
1TΛ|h∗|
‖h∗‖1

.

Consider h′ = h∗

‖h∗‖1 . Then

‖h′‖1 =

∥∥∥∥ h∗

‖h∗‖1

∥∥∥∥
1

=
‖h∗‖1

‖h∗‖1

= 1.

Also, note that

|h′| = |h∗|
‖h∗‖1

.

Thus,

1TΛ|h′| =
1TΛ|h∗|
‖h∗‖1

= P1(Λ,D).

Thus, we can write

P1(Λ,D) = max
h∈N (D),‖h‖1=1

1TΛ|h|.

Our result follows. �

We now proceed to the main result of this section.

Theorem 9.8 Let D be a union of L orthonormal bases. Denote

α =


α1

...

αL


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with αl ∈ CN . Without loss of generality, we can assume that the

bases Bl have been arranged so that

‖α1‖0 ≤ · · · ≤ ‖αL‖0.

If ∑
l≥2

µ‖αl‖0

1 + µ‖αl‖0

<
1

2(1 + µ‖α1‖0)
(9.2.7)

then α is the (unique) solution to the (P1) problem.

Proof. Let Λ = supp(α). As usual, we will start our work with

the analysis of the null space vectors. Let

h =


h1

...

hL

 ∈ N (D)

with hl ∈ CN . For every 1 ≤ l ≤ L, we have

Blh
l = −

∑
k 6=l

Bkh
k.

Multiplying with BH
l on both sides, we get

hl = −
∑
k 6=l

BH
l Bkh

k.

Taking absolute values on both sides, we get

|hl| = |
∑
k 6=l

BH
l Bkh

k|

� µ
∑
k 6=l

‖hk‖11

= µ
∑
k 6=l

11T |hk|

= µ
∑
k 6=l

1|hk|

where 1 denotes an N ×N matrix of all ones. The resulting constraint

is.

|hl| � µ
∑
k 6=l

1N×N |hk|. (9.2.8)
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By definition we have |hl| � 0. Since due to lemma 9.7, it is sufficient

to focus on unit l1-norm vectors in the null space of D, let us consider

the special case of ‖h‖1 = 1. We have

‖h‖1 =
L∑
l=1

‖hl‖1 = 1.

We can rewrite this as
L∑
l=1

1TN |hl| = 1. (9.2.9)

From (9.2.6) we get

P1(Λ,D) = max
h∈N (D),‖h‖1=1

1TΛ|h|.

To show that α is the unique solution to (P1), we need to show that

P1(Λ,D) <
1

2
.

Let us expand the term 1TΛ|h|

1TΛ|h| =
∑
k∈Λ

|hk| =
L∑
l=1

∑
k∈supp(αl)

|hlk| =
L∑
l=1

1Tsupp(αl)|h
l|.

1supp(αl) denotes a vector with ones at the entries indexed by supp(αl)

and zeros everywhere else.

Thus, we need to show that under the condition (9.2.7) and the con-

straints (9.2.8), (9.2.9)

max
h1,...,hL

L∑
l=1

1Tsupp(αl)|h
l| < 1

2

holds.

We will restructure the constraints in the form of matrix inequalities

and construct a linear program out of it.
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Define

z ,


|h1|

...

|hL|

 = |h|..

Define

v =


−1supp(αl)

...

−1supp(αL)

 .
Then

L∑
l=1

1Tsupp(αl)|h
l| = −vT z.

Further,

|h| � 0 ⇐⇒ z � 0.

From (9.2.8), we have

0 � −|hl|+ µ
∑
k 6=l

1N×N |hk|

⇐⇒ 0 �
∑
k<l

µ1N×N |hk| − IN×N |hl|+
∑
k>l

µ1N×N |hk|.

We can put this in matrix form as

−IN×N µ1N×N . . . µ1N×N µ1N×N

µ1N×N −IN×N . . . µ1N×N µ1N×N
...

. . . . . . . . .
...

µ1N×N µ1N×N
. . . −IN×N µ1N×N

µ1N×N µ1N×N
. . . µ1N×N −IN×N


z �


0 · 1N
0 · 1N

...

0 · 1N
0 · 1N

 .

1N denotes N -dimensional vector of all ones.

The equality (9.2.9) can be split into two inequalities:

L∑
l=1

1TN |hl| ≥ 1

and
L∑
l=1

1TN |hl| ≤ 1 ⇐⇒ −
L∑
l=1

1TN |hl| ≥ −1.
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In the matrix form we can write this as[
1TN . . . 1TN

−1TN . . . −1TN

]
z �

[
1

−1

]

Define the matrix

A ,



−IN×N µ1N×N . . . µ1N×N µ1N×N

µ1N×N −IN×N . . . µ1N×N µ1N×N
...

. . . . . . . . .
...

µ1N×N µ1N×N
. . . −IN×N µ1N×N

µ1N×N µ1N×N
. . . µ1N×N −IN×N

1TN . . . . . . . . . 1TN

−1TN . . . . . . . . . −1TN


and the vector

w ,



0 · 1N
0 · 1N

...

0 · 1N
0 · 1N

1

−1


.

We can now combine the constraints (9.2.8) and (9.2.9) into the matrix

inequality

Az � w.

Note that z ∈ RNL
+ , A ∈ RNL+2×NL and w ∈ RNL+2.

Let us define the (primal) linear program as

minimize
z

vT z

subject to Az � w, z � 0.
(primal)

We note that optimal value of (primal) program is > −1
2

if and only if

P1(Λ,D) < 1
2
.
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The corresponding dual linear programming problem is

maximize
z

wTu

subject to ATu � v, u � 0.
(dual)

Here u ∈ RNL+2. Just for clarify, lets write the problem in expanded

form too

wTu =
[
0 · 1TN 0 · 1TN . . . 0 · 1TN 0 · 1TN 1 −1

]
u

ATu � v is

−IN×N µ1N×N . . . µ1N×N µ1N×N 1N −1N
µ1N×N −IN×N . . . µ1N×N µ1N×N 1N −1N

...
. . . . . . . . .

...
...

...

µ1N×N µ1N×N
. . . −IN×N µ1N×N 1N −1N

µ1N×N µ1N×N
. . . µ1N×N −IN×N 1N −1N


u �


−1supp(αl)

−1supp(α2)

...

−1supp(αL−1)

−1supp(αL)


(9.2.10)

We know that the optimal value of the two programs are the same. So

we need to show that there exists some u � 0 which satisfies ATu � v

and wTu > −1
2
.

Due to the structure of matrices A and vectors v, w, we will look for a

solution in parametric form

u ,



a11supp(α1)

a21supp(α2)

...

aL−11supp(αL−1)

aL1supp(αL)

b

c


where al, b, c ≥ 0. Obviously u � 0 and wTu = b − c. Our goal is to

choose the al, b, c such that b− c > −1
2

and the constraint ATu � v is

satisfied.
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A straightforward computation over the l-th (block) row in (9.2.10)

gives us (for 1 ≤ l ≤ L)

(b− c)1N + µ1N×N

(∑
k 6=l

ak1supp(αk)

)
− al1supp(αl) � −1supp(αl).

Rearranging the terms we get

(b− c)1N + µ1N×N

(∑
k 6=l

ak1supp(αk)

)
+ (1− al)1supp(αl) � 0.

Now

1N×N1supp(αk) = 1N1
T
N1supp(αk) = | supp(αk)|1N = ‖αk‖01N .

Thus, we can rewrite as

(b− c)1N + µ

(∑
k 6=l

ak‖αk‖01N

)
+ (1− al)1supp(αl) � 0.

Or (
b− c+ µ

∑
k 6=l

ak‖αk‖0

)
1N + (1− al)1supp(αl) � 0.

Or(
b− c+ µ

L∑
k=1

ak‖αk‖0

)
1N − µal‖αl‖01N + (1− al)1supp(αl) � 0.

Or(
b− c+ µ

L∑
k=1

ak‖αk‖0

)
1N � µal‖αl‖01N +(al−1)1supp(αl) (9.2.11)

Consider first the case that ‖αl‖0 6= 0.

Over the indices included in supp(αl), the inequality is

b− c+ µ
L∑
k=1

ak‖αk‖0 ≤ µal‖αl‖0 + (al − 1)

Over the indices not included in supp(αl), the inequality is

b− c+ µ

L∑
k=1

ak‖αk‖0 ≤ µal‖αl‖0 + 0



9.3. DIGEST 379

If (al − 1) < 0, then first inequality is tighter. Otherwise, second one

is tighter.

Denoting x+ = max(x, 0) and x− = min(x, 0), we can combine the

above two inequalities into

b− c+ µ

L∑
k=1

ak‖αk‖0 ≤ µal‖αl‖0 + (al − 1)−.

When ‖αl‖0 = 0, then inequality (9.2.11) reduces to

b− c+ µ
L∑
k=1

ak‖αk‖0 ≤ 0

for all indices.

�

9.3. Digest

Problem formulations

Exact lp norm minimization problem:

α̂ = arg min
α∈CD
‖α‖p subject to x = Dα. (Pp)

Concentration coefficient:

Pp(Λ,D) , max
h∈N (D),h6=0

∑
k∈Λ |hk|p∑
k |hk|p

Recovery conditions based on Pp(Λ,D):

1. If Pp(Λ,D) < 1
2

then for all α such that supp(α) ⊆ Λ, α is the

unique solution to the problem (Pp).

2. If Pp(Λ,D) = 1
2

then for all α such that supp(α) ⊆ Λ, α is a

solution to the problem (Pp).

3. If Pp(Λ,D) > 1
2

then there exists α such that supp(α) ⊆ Λ, and

β (not supported on Λ) such that ‖β‖p < ‖α‖p and Dα = Dβ.

Thus (Pp) will not return a solution supported over Λ.
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We are interested in guarantees of the form

If |Λ| < f(D), then Pp(Λ,D) <
1

2
.

Half of spark (ceiling to cover cases when spark is odd)

spark1/2(D) =

⌈
spark(D)

2

⌉
Spark based guarantee for (P0): A guarantee of the form

If |Λ| < f(D), then P0(Λ,D) <
1

2
.

holds if and only if

f(D) ≤ spark1/2(D).

Guarantee for lp translating to guarantee for l0 Let

If |Λ| < f(D), then Pp(Λ,D) <
1

2
(9.3.1)

hold true for some 0 ≤ p ≤ 1 and some f(D). Then it also holds for

p = 0 and f(D) ≤ spark1/2(D).

Coherence based sparsity bound for exact recovery of l0 and l1 problems

‖α‖0 <
1

2

(
1 +

1

µ

)
then α is the unique solution to both the (P0) and (P1) problems.
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Part 2

Joint Recovery and Dictionary

Learning Problems



CHAPTER 11

Joint Sparsity Problems

The objectives of this chapter are

• Identify different types of joint sparsity problems

• Establish a consistent notation to be followed in following

chapters

• Discuss a set of mathematical tools which will be useful in

following chapters

• Discuss applications of joint sparsity problems

We will start with the simplest joint sparsity problems and make our

lives more complicated as we go forward. The notation will also get

more sophisticated accordingly.

384
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Table 1. Symbols used in this part of the book

Symbol Purpose

A An arbitrary m× n complex matrix

aij The element at i-th row and j-th column of A

aj j-th column column of A

ai i-th row vector of A

ajk k-th entry in the j-th column (vector) of A

aik k-th entry in the i-th row (vector) of A

aj(k) k-th largest entry (by magnitude) in the j-th column (vector) of A

ai(k) k-th largest entry (by magnitude) in the i-th row (vector) of A

AΛ A submatrix of A consisting of columns indexed by Λ ⊂ {1, . . . , n}
AΛ A submatrix of A consisting of rows indexed by Λ ⊂ {1, . . . ,m}

det(A) Determinant of A

|A| A matrix consisting of absolute values of entries in A

N Dimension of ambient space CN for signals

CN Signal space

xs A signal belonging to CN

D Number of dictionary atoms D ≥ N
CD Representation space

D ∈ CN×D The sparsifying dictionary

K Sparsity level of signals in the dictionary

S Number of signals

X = {x1, . . . , xS} Set of signals xs ∈ CN

A = {α1, . . . , αS} Signal representations in D, αs ∈ CD

ΣK Set of K-sparse signals over the dictionary D; αs ∈ ΣK

11.1. Tools from matrix analysis

In this and following chapters we will be dealing with more complex

matrix manipulations. Several tools from matrix algebra and analysis

are listed here for reference.

The matrix space is equipped with the usual Hermitian inner product

〈A,B〉 , trace(BHA). (11.1.1)
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The Frobenius norm follows from this inner product

‖A‖2
F , 〈A,A〉. (11.1.2)

Note that for A ∈ Cm×n

‖A‖2
F =

n∑
j=1

‖aj‖2
2. (11.1.3)

The dual of a normed linear space (CM , ‖ · ‖p) is a normed linear space

(CM , ‖ · ‖′p) with the conjugacy relation

1

p
+

1

p′
= 1. (11.1.4)

The dual space of a normed linear space V is denoted as V ∗.

Let U and V be normed linear spaces of vectors or matrices. Let A be

a matrix representing a linear operator acting on U producing elements

of V . Then A∗ is a map between the dual spaces V ∗ and U∗. When A

is a matrix then A∗ = AH .

The operator norm for a linear operator A mapping from U to V is

defined as

‖A‖U→V , sup
x 6=0

‖Ax‖V
‖x‖U

. (11.1.5)

The operator norm for the adjoint satisfies the identity

‖A∗‖V ∗→U∗ = ‖A‖U→V . (11.1.6)

Some specific operator norms of our interest would be norms connecting

lp spaces from (Cm, ‖ · ‖p) to (Cn, ‖ · ‖q). They are usually denotes as

‖A‖p→q. When p = q, then we simply denote them as ‖A‖p.

Of specific interest are norms like

‖A‖1: the max column sum norm

‖A‖2: the spectral norm

‖A‖∞: the max column sum norm

We develop another set of norms around the row vectors of a matrix.
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Definition 11.1 Let A be an m× n matrix with rows ai as

A =


a1

...

am


Then we define

‖A‖p,∞ , max
1≤i≤m

‖ai‖p = max
1≤i≤m

(
n∑
j=1

|aij|p
) 1

p

(11.1.7)

where 1 ≤ p < ∞. i.e. we take p-norms of all row vectors and

then find the maximum.

We define

‖A‖∞,∞ = max
i,j
|aij|. (11.1.8)

This is equivalent to taking l∞ norm on each row and then taking

the maximum of all the norms.

For 1 ≤ p, q <∞, we define the norm

‖A‖p,q ,

[
m∑
i=1

(
‖ai‖p

)q] 1
q

. (11.1.9)

i.e., we compute p-norm of all the row vectors to form another

vector and then take q-norm of that vector.

Note that the norm ‖A‖p,∞ is different from the operator norm ‖A‖p→∞.

Similarly ‖A‖p,q is different from ‖A‖p→q.

There is a connection between the two norms ‖A‖p,∞ and ‖A‖p→∞. If

1

p
+

1

p′
= 1,

then

‖A‖p,∞ = ‖A‖p′→∞. (11.1.10)

Some useful properties of operator norms are listed below.
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For two matrices A,B we have

‖AB‖p→q ≤ ‖B‖p→s‖A‖s→q. (11.1.11)

For the pseudo-inverse A† we have

‖A†‖2 =
1

σmin(A)
(11.1.12)

where σmin(A) denotes the smallest non-zero singular value of A.

Another useful result for two matrices A,B is

‖AB‖p,∞
‖B‖p,∞

≤ ‖A‖∞→∞ = ‖A‖1,∞. (11.1.13)

The unit sphere in RL is defined by

SL−1 , {x ∈ RL : ‖x‖2 = 1}. (11.1.14)

The counterpart in complex space is defined by

SL−1
C , {x ∈ CL : ‖x‖2 = 1}. (11.1.15)

11.2. Sparse representation

In this section we generalize the problem of sparse representation of a

signal in a redundant dictionary for the joint recovery setting.

In the single signal setting, we have a redundant dictionary D ∈
CN×D and a signal x ∈ CN whose representation α ∈ CD is K-sparse

such that

x = Dα + e. (11.2.1)

In the multiple signal setting, we have S different signals. The S

signals are put together in a set

X = {x1, . . . , xS}. (11.2.2)
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We can also form a matrix of size N × S by putting together these

signals as columns of the matrix. Without any confusion, we will use

the symbol X to represent this matrix as

X =
[
x1 . . . xS.

]
(11.2.3)

This matrix is known as the signal matrix. Clearly X ∈ CN×S. Note

that we use the superscript 1 ≤ s ≤ S to refer to s-th signal in the set

or s-th column in the signal matrix.

Many a times, we need to refer to a particular row inside the signal

matrix. We will use the symbol xi with 1 ≤ i ≤ N to refer to the i-th

row in X. This will be a row vector. Thus

X =


x1

...

xN

 . (11.2.4)

Further note that xsn refers to the n-th entry in xs (column vector).

and xin refers to the n-th entry in xi (row vector).

xs(n) refers to the n-th largest entry (magnitude wise) in xs. and xi(n)

refers to the n-th largest entry (magnitude wise) in xi.

The columns of D (a.k.a. atoms of D) will be denoted as

D =
[
d1 . . . dD.

]
(11.2.5)

The rows of D (as a matrix) will be denoted as

D =


d1

...

dN

 . (11.2.6)

We denote αs ∈ CD as an approximate sparse representation of xs in

D with

xs = Dαs + es ∀ 1 ≤ s ≤ S. (11.2.7)

The vector es ∈ CN represents the approximation error for signal xs.
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We put all αs together in a matrix A ∈ CD×S. i.e.

A =
[
α1 . . . αS

]
(11.2.8)

This matrix is known as the representation matrix.

Sometimes we will also use the symbol A to denote the set of repre-

sentations

A = {α1, . . . , αS}. (11.2.9)

On the same lines we will use the symbol αi with 1 ≤ i ≤ D to refer

to the i-th row in A. Thus

A =


α1

...

αD

 . (11.2.10)

Similarly, we will refer to individual entries and individual n-th largest

entries in a row or a column.

We put all es together in in a matrix E ∈ CN×S. i.e.

E =
[
e1 . . . eS

]
(11.2.11)

This matrix is known as the approximation error matrix.

The Frobenius norm is a suitable norm for measuring the approxima-

tion error for the whole approximation error matrix E.

Then we have

X = DA+ E. (11.2.12)

We will use Ω to denote the index set for the atoms in the dictionary

D

Ω = {1, 2, . . . , D}. (11.2.13)

With this notation, we will say that representation matrices A belong

to the linear space CΩ×S.
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Suppose that Λ ⊆ Ω. We will often consider representation matrices

in CΛ×S. Such matrices can be extended to a matrix in CΩ×S by in-

troducing zero rows at indices Ω \Λ. Likewise a representation matrix

can be restricted by removing the rows which have only 0 entries.

The support for individual representation αs is given by supp(αs).

Definition 11.2 The support for the representation matrix is

defined as

supp(A) ,
S⋃
s=1

supp(αs). (11.2.14)

The joint sparsity of A is defined as

| supp(A)|. (11.2.15)

Remark. In [13] this is referred to as sparsity rank of A.

Remark. The support supp(A) is same as the number of non-zero

rows in A.

An alternative definition found in literature [40] is as follows.

Definition 11.3 We define row-support of a representation ma-

trix as the set of indices for its non-zero rows.

rowsupp(A) , {d ∈ Ω : αds 6= 0 for some s ∈ [1, . . . , S]}.
(11.2.16)

If we find a representation matrix A which has few nonzero rows,

then we say that A is row-sparse.

We can define a row-l0 “norm” of a representation matrix.



392 11. JOINT SPARSITY PROBLEMS

Definition 11.4 The row-l0 “norm” of a representation matrix

A is defined as the number of non-zero rows in A non-zero rows.

‖A‖row−0 , | rowsupp(A)|. (11.2.17)

Clearly

‖A‖row−0|
S⋃
s=1

supp(αs)| = | supp(A)|. (11.2.18)

For a redundant dictionary D, the representations A are not-unique

(even if we have truly sparse signals and E = 0). Since we are interested

in sparse representations of signals in X, we need a good measure to

penalize representations A which are non-sparse. The row-l0 “norm”

of A is a suitable measure for this purpose. It can be thought of as a

cost of sparse representation of signals in X.

We note that an atom (dn) in D participates in the representation of

one or more signals in X if and only if the d-th row in A contains at

least one non-zero entry.

There are few possibilities at this stage:

• The signals xs are truly sparse and there is no approximation

error (es).

• All representations have identical support. i.e.

supp(α1) = · · · = supp(αS).

In this case, supp(A) is also same as support for individual

signals.

• Different representations have different support but | supp(A)| �
N . Thus, overall the joint sparsity level is small.

• Different representations have different support and | supp(A)| ≈
N or | supp(A)| > N . Then the joint sparsity level is too high.



11.2. SPARSE REPRESENTATION 393

11.2.1. Signals with identical support

In this case, we have

supp(A) = supp(α1) = · · · = supp(αS). (11.2.19)

We will denote this identical support by Λ. i.e.

Λ = supp(A). (11.2.20)

11.2.2. Generative models for jointly sparse real signals

While arbitrary constructions ofA are suitable for a deterministic worst

case analysis of the recovery algorithm, they usually end up provid-

ing quite pessimistic recovery guarantees. Introducing a probabilistic

model for the generation of signals in X can help in developing much

more realistic recovery guarantees using average case analysis of the

recovery algorithms.

We now present a generative model for the synthesis vectors αs with

1 ≤ s ≤ S adapted from [25]. This particular model is developed for

real signals with a real dictionary.

We consider Λ = {λ1, . . . , λK} ⊂ {1, . . . , D} as the index set for entries

in αs which can be non-zero.

We assume that the entries αsλk , λk ∈ Λ of the random vector αs are

independent Gaussian variables of variance σ2
k. Other entries are 0.

The Gaussian assumption is the most prevalent one used in signal pro-

cessing. Hence, it can accommodate a wide variety of practical prob-

lems. At the same time, incorporating different variances allows us to

shape the synthesis coefficients. For example, we could easily impose a

statistical decay on the entries αsk using appropriate profile of variances.

Let Σ be a K ×K diagonal matrix whose diagonal entries are σ2
λk

.

Let U be a K×S random matrix with independent standard Gaussian

entries. Then we can write

AΛ = Σ
1
2U (11.2.21)
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i.e. the rows in A corresponding to the index set Λ are given by random

matrix Σ
1
2U while rest of the rows in A are identically zero. We can

then write our signals X as

X = DΛΣ
1
2U + E (11.2.22)

where E is a N × S matrix collecting innovation (noise) signals on its

columns.

11.2.3. Sparse recovery problem formulations

Given a signal matrix X ∈ CN which is known to have a sparse repre-

sentation in a dictionary D, the exact-sparse recovery problem is:

Â = arg min
A∈CD×S

‖A‖row−0 subject to X = DA. (Joint-P0)

When X ∈ CN×S doesn’t have a sparse representation in D, a K-sparse

approximation of X in D can be obtained by solving the following

problem:

Â = arg min
A∈CD×S

‖X −DA‖2 subject to ‖A‖row−0 ≤ K. (Joint-PK
0 )

Here X is modeled as X = DA+ E as discussed above.

A different way to formulate the approximation problem is to provide

an upper bound to the acceptable approximation error ‖E‖F ≤ ε and

try to find sparsest possible representation within this approximation

error bound as

Â = arg min
A∈CD×S

‖A‖row−0 subject to ‖X −DA‖F ≤ ε. (Joint-Pε
0)

11.2.4. Basis pursuit problem formulations

In sparse recovery problem formulation, our goal is to simply minimize

the number of non-zero rows. When we change over to basis pursuit,

we have some choices. For the row vectors, we can choose some lp norm

to compute their norms. Then, over the norms from each row, we can

compute the l1 norm.
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Thus, the general form of basis pursuit for joint recovery of sparse

signal representations becomes:

Â = arg min
A∈CD×S

‖A‖p,1 subject to X = DA. (Joint-P1)

Different authors choose different values of p.

The corresponding basis pursuit with inequality constraints problem

becomes:

Â = arg min
A∈CD×S

‖A‖p,1 subject to ‖X −DA‖F ≤ ε. (Joint-Pε
1)

11.3. Compressed sensing

We switch gears and look at the joint sparsity problems in compressed

sensing framework.

A single measurement vector problem or in short an SMV problem

is posed as

y = Φx+ η (11.3.1)

where Φ ∈ CM×N is the sensing matrix, x ∈ CN is a sparse signal

with x ∈ ΣK , y ∈ CM is the measurement vector and η ∈ CM is the

measurement error. We note that we are assuming that the signal x is

sparse in itself.

We are not considering an orthonormal basis Ψ or an overcomplete

dictionary D which could sparsify the signal x.

In more realistic cases, x is a compressible signal, while in most general

setting x is an arbitrary signal with a best K-term approximation given

by x|K .

The recovery process is defined as

x̂ = ∆(Φ, y) (11.3.2)

where ∆ is some recovery algorithm which estimates a sparse vector x̂

hoping that the recovery error ‖x̂− x‖2 remains small.
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We now generalize this situation for the multiple measurement vec-

tor (a.k.a. MMV) setting. we have S different signals. As before, the

S signals are put together in a set

X = {x1, . . . , xS}. (11.3.3)

The corresponding signal matrix is:

X =
[
x1 . . . xS.

]
(11.3.4)

The representation in row vectors of X is

X =


x1

...

xN

 . (11.3.5)

We denote ys ∈ CM as the measurement vector for xs with

ys = Φxs + ηs ∀ 1 ≤ s ≤ S. (11.3.6)

The vector ηs ∈ CM represents the measurement noise for signal xs.

We put all ys together in a matrix Y ∈ CM×S. i.e.

Y =
[
y1 . . . yS

]
(11.3.7)

This matrix is known as the measurement matrix.

Sometimes we will also use the symbol Y to denote the set of measure-

ment vectors

Y = {y1, . . . , yS}. (11.3.8)

On the same lines we will use the symbol yi with 1 ≤ i ≤ M to refer

to the i-th row in Y . Thus

Y =


y1

...

yM

 . (11.3.9)

Similarly, we will refer to individual entries and individual n-th largest

entries in a row or a column.
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We put all ηs together in in a matrix H ∈ CM×S. i.e.

H =
[
η1 . . . ηS

]
(11.3.10)

This matrix is known as the measurement error matrix. The Frobe-

nius norm is a suitable norm for measuring the measurement error for

the whole measurement error matrix H.

Then we have

Y = ΦX +H. (11.3.11)

The support for individual signals xs is given by supp(xs).

Definition 11.5 The support for the signal matrix is defined as

supp(X) ,
S⋃
s=1

supp(xs). (11.3.12)

The joint sparsity of X is defined as

| supp(X)|. (11.3.13)

Remark. The support supp(X) is same as the number of non-zero

rows in X.

There are few possibilities at this stage:

• All signals have identical support. i.e.

supp(x1) = · · · = supp(xS).

In this case, supp(X) is also same as support for individual

signals.

• Different signals have different support but | supp(X)| � N .

Thus, overall the joint sparsity level is small.

• Different signals have different support and | supp(X)| ≈ N .

Then the joint sparsity level is too high.

We will consider the case of compressed sensing with redundant dictio-

naries later.
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11.4. Distributed compressed sensing

11.5. Miscellaneous results

We collect some miscellaneous results which would be useful in later

chapters.

11.5.1. Norm dominance

Let ‖ · ‖α and ‖ · ‖β be two norms defined over CN .

Definition 11.6 We say that a norm ‖·‖α is dominated by a norm

‖ · ‖β in CN if and only if for any x, y ∈ CN

‖x‖α < ‖y‖α =⇒ ‖x‖β < ‖y‖β. (11.5.1)

Theorem 11.1 If a norm ‖ · ‖β dominates norm ‖ · ‖α, then there

exists a constant C > 0 such that

‖x‖α = C‖x‖β ∀ x ∈ CN .

Proof. We first show that for all x, y ∈ CN such that ‖x‖α = ‖y‖α,

‖x‖β = ‖y‖β also holds. In other words:

‖x‖α = ‖y‖α =⇒ ‖x‖β = ‖y‖β. (11.5.2)

We start with

‖x‖α = ‖y‖α.

For any γ > 0, it is easy to see that

‖(1− γ)y‖α < ‖x‖α < ‖(1 + γ)y‖α.

Since, ‖ · ‖β dominates ‖ · ‖α, we get

‖(1− γ)y‖β < ‖x‖β < ‖(1 + γ)y‖β.

Letting γ → 0, we obtain the result

‖x‖β = ‖y‖β.
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Now we choose some x0 ∈ CN such that ‖x0‖α = 1. Now for any

nonzero x ∈ CN , we have

‖x‖α
‖x‖α

=

∥∥∥∥ x

‖x‖α

∥∥∥∥
α

= 1 = ‖x0‖α.

Thus from (11.5.2), we obtain∥∥∥∥ x

‖x‖α

∥∥∥∥
β

= ‖x0‖β.

This gives us

‖x‖β = ‖x0‖β‖x‖α.

Since x0 is fixed, hence C = ‖x0‖β is the desired constant. �

11.6. Digest



CHAPTER 12

Joint Recovery Algorithms

There are several approaches to solving the joint recovery problem.

In this chapter, we will study some of the basic algorithms for the

same. The algorithms would include greedy algorithms like threshold-

ing, simultaneous orthogonal matching pursuit and convex relaxation

methods like basis pursuit.

More advanced algorithms will be the topic of discussion in subsequent

chapters.

We recall the basic problem formulations of joint recovery of sparse

representations.

The exact-sparse recovery problem is:

Â = arg min
A∈CD×S

‖A‖row−0 subject to X = DA. (Joint-P0)

The sparse solution recovery within this approximation error bound is

stated as

Â = arg min
A∈CD×S

‖A‖row−0 subject to ‖X −DA‖F ≤ ε. (Joint-Pε
0)

We recall the basis pursuit formulation for joint recovery as:

Â = arg min
A∈CD×S

‖A‖p,1 subject to X = DA. (Joint-P1)

When p = 1, then we are essentially minimizing the l∞ norm of A.

When the value of p = 2 is chosen and it is known as the mixed l2,1-

norm minimization problem.

400
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In the following we first present the thresholding and S-OMP algo-

rithms. We then follow it up with detailed theoretical analyses and

experimental results for these algorithms (including basis pursuit).

12.1. Thresholding algorithm

At the heart thresholding algorithm is pretty simple. In the single

signal setting, thresholding amounts to selecting the atoms from the

dictionary which are most correlated with the signal x.

We compute the vector v = DHx which is a column vector ∈ CD

containing the inner product of x with each of the atoms in D.

Then we identify its K largest terms in v|K (the K most correlated

atoms) and take Λ′ = supp(v|K) as the index set of the candidate

atoms which participate in the construction of x = Dα+e. Recall that

Λ = supp(α) is the true support of the sparse representation α.

From here, the recovery of α takes the simple step of α̂Λ′ = D†Λ′x and

setting rest of entries in α̂ as 0.

The choice of K depends on the sparsity prior assumed for α i.e. α ∈
ΣK . In other words K = |Λ|.

In the multiple signal setting, the main challenge is that we have to

combine the correlation of an atom with all the different signals to

get an single measure of the correlation of the atom with the signal

ensemble. The approach taken in [25] uses an lp norm where 1 ≤ p ≤ ∞
for combining the correlations.

Let dj be a particular atom in D and x1, . . . , xS be different signals in

X. The combined correlation measure is given by(
S∑
s=1

|〈xs, dj〉|p
) 1

p

. (12.1.1)

We can see that this is nothing but ‖dHj X‖p.
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Thus the correlation vector of correlations of all atoms in D with signals

in X is obtained by first computing DHX and then taking lp norm for

each row.

We call these correlations as p-correlations as they depend on the choice

of p.

Finally, the p-thresholding algorithm is simply about selecting a set Λ′

of K atoms whose p-correlations with X are among the K largest. i.e.

‖dHk X‖p ≥ ‖dHl X‖p ∀ k ∈ Λ′, ∀ l /∈ Λ′. (12.1.2)

Once the support has been identified, it is easy to compute the esti-

mated represented matrix Â as follows.

We compute ÂΛ′ = D†Λ′X and set rest of rows in Â as 0.

Recovering the right support. As we have seen multiple times, the

real challenge is to recovery the support of α correctly. A simple mea-

sure of support recovery can be defined as

ρ =
|Λ ∩ Λ′|
|Λ|

. (12.1.3)

If ρ = 1, then we have perfect support recovery.

Occasionally, we may also be interested in partial recovery. In these

cases we would choose K ≤ |Λ|, i.e. we may be okay with choosing

lesser number of non-zero entries in Λ′.

12.2. Simultaneous orthogonal matching pursuit (S-OMP)

In this section, we develop a greedy pursuit algorithm based on OMP

that can be used to solve several different sparse approximation prob-

lems.

The S-OMP algorithm is presented in fig. 12.1.

Some remarks are in order to explain the notation:
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A, R = S-OMP(D, X);

Input: An N × S signal matrix X

Input: A halting criterion

Input: D: a signal dictionary of size N ×D
Output: A set Λt containing t indices from Ω where t is the number of

iterations completed

Output: a D × S approximation matrix At

Output: an N × S residual matrix Rt

// (1) Initialization

A0 ← 0;

R0 ← X ; // R = X −DA
Λ0 = ∅ ; // the index set of chosen atoms

t← 0 ; // Iteration counter

repeat

t← t+ 1 ; // Increase iteration counter

(2) Find an index λt (of the atom most aligned with all residuals) that

satisfies

λt = arg max
ω∈Ω

‖Rt−1Hdω‖q.

;

(3) Λt ← Λt−1 ∪ {λt} ; // Update support

(4) Calculate the new approximation as follows. First set At = 0. Then

compute B = D†ΛtX. Finally assign rows of B to the rows of At

indexed by Λt.

(5) Calculate the new approximation of X as Xt = DAt and the new

residual as Rt = X −Xt ;

until halting criteria is satisfied ;

Figure 12.1. Simultaneous Orthogonal Matching Pursuit

• X is the input signal matrix of dimensions N × S. There are

S signals being estimated jointly.

• D is the sparsifying dictionary in which sparse representations

are sought.

• dω denotes the ω-th atom in D.

• The iteration number within the algorithm is maintained in a

variable t.
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• A denotes the sparse representation matrix.

• At denotes the estimate of A at the end of t-th iteration.

• In every iteration, a new atom is chosen. Thus |Λt| = t.

• R represents the measurement residual matrix inside the algo-

rithm. It is computed as R = X −DA.

• At the end of t-th iteration, we get the t-th estimate of R as

Rt = X −DAt.

• The columns inside R are referred to as rs with 1 ≤ s ≤ S.

• The value of rs at the end of t-th iteration is denoted as rs,t.

• Once Λt has been identified, we can club those atoms in the

matrix ΦΛt .

• ΦΛt is N × t matrix. B = Φ†ΛtX is t× S matrix. The rows of

B correspond to the non-zero indices in the representations in

At. They are assigned to rows in At indexed by Λt.

For the special case of S = 1, the algorithm reduces to well known

OMP.

Step 2 of the algorithm is the greedy selection step. We are taking

the lq-norm of correlations of each atom with all signal residuals and

trying to find out the atom with maximum correlation over all signals.

The atom so found contributes maximum energy to all signals out of

all the remaining atoms (not chosen so far).

Different authors have taken different choices of q in their construction

of simultaneous-OMP algorithm. In [39, 40] a value of q = 1 is taken.

Thus, it becomes the absolute sum of correlations of an atom with the

residuals at previous iterations.

In [26, 27, 28, 31] l2 and l∞ are proposed for weak matching pursuit

for the multiple signal setting.

In [15] l2 norm is considered.

[13] provides a general analysis applicable for q ≥ 1.
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This approach is likely to be most effective when all the input signals

are well approximated by the same set of atoms. Otherwise, we may

need to consider a different greedy selection criterion.

There are some equivalent ways to represent the greedy selection term

max
ω∈Ω
‖Rt−1Hdω‖q = ‖Rt−1HD‖1→q = ‖DHRt−1‖q′→∞.

where 1/q + 1/q′ = 1.

Essentially each column ofRt−1HD represents the inner product 〈rs,t−1, dω〉
for all signals 1 ≤ s ≤ S.

For the case of q = 1, we can expand ‖Rt−1Hdω‖q as

‖Rt−1Hdω‖1 =
S∑
s=1

|〈rs,t−1, dω〉|

And we can simplify it as

max
ω∈Ω
‖Rt−1Hdω‖q = ‖Rt−1HD‖1 = ‖DHRt−1‖∞.

Here, the operator-1 norm is nothing but max column sum norm. Sim-

ilarly operator-∞ norm is the max row sum norm.

Step (4) and (5) are typically implemented using least squares algo-

rithms.

Since the residual Rt is orthogonal to all atoms chosen in Λt, hence no

atom in Λt can be chosen again in later steps. Thus no atom is chosen

twice in this algorithm.

12.2.0.1. Halting criteria. There are several obvious possibili-

ties for halting criteria

• Stop the algorithm after a fixed number of iterations (say K).

• Wait until the Frobenius norm of the residual ‖Rt‖F declines

to a level ε.
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• Halt the algorithm when the maximum total correlation be-

tween an atom and the residual drops below a threshold τ i.e.

‖DHRt‖∞,∞ ≤ τ .

These different halting criteria help solve different flavors of simulta-

neous sparse approximation problems.

12.3. Thresholding recovery guarantees

In this section [25] we will develop some recovery guarantees for the

p-thresholding algorithm. These guarantees will apply for all K-sparse

signal matrices in the presence of noise.

The analysis in this section is a worst case analysis since a) it applies to

all signals, b) it provides only sufficient conditions (and not conditions

which are both necessary and sufficient) for the recovery.

Recall that our basic signal model is

X = DA+ E

where Λ = supp(A). We can also write it as

X = DΛAΛ + E

i.e. picking up the columns indexed by Λ in D and rows indexed by Λ

in A.

For economy of expression let us denote A = AΛ. Thus, we have

X = DΛA+ E.

We will also use

Λ = {λ1, . . . , λK}.

Recall from (12.1.2) that an atom dk is selected in Λ′ if it satisfies

‖dHk X‖p ≥ ‖dHl X‖p ∀ k ∈ Λ′, ∀ l /∈ Λ′.
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We choose K = |Λ| such atoms. In case of tie, we can simply choose

any of the tied atoms. An easy choice would be to select the atom

which comes first in the matrix representation of the dictionary D.

A representation A from the equation can be recovered correctly (up

to the least squares error) if its support has been identified correctly.

For this we require that

min
k∈Λ
‖dHk X‖p ≥ max

l /∈Λ
‖dHl X‖p. (12.3.1)

We will tighten the recovery condition by taking a lower bound on the

L.H.S. and an upper bound on the R.H.S..

On the R.H.S., it is easy to see that

max
l /∈Λ
‖dHl X‖p = ‖DHΛcX‖p,∞. (12.3.2)

Recall that by (p,∞) norm we mean taking lp norm of each row and

then finding the maximum.

Applying triangular inequality we get

‖DHΛcX‖p,∞ = ‖DHΛc(DΛA+ E)‖p,∞ ≤ ‖DHΛcDΛA‖p,∞ + ‖DHΛcE‖p,∞
(12.3.3)

We can apply alternative triangular inequality on the L.H.S. as

min
k∈Λ
‖dHk X‖p = min

k∈Λ
‖dHk (DΛA+ E)‖p

≥ min
k∈Λ
‖dHk (DΛA‖p −max

k∈Λ
‖dHk E‖p

= min
k∈Λ
‖dHk DΛA‖p − ‖DHΛ E‖p,∞.

(12.3.4)

Thus, the tightened recovery condition can be rewritten as

min
k∈Λ
‖dHk DΛA‖p − ‖DHΛ E‖p,∞ > ‖DHΛcDΛA‖p,∞ + ‖DHΛcE‖p,∞. (12.3.5)

We have replaced the ≥ with > (further tightening the condition).

Bringing the terms related to the error matrix E on the L.H.S., we get

‖DHΛ E‖p,∞ + ‖DHΛcE‖p,∞ < min
k∈Λ
‖dHk DΛA‖p − ‖DHΛcDΛA‖p,∞. (12.3.6)
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Let us closely examine the term ‖dHk DΛA‖p. Consider the matrix

DHΛDΛA. We have

DHΛDΛA =
[
dλ1 . . . dλK

]H
DΛA

=


dHλ1

...

dλK


H

DΛA

=


dHλ1
DΛA
...

dHλKDΛA

 .
Thus, the term ‖dHλkDΛA‖p for λk ∈ Λ is the p-norm of k-th row in

DHΛDΛA.

Now we can write

DHΛDΛA = A+ (DHΛDΛ − I)A.

Taking the p-norm on the k-th row and applying triangle inequality

|a+ b| ≥ |a| − |b| on the R.H.S., we obtain

‖dHλkDΛA‖p ≥ ‖ak‖p − ‖(DHΛDΛ − I)A‖p,∞

where ak denotes the k-th row of A. Note that rather than taking

the p-norm of k-th row in (DHΛDΛ − I)A, we have taken the maximum

p-norm across all rows in this inequality.

Therefore the inequality (12.3.6) can be satisfied whenever

‖DHΛ E‖p,∞+‖DHΛcE‖p,∞ < min
k∈Λ
‖ak‖p−‖(DHΛDΛ−I)A‖p,∞−‖DHΛcDΛA‖p,∞.

(12.3.7)

Recall that for two arbitrary matrices A,B, we have the result

‖AB‖p,∞
‖B‖p,∞

≤ ‖A‖∞→∞ = ‖A‖1,∞.

Thus

‖AB‖p,∞ ≤ ‖A‖1,∞‖B‖p,∞.
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Applying this, we can write

‖(DHΛDΛ − I)A‖p,∞ ≤ ‖DHΛDΛ − I‖1,∞‖A‖p,∞

and

‖DHΛcDΛA‖p,∞ ≤ ‖DHΛcDΛ‖1,∞‖A‖p,∞.

Any row of (DHΛDΛ−I) contains the inner product of an atom dλk with

all other atoms indexed by Λ. Thus,

‖DHΛDΛ − I‖1,∞ = max
k∈Λ

∑
j∈Λ\{k}

|〈dk, dj〉| = µin
1 (Λ).

Similarly

‖DHΛcDΛ‖1,∞ = max
k/∈Λ

∑
j∈Λ

|〈dk, dj〉| = µ1(Λ).

Thus

‖(DHΛDΛ − I)A‖p,∞ + ‖DHΛcDΛA‖p,∞ ≤
(
‖(DHΛDΛ − I)‖1,∞ + ‖DHΛcDΛ‖1,∞

)
‖A‖p,∞

=
(
µin

1 (Λ) + µ1(Λ)
)
‖A‖p,∞.

Thus, putting back in the inequality (12.3.7), we get a further tightened

inequality as

‖DHΛ E‖p,∞ + ‖DHΛcE‖p,∞ < min
k∈Λ
‖ak‖p −

(
µin

1 (Λ) + µ1(Λ)
)
‖A‖p,∞.

(12.3.8)

We can capture our analysis so far in the following theorem.

Theorem 12.1 If

‖DHΛ E‖p,∞ + ‖DHΛcE‖p,∞ < min
k∈Λ
‖ak‖p −

(
µin

1 (Λ) + µ1(Λ)
)
‖A‖p,∞
(12.3.9)

then p-thresholding recovers the support Λ from X = DA + E.

Moreover, the reconstructed coefficients satisfy

‖A − Â‖1→2 ≤ (1 + µin
1 (Λ)) · ‖E‖1→2 (12.3.10)

where ‖ · ‖1→2 is the maximum l2 norm of any column.

‖E‖1→2 gives the maximum energy in any of the error vectors.
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Proof. Most of the derivation has been completed in (12.3.8).

Once the support has been correctly identified, then from X = DΛA+

E, we obtain

Â = D†Λ (DΛA+ E) = A+D†ΛE.

Note that

‖A − Â‖1→2 = ‖A− Â‖1→2

From above, we get

‖A− Â‖1→2 = ‖D†ΛE‖1→2.

Now

‖D†ΛE‖1→2 ≤ ‖E‖1→2‖D†Λ‖2

using the consistency of operator norms.

We can separately show that (TODO HOW)

‖D†Λ‖2 ≤ 1 + µin
1 (Λ).

This completes the theorem. �

12.4. Performance guarantees for S-OMP

In this and following sections we will develop theoretical results for

the performance of S-OMP for different types of sparse approximation

problems.

The idea of greedy selection ratio (first developed for the analysis of

OMP in signal signal setting [34]) is fundamental to the analysis in

many of following results. We develop it here before getting into more

specific results.

LetX = DA∗ whereA∗ is the optimal solution to the problem (Joint-P0).

Let Λ = supp(A∗).

We introduce the N × K matrix DΛ which contains the good atoms

indexed by Λ.
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Let the N×(D−K) matrix DΛc contain the remaining atoms not used

in the construction of X from A∗.

Recall the definition

Rt = X −X t

and consider DHΛ Rt. Observe that each row of the K×S matrix DHΛ Rt

lists the inner product between a fixed atom in DΛ and the S columns

of Rt.

The rows of the (D −K) × S matrix DHΛcRt have an analogous inter-

pretation.

The algorithm chooses another optimal atom if and only if the ratio

ρ ,
‖DHΛcRt‖q′→∞
‖DHΛ Rt‖q′→∞

(12.4.1)

is strictly less than one i.e. ρ < 1. Here q′ is given by

1

q
+

1

q′
= 1.

E.g. for q = 1, q′ =∞.

Just like the analysis of single vector setting, we can call this ratio as

greedy selection ratio.

12.5. S-OMP recovery guarantee for Exact sparse problem

We present a result showing that S-OMP for the (Joint-P0) problem in

terms of ERC.

Theorem 12.2 [13] Let X = DA∗ where A∗ is the optimal solu-

tion to the problem (Joint-P0). Let Λ = supp(A∗).

A sufficient condition for S-OMP for q ≥ 1 to recover A∗ is that

‖D†Λdj‖ < 1 ∀ j /∈ Λ. (12.5.1)
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Equivalently the sufficient condition in terms of Exact Recovery

Coefficient is:

ERC(D,Λ) > 0. (12.5.2)

Proof. For the exact sparse problem, it is easy to see that residuals

in Rt belong to the column space of DΛ. The Projection operator for

DΛ is

DΛD†Λ = DΛ(DHΛDΛ)−1DHΛ =
(
D†Λ
)H
DHΛ .

Clearly

Rt =
(
D†Λ
)H
DHΛ Rt.

Putting it back in (12.4.1), we obtain

ρ =
‖DHΛcRt‖q′→∞
‖DHΛ Rt‖q′→∞

=
‖DHΛc

(
D†Λ
)H
DHΛ Rt‖q′→∞

‖DHΛ Rt‖q′→∞
.

Using the result

‖AB‖p→∞ ≤ ‖A‖∞‖B‖p→∞

we can write

‖DHΛc

(
D†Λ
)H
DHΛ Rt‖q′→∞ ≤ ‖DHΛc

(
D†Λ
)H
‖∞‖DHΛ Rt‖q′→∞

Putting it back, we obtain

ρ ≤ ‖DHΛc

(
D†Λ
)H
‖∞ ≤ ‖D†ΛDΛc‖1

It is easy to see that

‖D†ΛDΛc‖1 = max
j∈Λc
‖D†Λdj‖.

Thus if (12.5.1) holds, then ρ < 1 which is the sufficient condition to

ensure that an atom from Λ will be picked up in every iteration of

S-OMP. �

We can now use coherence and Babel function based bounds which

ensure that ERC(D,Λ) < 1.
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Recall the relationship between ERC and coherence.

ERC(Λ) ≥ 1− (2K − 1)µ

1− (K − 1)µ
.

This gives us the result that whenever

K <
1

2

(
1 +

1

µ

)
then ERC(Λ) > 0.

ERC and Babel function are related as follows.

ERC(Λ) ≥ 1− µ1(K − 1)− µ1(K)

1− µ1(K − 1)
.

Thus if

µ1(K − 1) + µ1(K) < 1

then ERC is positive.

12.6. Approximation with a sparsity bound

This flavor of sparse approximation problem can be stated as

min
A∈CD,S

‖X −DA‖F subject to ‖A‖row−0 ≤ K. (SPARSE)

K is the upper limit of row-l0 norm allowed on the representation matrix

A i.e. the maximum number of non-zero rows allowed in A is K.

‖X−DA‖F is the Frobenius norm of approximation error for a specific

choice of A. Thus we wish to minimize the approximation error subject

to maximum number of atoms that can be chosen from the dictionary

D.

If Aopt solves the optimization problem, then the corresponding ap-

proximation of the signal matrix X is given by X̂ = ΦAopt.

We have the following theoretical guarantee.
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Theorem 12.3 [40] Assume that µ1(K) < 1
2
. Given an input ma-

trix X, suppose that Aopt solves (SPARSE) and that X̂ = ΦAopt.

After K iterations, S-OMP will produce an approximation XK that

satisfies the error bound

‖X −XK‖F ≤
[
1 + SK

1− µ1(K)

1− 2µ1(K)2

]
‖X − X̂‖F . (12.6.1)

In words, S-OMP is an approximation algorithm for (SPARSE).

We also note that if signals in X are truly sparse and can be represented

exactly by the atoms indexed by Λ, then

X = X̂

and S-OMP will indeed recover it under the conditions of theorem 12.3.

Proof. Suppose that some solution of (SPARSE) involvesK atoms

indexed in Λopt.

We can rewrite

Rt = X −X t = (X − X̂) + (X̂ −X t).

We put this in (12.4.1) to obtain

ρ =
‖DHB (X − X̂) +DHB (X̂ −X t)‖q′→∞
‖DHG (X − X̂) +DHG (X̂ −X t)‖q′→∞

(12.6.2)

Since X̂ is the least squares estimate of X over the columns in DG,

hence

DHG (X − X̂) = 0.

This term goes away from the denominator.

Applying the triangular inequality we see that

ρ ≤ ‖D
H
B (X − X̂)‖∞→∞

‖DHG (X̂ −X t)‖∞→∞
+
‖DHB (X̂ −X t)‖∞→∞
‖DHG (X̂ −X t)‖∞→∞

(12.6.3)
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The 2nd fraction in this equation can be bound as follows. Let D†G be

the pseudo-inverse of DG. Then following the steps similar to [34], we

can show that

‖DHB (X̂ −X t)‖∞→∞
‖DHG (X̂ −X t)‖∞→∞

≤ ‖D†GDB‖1→1. (12.6.4)

It can be shown that (HOW? )

‖DHB (X − X̂)‖∞→∞
‖DHG (X̂ −X t)‖∞→∞

≤ ‖DHB (X − X̂)‖∞→∞
‖D†G‖

−1
2→1‖(X̂ −X t)‖F

. (12.6.5)

�

12.7. Joint l1 minimization recovery guarantee

We now present a recovery guarantee for the equivalence of (Joint-P0)

and (Joint-P1) problems. This guarantee establishes the conditions

under which basis pursuit can be used safely for solving the sparse

recovery problem in multiple signal setting.

Theorem 12.4 [13] Let X = DA∗ where A∗ is the optimal solu-

tion to the problem (Joint-P0). Let Λ = supp(A∗).

A sufficient condition for A∗ to be the solution of (Joint-P1) is

that

‖D†Λdj‖ < 1 ∀ j /∈ Λ. (12.7.1)

Equivalently the sufficient condition in terms of Exact Recovery

Coefficient is:

ERC(D,Λ) > 0. (12.7.2)

Proof. Suppose that there exists another feasible representation

B such that

X = DΛA∗Λ = DΛ′BΛ′ (12.7.3)

where Λ 6= Λ′ and Λ′ = supp(B).
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Let us add few more symbols to help out in the proof. We have A,B ∈
CD×K . Let K = |Λ| and K ′ = |Λ′|. Then DΛ ∈ CN×K and DΛ′ ∈
CN×K′ . Further, A∗Λ ∈ CK×S and BΛ′ ∈ CK′×S.

Further, let us denote

Λ = {λ1, λ2, . . . , λK}

and

Λ′ = {ω1, ω2, . . . , ωK′}.

We note that the set Λ′ should contain at least one index different

from indices in Λ. Otherwise, it would have been a subset of Λ and

that would contradict minimality of Λ as a solution of (Joint-P0).

We need to show that under the condition (12.7.1)

‖A∗‖p,1 < ‖B‖p,1. (12.7.4)

holds. Recall that

‖A∗‖p,1 =
D∑
i=1

‖a∗i‖p =
∑
i∈Λ

‖a∗i‖p (12.7.5)

i.e. it is the sum of lp norms of the non-zero rows of A∗.

The atoms indexed by Λ are linearly independent, otherwise we could

have found a solution with lower row − 0 norm for (Joint-P0). Note

that we cannot say something like this for Λ′.

Thus, from (12.7.3), we get

A∗Λ =
(
D†ΛDΛ′

)
BΛ′ . (12.7.6)

Here
(
D†ΛDΛ′

)
is a K ×K ′ matrix.

Writing down A∗Λ as

A∗Λ =


aλ1

...

aλK


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and BΛ′ as

BΛ′ =


bω1

...

bωK′


we can see that

aλi =
K′∑
j=1

(
D†ΛDΛ′

)
ij
bωj (12.7.7)

where
(
D†ΛDΛ′

)
ij

is the (i, j)-th entry of the K ×K ′ matrix D†ΛDΛ′ .

In words, a row vector in A∗Λ on the L.H.S. is a linear combination of

the row vectors in BΛ′ on the R.H.S. where the coefficients of the linear

combination come from the corresponding row in the pre-multiplying

matrix.

Taking lp norm on both sides and applying triangular inequality we get

‖aλi‖p ≤
K′∑
j=1

∣∣∣∣(D†ΛDΛ′

)
ij

∣∣∣∣ ‖bωj‖p. (12.7.8)

Taking
∑

i over both sides we get

K∑
i=1

‖aλi‖p ≤
K∑
i=1

K′∑
j=1

∣∣∣∣(D†ΛDΛ′

)
ij

∣∣∣∣ ‖bωj‖p. (12.7.9)

Recall from (12.7.5) that L.H.S. is nothing but ‖A∗‖p,1.

Interchanging the order of sums on the R.H.S. we get

‖A∗‖p,1 ≤
K′∑
j=1

K∑
i=1

∣∣∣∣(D†ΛDΛ′

)
ij

∣∣∣∣ ‖bωj‖p. (12.7.10)

Let us look at the term
K∑
i=1

∣∣∣∣(D†ΛDΛ′

)
ij

∣∣∣∣ .
We can write

DΛ′ =
[
dω1 . . . dωK′

]
where {ω1, . . . , ωK′} = Λ′.
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Thus

D†ΛDΛ′ =
[
D†Λdω1 . . . D†ΛdωK′

]
.

Consequently
K∑
i=1

∣∣∣∣(D†ΛDΛ′

)
ij

∣∣∣∣ = ‖D†Λdωj
‖1.

Now, if ωj ∈ Λ, then

‖D†Λdωj
‖1 ≤ 1

and if ωj /∈ Λ, then due to (12.7.1)

‖D†Λdωj
‖1 < 1.

We have already established that there is at least one ωj ∈ Λ′ such that

ωj /∈ Λ. Thus, putting in (12.7.10), we obtain

‖A∗‖p,1 <
K′∑
j=1

‖bj‖p = ‖B‖p,1.

Thus, if (12.7.1) holds, then A∗ is necessarily the solution of both

(Joint-P0) and (Joint-P1) problems. �

We see that the condition (12.7.1) is not different from the condition

for the recovery using l1 minimization for the signal signal setting. We

have not been able to show anything so far which can demonstrate that

l1 minimization can take advantage of the presence of multiple signals

in the uniqueness guarantees.

From theorem 12.4 it is easy to specialize the results in terms of coher-

ence and Babel function.



CHAPTER 13

Rank Aware and MUSIC based Algorithms for

Joint Sparse Recovery

This chapter is largely drawn from [13, 19].

13.1. l0 norm minimization

We begin our discussion with the problem

Â = arg min
A∈CD×S

‖A‖row−0 subject to X = DA. (Joint-P0)

In general, the results will be equally valid for the MMV (multiple

measurement vector) problem in compressed sensing setting.

X̂ = arg min
X∈CN×S

‖X‖row−0 subject to Y = ΦX. (Joint-CS0)

We will keep switching between the two settings (sparse representation

and compressed sensing) during the chapter to have the flavor of both

settings. Wherever a result is applicable only for one setting, we will

specifically mark them.

13.1.1. Uniqueness of l0 norm minimization

We will assume that the solution to (Joint-P0) is unique. This can be

observed from the conditions developed for the single signal setting.

Theorem 13.1 [13] The matrix Â is the unique solution to (Joint-P0)

if X = DÂ and

‖Â‖row−0 <
1

2
spark(D). (13.1.1)

419
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Note: We are not saying that A itself is a unique solution. It may

happen that A is non-sparse or not sufficiently sparse. In general,

X = DA has infinite solutions. All, we are saying that a particular

solution Â is unique (in row sparsity sense), if it satisfies (13.1.1). If

no solution satisfies (13.1.1), then there is no unique (in row sparsity

sense) solution to (Joint-P0).

Proof. If (13.1.1) holds, then for every α̂s with 1 ≤ s ≤ S, we

have

‖α̂s‖0 <
1

2
spark(D).

Since xs = Dα̂s, the uniqueness-spark condition for single signal setting

says that α̂s is unique, establishing the uniqueness of Â. �

An alternative proof is presented below.

Proof. Assume that (13.1.1) holds for two different solutions of

(Joint-P0) namely A and B. Then

max(‖A‖row−0, ‖B‖row−0) <
1

2
spark(D).

Using triangle inequality for row− 0-“norm”, we have

‖A − B‖row−0 ≤ ‖A‖row−0 + ‖B‖row−0 < spark(D). (13.1.2)

On the other hand, since 0 = D(A−B), if we consider the first column

of (A− B) say γ, we have

Dγ = 0.

This means that either γ = 0 or

‖γ‖0 ≥ spark(D).

Consequently

‖A − B‖row−0 ≥ ‖γ‖0 ≥ spark(D)

which contradicts (13.1.2). Thus, the only possibility is γ = 0 (i.e. the

first columns of A and B are same).

The same logic requires each column of (A− B) to be zero leading to

A = B and thus providing uniqueness guarantee. �
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So far the uniqueness result is same as the result for single signal set-

ting. What is the advantage that we obtain by having so many signals

in the signal matrix X?

This is answered in the following uniqueness result which incorporates

the rank of A as and additional feature. Going forward we will simply

characterize the requirements on A which ensure its uniqueness.

Theorem 13.2 [13] Let rank(X) denote the rank of the signal

matrix X. Obviously rank(X) ≤ S. Matrix A will be the unique

solution to the problem (Joint-P0) if

‖A‖row−0 <
1

2
[spark(D)− 1 + rank(X)] . (13.1.3)

Proof. We have X ∈ CN×S. Suppose, we have X = DA = DB
where A,B ∈ CD×S , and A 6= B.

Let nullity(A) denote the dimension of the null space of a matrix A

and rank(A) denote its rank.

We have

nullity(A) ≤ nullity(X) (13.1.4)

and

nullity(B) ≤ nullity(X). (13.1.5)

Similarly, for the ranks, we have the relations

rank(A) ≥ rank(X) (13.1.6)

and

rank(B) ≥ rank(X). (13.1.7)

Let Λa = supp(A) and Λb = supp(B). Λa corresponds to the non-zero

rows of A and Λb corresponds to the non-zero rows of B.

Let Λc = Λa ∩ Λb. It corresponds to the rows which are non-zero in

both A and B.
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Λa∪Λb identifies all the atoms in D which are involved in the construc-

tions X = DA and X = DB.

Λ′a = Λa\Λ identifies atoms which are involved only in the construction

X = DA.

Λ′b = Λb\Λ identifies atoms which are involved only in the construction

X = DB.

Λc identifies atoms which are involved in both constructions.

Let us construct a matrix

D′ =
[
DΛ′a DΛc DΛ′b

]
(13.1.8)

The submatrix
[
DΛ′a DΛc

]
corresponds to atoms for supp(A) and the

submatrix
[
DΛc DΛ′b

]
corresponds to atoms for supp(B).

Let ra = ‖A‖row−0 and rb = ‖B‖row−0.

Let rc = |Λc| (i.e. the number of atoms common to both supports).

Let Aa (resp. Bb) be the submatrix of A (resp. B) constructed by

picking rows indexed by Λ′a (resp. Λ′b) .

Let Ac and Bc be submatrices of A and B constructed by picking rows

indexed by Λc. Then

X =
[
DΛ′a DΛc

] [Aa
Ac

]
=
[
DΛc DΛ′b

] [Bc
Bb

]
(13.1.9)

A simple manipulation gives us

0 = D(A− B) =
[
DΛ′a DΛc DΛ′b

] Aa
Ac − Bc
−Bb

 . (13.1.10)

From (13.1.10) we have

nullity(D′) ≥ rank


 Aa
Ac − Bc
−Bb


 . (13.1.11)
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It is easy to see that

rank


 Aa
Ac − Bc
−Bb


 ≥ max(rank(Aa), rank(Bb)). (13.1.12)

Without loss of generality, we consider Aa only.

Also, we can see that

nullity(Aa) ≤ nullity(A) + rc. (13.1.13)

Consider the linear systems Ay = 0 and Aay = 0. The former has rc

more constraints. So its solution space (the null space of A) is at most

reduced by rc dimensions.

This leads to

rank(A)− rc ≤ rank(Aa). (13.1.14)

Combining, we have

nullity(D′) ≥ rank


 Aa
Ac − Bc
−Bb


 ≥ rank(A)− rc ≥ rank(X)− rc.

(13.1.15)

Simplifying

nullity(D′) ≥ rank(X)− rc. (13.1.16)

By the definition of spark we have

rank(
[
DΛ′a DΛc DΛ′b

]
) ≥ spark(

[
DΛ′a DΛc DΛ′b

]
)−1 ≥ spark(D)−1.

(13.1.17)

Combining all of the above, we have

ra + rb − rc = #Cols(
[
DΛ′a DΛc DΛ′b

]
)

= rank(
[
DΛ′a DΛc DΛ′b

]
) + nullity(

[
DΛ′a DΛc DΛ′b

]
)

≥ spark(D)− 1 + rank(X)− rc.

This gives us

ra + rb ≥ spark(D)− 1 + rank(X). (13.1.18)
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Thus if there are two distinct solutions of (Joint-P0) problem, then

‖A‖row−0 + ‖B‖row−0 ≥ spark(D)− 1 + rank(X).

Hence, if

‖A‖row−0 <
1

2
(spark(D)− 1 + rank(X))

then A is necessarily the unique solution. �

Theorem 13.3 [13] If

‖A‖row−0 <
1

2
(
1

µ
+ rank(X)) (13.1.19)

where µ is the coherence of D, then A is the unique solution to

(Joint-P0).

Proof. Recall that

spark(D) ≥ 1 +
1

µ
.

Thus
1

µ
≤ spark(D)− 1.

Thus

‖A‖row−0 <
1

2
(
1

µ
+rank(X)) =⇒ ‖A‖row−0 <

1

2
(spark(D)−1+rank(X)).

�

Theorem 13.4 [13] If

‖A‖row−0 < µ1/2(G) +
1

2
rank(X) (13.1.20)

then A is the unique solution to (Joint-P0).

We recall that G is the Gram-matrix for D and µ1/2(G) is the smallest

number m such that the sum of magnitudes of a collection of m off-

diagonal entries in a single row or column of the Gram matrix G is at

least 1
2
.
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Proof. We recall that

spark(D) ≥ 2µ1/2(G) + 1.

Thus

2µ1/2(G) ≤ spark(D)− 1.

The rest is a simple application of theorem 13.2. �

An alternative rendition of theorem 13.2 in the context of compressed

sensing would be as follows (Joint-CS0)

Theorem 13.5 [13] Matrix X will be the unique solution to the

problem (Joint-CS0) if

‖X‖row−0 <
1

2
[spark(Φ)− 1 + rank(Y )] . (13.1.21)

Let us spend some time understanding this result. In CS setting, we

have a flexibility to choose the number of measurements M in the

sensing matrix Φ. In general, for well designed sensing matrices, the

spark increases as the number of measurements increase. Assuming

K = ‖X‖row−0 remains fixed, we see that spark(Φ) can be decreased

if rank(Y ) is high. Thus, with high rank measurement matrices, the

number of required measurements can be reduced.

Alternatively, if rank(Y ) increases and spark(Φ) remains constant (num-

ber of measurements doesn’t change), then higher levels of sparsity

(higher K = ‖X‖row−0) can be supported.

In the best case, we would have rank(Y ) = K. Then

K <
spark(Φ)− 1 +K

2

gives us the required condition as spark(Φ) > K + 1. When spark(Φ)

also takes up its largest value M + 1 (i.e. the matrix Φ is full rank),

then we can simplify the condition as M ≥ K + 1. Therefore, in the

best case scenario only K + 1 measurements per signal are enough to

ensure uniqueness of the sparse signal matrix.
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We recall that for the SMV (single measurement vector) setting, the

minimum number of required measurements is 2K.

Theorem 13.2 provides a uniqueness condition on ‖A‖row−0 in terms of

spark of the dictionary D and rank of the signal matrix X. It would

be interesting to have a sufficient condition in terms of the rank of the

representation matrix A. Moreover, if we could show that such a con-

dition is also necessary, then we would have established the sharpness

of the condition.

The next result shows that we can replace rank(X) with rank(A) in

(13.1.3).

Theorem 13.6 [19] The sufficient condition of (13.1.3) in theo-

rem 13.2 is equivalent to

‖A‖row−0 <
1

2
[spark(D)− 1 + rank(A)] . (13.1.22)

Proof. Since rank(X) ≤ rank(A), hence if (13.1.3) is true, the

(13.1.22) is also true.

We now need to show that (13.1.22) also implies (13.1.3).

We note that rank(A) ≤ ‖A‖row−0 i.e. the rank of A is not larger than

the number of non-zero rows in A. Putting this in (13.1.22) we obtain

‖A‖row−0 <
1

2
[spark(D)− 1 + ‖A‖row−0] .

Simplifying, we get

K = ‖A‖row−0 < spark(D)− 1.

This means that spark(D) > K + 1. Thus, any set of K columns is

linearly independent. In particular, if Λ = supp(A), then the subdic-

tionary DΛ with columns indexed by Λ must be full rank. Finally, with

X = DΛAΛ gives us rank(X) = rank(AΛ) = rank(A) since all the rows

in A not indexed by Λ are zero. Finally rank(X) = rank(A) means

that the (13.1.22) implies (13.1.3). �
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The next result shows that the conditions (13.1.3) and (13.1.22) are

both necessary and sufficient for uniqueness in (Joint-P0) problem.

Theorem 13.7 [19] The condition (13.1.22)

‖A‖row−0 <
1

2
[spark(D)− 1 + rank(A)]

or equivalently the condition (13.1.3)

‖A‖row−0 <
1

2
[spark(D)− 1 + rank(X)]

is both necessary and sufficient condition for A to be the unique

solution of (Joint-P0) problem.

Proof. We have already proved in theorem 13.2 and theorem 13.6

that the conditions are sufficient.

We now need to show that the conditions are necessary too. For this

we need to show that there exists a representation matrix A with P =

rank(A) and K = ‖A‖row−0 such that if 2K ≥ spark(D)− 1 + P then

A cannot be uniquely determined. In other words, for such an A there

exists another matrix B with ‖B‖row−0 ≤ K such that X = DB.

We start with

2K ≥ spark(D)− 1 + P ⇐⇒ spark(D) ≤ 2K − P + 1.

Define T = 2K−P+1. Then spark(D) ≤ T means that there exists an

index set Γ with T = |Γ| such the columns of DΓ are linearly dependent.

In other words, there exists a vector v ∈ CT such that DΓv = 0. Now

construct V ∈ CT×S as

V =
[
v . . . v

]
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i.e. V consists of S repetitions of v. We construct a representation

matrix A with supp(A) ⊂ Γ as follows

AΓ,: =



V1:K−P+1,:

IP−1 0

0K−P+1×S


The rows in A not indexed by Γ are zero. The rows in A indexed

by Γ with |Γ| = T = 2K − P + 1 are constructed as in the equation

above. First K − P + 1 rows are picked directly from V . The next

P − 1 rows consist of an identity matrix of size P − 1 followed by

all 0s. The next K − P + 1 rows are all zeros. Thus, total rows are

K − P + 1 + P − 1 + K − P + 1 = 2K − P + 1 = T . Note that since

K ≥ P , hence K − P + 1 > 0.

First K − P + 1 rows of A may be non-zero. The next P − 1 rows are

definitely non-zero. All other rows are zero. Thus a maximum of K

rows in A are non-zero. Hence ‖A‖row−0 ≤ K.

Now construct another matrix B as follows. Keep supp(B) ⊂ Γ. Fur-

ther, construct

BΓ,: = XΓ,: − V.

By construction B is also K row sparse.

Now

DB = DΓBΓ = DΓ(AΓ − V ) = DΓAΓ = DA.

Thus both B and A are K-row sparse solutions to the problem X =

DA. This means that (13.1.22) is a necessary condition for uniqueness.

�

Let us rewrite the previous two results for the CS setting also.
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Theorem 13.8 [19] The sufficient condition of (13.1.21) in theo-

rem 13.5 is equivalent to

‖X‖row−0 <
1

2
[spark(Φ)− 1 + rank(X)] . (13.1.23)

Theorem 13.9 [19] The condition (13.1.23)

‖X‖row−0 <
1

2
[spark(Φ)− 1 + rank(X)]

or equivalently the condition (13.1.21)

‖X‖row−0 <
1

2
[spark(Φ)− 1 + rank(Y )]

is both necessary and sufficient condition for A to be the unique

solution of (Joint-CS0) problem.

The results above validate the relevance of rank of the representation

matrix or the signal matrix or the measurement matrix in the joint

sparse recovery problem. Our next goal is to develop practical algo-

rithms which can leverage the rank information and successfully per-

form joint recovery with lesser number of measurements or higher levels

of sparsity.

The first algorithm on this journey will be based on the MUSIC prin-

ciple.

13.2. The MUSIC principle

Before proceeding further, we take a slight detour to an interesting

algorithm from signal processing literature.

13.2.1. The MUSIC principle

The inverse of the norm of the projection of a vector

in the essential range of a Hermitian operator on to

its noise subspace is infinite.
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MUSIC [32] stands for MUlitple SIignal Classification.

Let A ∈ Cn×n be a Hermitian matrix with eigen values |λ1| ≥ |λ2| ≥
· · · ≥ |λn|and corresponding (unit norm) eigen vectors v1, v2, . . . , vn.

Let the number of non-zero eigen values be m. Then the eigen values

λm+1, . . . , λn are all zero and the eigen vectors vm+1, . . . , vn span the

null space of A.

In typical situations, the first m eigen values would be significant while

the rest n−m would be very small. In this case, we say that the eigen

vectors vm+1, . . . , vn span the noise subspace of A.

We can now form the projection operator for the noise subspace of A

as

Pnoise =
∑
j>m

vjv
H
j . (13.2.1)

We say that the essential range of A is spanned by the vectors

v1, . . . , vm. Since A is Hermitian, hence the noise subspace is orthog-

onal to the essential range. Therefore, a vector x is in the essential

range if and only if its projection to the noise subspace is zero, i.e. if

‖Pnoisex‖2 = 0. (13.2.2)

This is equivalent to writing

1

‖Pnoisex‖2

=∞. (13.2.3)

The equation (13.2.3) can be treated as a characterization of the essen-

tial range of A. This characterization is known as the MUSIC principle.

13.2.2. Applications in signal processing

Here is a simple application of the MUSIC principle for harmonic fre-

quency detection.

Consider a signal which is a superposition of two time-harmonic signals

of different frequency with noise.
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xn = a1e
jω1n + a2e

jω2n + wn. (13.2.4)

Assume that the random variables wn are i.i.d.. The amplitudes a1 and

a2 are also random variables and independent. The frequencies ω1 and

ω2 are fixed but unknown. Our goal is to find these frequencies.

We can form the correlation matrix:

An,m = E(xnxm) (13.2.5)

Assume that we have N samples of xn. Since the different terms of xn

are independent, we can write

A = E(|a1|2)s1s1H + E(|a2|2)s2s2H + σ2
0IN (13.2.6)

where the n-th component of the vector si is given by

sin = ejωin

and σ2
0 = E(|ωn|2) is the noise variance.

The decomposition of A can be looked in two parts. The first part

covers the essential range of A spanned by the vectors s1 and s2. The

second part is the noise subspace with a very small eigen value corre-

sponding to the noise variance.

The correlation matrix A can be estimated accurately by taking multi-

ple snapshots of N -sample vectors of xn. Once the correlation matrix

has been obtained, its eigen value decomposition can be carried out.

After that, we can keep the first two eigen vectors (corresponding to

the largest eigen values) as part of the essential range and take rest of

the eigen vectors as our noise subspace. From them, we can compute

the projection operator for the noise subspace Pnoise.

In order to find the actual frequencies ω1 and ω2, we plot the following

as a function of ω
1

‖Pnoisesω‖2

(13.2.7)

where sω is an N -length vector whose n-th entry is given by ejωn.
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The resulting plot is expected to have two peaks at the frequencies ω1

and ω2. This plot is known as the MUSIC pseudospectrum.

We note that for this algorithm to work, we need a) large number

of samples xn and b) large number of frequencies ω over which the

pseudospectrum is evaluated.

13.3. MUSIC based joint recovery

We now explore how we can use the MUSIC principle in joint recovery

problem [19].

The MUSIC principle can be directly applied when the rank of X in

X = DA or rank of Y in Y = ΦX equals K which is the row sparsity

level of the representation matrixA in the sparse approximation setting

or the row sparsity level of the signal matrix X in CS setting.

In rest of the section, we will work with the CS setting.

Recall that from the relation Y = ΦX, we have rank(Y ) ≤ rank(X) ≤
K. The last inequality is due to the fact that X may have less than K

non-zero rows, and even then we call it K-row sparse.

Now rank(Y ) = K implies that

rank(Y ) = rank(X) = K. (13.3.1)

With Λ = supp(X), we have

Y = ΦΛXΛ (13.3.2)

with Y ∈ CM×S, ΦΛ ∈ CM×K and XΛ ∈ CK×S.

Since rank(ΦΛ) = K too, the column spaces of Y and ΦΛ are same

i.e. C(Y ) = C(ΦΛ). This means that we have complete visibility into

the column space of ΦΛ through the column space of Y . In particular,

every φi lies in the column space of Y .

Assuming that (13.1.23) is satisfied, we know that X is a unique sparse

solution. This means that any φi with i /∈ Λ (i.e. outside ΦΛ) will not
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lie entirely in the column space of Y . If it did, we could easily construct

an alternative K-row sparse solution.

We are now ready to apply the MUSIC principle. Consider the or-

thogonal complement of the column space of Y . Clearly, the vectors

φi with i ∈ Λ fall into its null space and φi with i /∈ Λ have a non-zero

projection in this space.

We construct a basis U for the column space of Y by orthogonaliza-

tion U = orth(Y ). We then construct the projection operator for the

orthogonal complement of the column space of Y as

P = I − UUH .

Based on the discussion above we have the result:

‖(I − UUH)φi‖2 = 0, if and only ifi ∈ Λ. (13.3.3)

Therefore, if we select K atoms from Φ which minimize ‖(I−UUH)φi‖2

or alternatively maximize

1

‖(I − UUH)φi‖2

(the MUSIC pseudo-spectrum) we have identified our submatrix ΦΛ.

After this, the recovery process is a simple least square step given by

XΛ = Φ†ΛY. (13.3.4)

Let us summarize the algorithm

• We construct an orthonormal basis U for the column space of

Y .

• We construct the projection operator for the orthogonal com-

plete of C(Y ) as I − UUH .

• We select K atoms from Φ whose projection has minimum

norm.

• We construct ΦΛ and then compute X using least squares.
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We note that this procedure is not iterative at all. In one iteration,

we are able to identify the whole of support. Rest is plain old least

squares.

With Gaussian sensing matrices having spark(Φ) = M + 1 with prob-

ability 1, MUSIC algorithm can fully recover K-sparse signals jointly

with as less as M = K+ 1 measurements. Moreover this works for any

X as long as rank(X) = K. A single SVD of Y is enough to compute

the orthonormal basis U . Computationally also the algorithm is much

simpler than the traditional SMV recovery algorithms.

It is also quite easy to identify, whether we can use MUSIC or not. For

this, we simply need to find the rank of Y . If it equals K, we can use

it. This can be determined as we do the SVD of Y or we can use any

other means for finding the rank.

The only problem is that the MUSIC principle breaks when we have

rank(Y ) < K. We need to develop some other rank aware algorithms

for this case. But before we go into that, let us establish that the

traditional joint recovery algorithms like S-OMP (OMPMMV), mix-

norm minimization (BP style), thresholding etc. are rank-blind.

13.4. Rank blindness in joint recovery algorithms

The typical methods used for joint recovery are S-OMP (OMPMMV),

p-thresholding, and mixed lp,q norm minimization. They are straight-

forward generalizations of corresponding SMV algorithms: OMP, thresh-

olding and BP.

In this section, we show that these algorithms are effectively rank

blind. By being rank blind we mean that

• The algorithms do not allow for perfect recovery in the full

rank case.

• The worst case behavior of such algorithms approaches that

of the corresponding SMV problem.



13.4. RANK BLINDNESS IN JOINT RECOVERY ALGORITHMS 435

13.4.1. Greedy methods

Two popular greedy methods are thresholding [25] and SOMP [40].

The thresholding algorithm can be written in following steps. We first

compute

h = ‖ΦHY ‖row−q

where row− q stands for taking the lq norm of each row of the matrix

ΦHY . Thus h ∈ RN .

The second step is

Λ = supp(h|K)

i.e. the indices of K largest entries in h are considered as part of the

support for X.

Once the support has been identified, the recovery is done by least

squares:

XΛ = Φ†ΛY. (13.4.1)

The S-OMP algorithm has also been previously discussed.

We recall that Chen and Huo [13] showed that ERC(Φ) < 1 is a suf-

ficient condition for the success of S-OMP in the worst case. The

condition is identical to the OMP recovery guarantee. For the SMV

case, Tropp [34] had shown that ERC is also a necessary condition for

recovery guarantee. We show next that the necessary condition for

recovery using SOMP also approaches ERC condition and this condi-

tion is independent of the rank of X. This implies that the S-OMP

algorithm is not able to exploit rank information in the worst case.

Theorem 13.10 [19] (S-OMP is not rank aware) Let k be such

that 1 ≤ k ≤ K. Let Λ be an index set with K = |Λ| such that

max
j /∈Λ
‖Φ†Λφj‖2 > 1. (13.4.2)

Then, there exists an X with supp(X) = Λ and rank(X) = k that

cannot be recovered by S-OMP from Y = ΦX.
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(13.4.2) says that ERC condition is not satisfied for the subdicitonary

ΦΛ. Since, k varies between 1 to K, we are saying that SOMP will fail

for every rank in the worst case.

Proof. Due to Tropp [34, theorem 3.10], since ERC is not satisfied,

there exists a K-sparse vector x for the SMV problem for which OMP

will fail. Let x be such a vector with supp(x) = Γ and y = Φx such

that OMP incorrectly selects atom j∗ /∈ Λ at the first step with

|φHj∗y| > max
i∈Λ
|φHi y|+ ε (13.4.3)

for some ε > 0. In words, the inner product of φj∗ with the measure-

ment vector y is larger than the inner product of y with all the atoms

in ΦΛ and the minimum difference is a positive number ε.

We now construct a rank-1 matrix X ∈ CN×S as

X ,
[
x x . . . x

]
.

It is easy to see that this matrix cannot be recovered by S-OMP from

Y = ΦX for any choice of lq norm is the matching step in S-OMP.

The next step is to show that there exist other matrices with rank

between 1 and K which also cannot be recovered by S-OMP. For this,

we will introduce a slight perturbation in X as follows.

Define

X̃ = X + E

where supp(E) ⊆ Λ and max
j
‖φHj ΦE‖q ≤ S

1
q ε

2
such that X̃ has rank k

with 1 ≤ k ≤ K.
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Further, define Ỹ = ΦX̃. We now show that S-OMP will pick j∗ as the

first atom for this example.

‖φHj∗Ỹ ‖q = ‖φHj∗(ΦX + ΦE)‖q
≥ ‖φHj∗ΦX‖q − ‖φHj∗ΦE‖q

≥ S
1
q |φHj∗Φx| − S

1
q
ε

2

> S
1
q max
i∈Λ
|φHi Φx|+ S

1
q
ε

2

= max
i∈Λ
‖φHi ΦX‖q + S

1
q
ε

2

≥ max
i∈Λ

{
‖φHi ΦX‖q + ‖φHi ΦE‖q

}
≥ max

i∈Λ
‖φHi Ỹ ‖q.

(13.4.4)

The steps use the triangle inequality and basic manipulations. Due to

this, in the very first iteration itself, S-OMP will choose an incorrect

atom. Thus, X̃ cannot be recovered. �

13.4.2. Mixed lq, l1 minimization

Another approach based on the generalization of BP is

X̂ = arg min
X
‖X‖q,1 s.t.ΦX = Y. (13.4.5)

A similar approach can be used to show that this algorithm is also

rank-blind.

We recall that the for the corresponding SMV program which is basis

pursuit or l1 minimization, the necessary and sufficient condition for

the recovery of vectors x with support Γ is given by the Null Space

Property

‖zΓ‖1 < ‖zΓc‖1 ∀ z ∈ N (Φ) (13.4.6)

Theorem 13.11 [19] (The lq, l1 minimization is not rank aware.)

Let k be such that 1 ≤ k ≤ K. Suppose that there exists z ∈ N (Φ)

such that

‖zΛ‖1 > ‖zΛc‖1 (13.4.7)
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for some support Λ, |Λ| = K. Then there exists an X with

supp(X) = Λ, rank(X) = k such that lq, l1 minimization program

cannot recover X from Y = ΦX.

Proof. Skipped. �

We have established so far that the traditional joint recovery algo-

rithms are not rank aware. It is now time to explore some rank aware

algorithms.

13.5. Rank aware algorithms

13.5.1. Rank aware thresholding

In rank blind thresholding [19], we compute

h = ‖ΦHY ‖row−q

The change that we will make here is, we will replace Y with U =

orth(Y ). The rest of the steps essentially remain same.

(1) Compute h = ‖ΦHU‖row−2

(2) Find Λ = supp(h|K)

(3) Compute XΛ = Φ†ΛY .

(4) Fill rest of the rows with zeros.

When K is unknown, we can choose K either by applying a fixed cut-off

θ to the larger entries in h.

There is one particular difference here. While standard q-thresholding

can work with a variety of choices for q, only l2 norm is suitable for

rank aware thresholding. This is due to the fact that only l2 norm is

invariant to the (arbitrary) choice of the orthonormal basis, U for the

column space of Y .
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Theorem 13.12 [19] Let Y = ΦX with | supp(X)| = K, rank(X) =

K and K < spark(Φ)− 1. Then rank aware thresholding is guar-

anteed to recover X.

Proof. Skipped. �

Clearly, M = K + 1 measurements are sufficient to recover X, as long

as Φ has full spark.

Challenge Is a RIP based analysis of rank aware thresholding

possible?

13.5.2. Rank aware S-OMP

The S-OMP algorithm can be easily made rank aware by making some

changes in the matching and selection of next candidate index.

We recall that in standard S-OMP

λk+1 = arg max
i/∈Λk

‖φHi Rk‖q

and

Λk+1 = Λk ∪ {λk+1}

where Rk is the residual matrix at the end of k-th iteration.

The essential change we are going to make is how λk+1 is chosen by

replacing Rk with Uk = orth(Rk).

λk+1 = arg max
i/∈Λk

‖φHi Uk‖2

Since U is an (arbitrary) orthonormal basis, hence the only suitable

choice of norm is again q = 2.

We recall the idea of greedy selection ratio which is an essential cri-

terion for deciding whether a pursuit algorithm is proceeding correctly
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or not. In our rank aware S-OMP, the ratio takes the form:

ρ =

max
j /∈Ω
‖φHj U‖2

max
j∈Ω
‖φHj U‖2

< 1. (13.5.1)

Challenge Can we perform a RIP analysis of rank aware S-OMP?

Challenge One of the operations in Joint-CoSaMP is threshold-

ing for choosing the 2K indices in the matching step and K indices

later in the least squares step. The Joint-CoSaMP currently de-

fined uses a rank-blind thresholding scheme. What happens if we

replace the rank-blind thresholding scheme with rank-aware one?

Would that help in improving the performance of Joint-CoSaMP?

Why this? CoSaMP was developed in the first place since OMP

couldn’t provide guarantees for noisy recovery. The rank aware

thresholding and OMP are also only for noiseless recovery. A

rank-aware joint-CoSaMP might provide performance guarantees

for noisy recovery also.

13.6. l1 norm minimization

Challenge Can we do rank aware analysis of BPIC for compressed

sensing in joint recovery setting?

Challenge Can we do rank aware analysis of cosamp! (cosamp!)

for compressed sensing in joint recovery setting?

13.7. Digest



CHAPTER 14

Dictionary Learning

14.1. Introduction

When designing a dictionary for a particular application, we have sev-

eral options [30]. On the one hand we can go through the long list of

analytically constructed or tunable dictionaries and select one of them

as suitable for the application in concern. On the other hand, we can

actually take up a number of real example signals from our application

and try to construct a dictionary which is optimized for these. Dictio-

nary learning (DL) [33, 21] is a process which attempts to solve the

problem of constructing a dictionary directly from the set of example

signals. The atoms of a learnt dictionary come from the underlying

empirical data of training set of example signals for the specific appli-

cation. While analytically constructed dictionaries are typically meant

for only specific applications, the learning method allows one to con-

struct dictionaries for any family of signals which are amenable to the

sparse and redundant representations model. This certainly comes at

a cost. Learnt dictionaries have to be held completely in memory ex-

plicitly as they happen to be usually structure less. Thus they don’t

provide an efficient implementation of analysis (DHx) and synthesis

(Dα) operators. Thus using them in applications leads to more com-

putational costs.

We start by formalizing the notation for DL. We consider a set of S

example signals put together in a signal matrix X ∈ CN×S. Consider a

dictionary D ∈ CN×D. Let αi ∈ CD be the sparsest possible represen-

tation of xi in D with xi = Dαi+ei. We put all αi together in a matrix

A ∈ CD×S. Then we have X = DA + E where E ∈ CN×S represents

441
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approximation error. We are looking for best dictionary from the set

of possible dictionaries such that we are able to get sparse representa-

tions of xi with low approximation error. We can quantify the notion

of good approximation by putting an upper bound on the norm of ap-

proximation error as ‖ei‖2 ≤ ε. Combining these ideas, we introduce

the notion of a sparse signal model denoted as MD,K,ε which con-

sists of a dictionary D providing K-sparse representations for a class

of signals (from which the example signals are drawn) with an upper

bound on approximation error given by ε. The DL problem essentially

tries to learn best model M based on the example signals X.

We can formulate the DL problem as an optimization problem as fol-

lows:

minimize
D,{αi}Si=1

S∑
i=1

‖αi‖0

subject to ‖xi −Dαi‖2 ≤ ε, i = 1, . . . , S.

(14.1.1)

In this version, we are trying to minimize total sparsity of αi while using

the upper bound on approximation error as optimization constraint.

We are not enforcing sparsity constraint that ‖αi‖0 ≤ K ∀ 1 ≤ i ≤ S.

Alternatively we can also write:

minimize
D,{αi}Si=1

S∑
i=1

‖xi −Dαi‖2
2

subject to ‖αi‖0 ≤ K, i = 1, . . . , S.

(14.1.2)

In this version we are trying to minimize approximation error while

keeping K-sparsity as optimization constraint. We are not enforcing

the constraint that ‖ei‖2 ≤ ε.

Alas, there doesn’t exist any computationally tractable algorithm to

solve these optimization problems. An alternative is to consider a

heuristic iterative approach presented in fig. 14.1.

Some possible halting criteria are:

• Stop after a fixed number of iterations
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Choose an initial dictionary D0 ;

Initialize iteration counter k = 1 ;

repeat

Obtain representations αi for xi with the given Dk−1 and sparsity level

K using some sparse recovery algorithm ;

Obtain new dictionary Dk from the signals xi and their representations

αi ;

until halting criteria is true;

Figure 14.1. Dictionary learning: iterative approach

• Stop when ‖ei‖2 ≤ ε for all examples

• Stop when no further progress in ‖ei‖2.

For initialization of the algorithm, we have few options.

• We can start with a randomly generated dictionary.

• We can select D examples from X and put them together as

our starting.

• Or we can start with some analytical dictionary suitable for

the application domain. dictionary

Two popular algorithms implementing this approach are MOD (Method

of Optimal Directions) and K-SVD.

In MOD [23], dictionary update is formulated as

Dk = argmin
D
‖X −DAk‖2

F (14.1.3)

A straight forward least squares solution is obtained as

Dk = X(Ak)†. (14.1.4)

K-SVD [1] is slightly different. Rather than recomputing whole dictio-

nary at once by solving the LS problem, it updates atoms of D one by

one. Let j be the index of atom dj being updated. Consider the error

Ej = X −
∑
k 6=j

dkβ
T
k
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βk refers to the k-th row of A i.e. entries for atom dk in all examples.

Essentially Ej means the approximation error when the atom dj (and

corresponding entries in A) has been dropped from consideration. We

can see that

‖X −DA‖2
F = ‖Ej − djβTj ‖2

F .

On the L.H.S. we have total approximation error. On the R.H.S. we

have the same expressed in terms of Ej and dj where Ej doesn’t depend

on dj. Clearly an optimal dj is one which can minimize R.H.S. This

can easily be obtained by rank-1 approximation of Ej. The rank-1

approximation gives us both dj as well as the entries in j-th row of

A given by βj. There is a small catch though. In general the rank-1

approximation can lead to a dense βj meaning the atom dj gets used

in many signal representations. We wish to avoid that. We don’t

want dj to appear in more signal representations. For this, we identify

representations αi in which atom dj appears, and let them be indexed

by Γ. We then restrict Ej to signals indexed by Γ to avoid a dense

βj. Rank-1 approximation can be easily obtained using singular value

decomposition. We perform SVD of Ej,Γ = UΣV H . We then pick

u1, σ1, v1. u1 is the new update for dj. Further σ1v1 is the update for

βj,Γ. Rest of βj is left with zero entries. We repeat the process for each

of the atoms in D to obtain next update of D.

14.2. Unique dictionary and matrix factorization

Although, most of the methods for dictionary learning are heuristic in

nature, there exist some results which provide theoretical guarantees

of uniqueness of existence of an overcomplete dictionaries for a given

set of training data under certain conditions.

In this section, we study one such result [2]. The dictionary learning

process would be modeled as a matrix factorization problem in the

following.
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14.2.1. Assumptions

We will make several assumptions in advance. The first one is:

• We assume that all signals xi have a sparse representation in

the (unknown) dictionary D. Then X = DA. There is no

sparse approximation error.

With this assumption, the problem becomes a matrix factorization

problem where we see the factorization of X as

X = DA

In order to simplify our life for the theoretical analysis to follow, we

will make many more assumptions

Support: Let σ denote the spark of D i.e. σ = spark(D)). We assume

that all (unknown) sparse representations satisfy

‖αi‖0 <
σ

2
.

This ensures that the representations αi are the unique spars-

est representations of xi in D. Off course both D and A are

unknown.

Richness: We know that there are
(
D
K

)
possible choices of K atoms

out of the (unknown) dictionary D. Each of these set of K

elements span a subspace of CN . We will assume that for each

such subspace, there are at least (K + 1) signals in X. Thus,

total number of signals is at least (K + 1)
(
D
K

)
.

Non-degeneracy: Given a group of K + 1 signals built using a par-

ticular set of K atoms, in general their rank (of the matrix

composed by putting them together) is expected to be K or

less. We will assume that the rank is exactly K and is not

less. This helps in ensuring that signals from one subspace

may not be confused with signals from other subspace. We

further assume that if we take K + 1 signals belonging to

different (unknown yet) subspaces, then their rank would be
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exactly K + 1. Thus, we are saying that no-degeneracies in

the construction of the signals is allowed.

The non-degeneracy assumption helps ensure following. Every repre-

sentation has exactly K non-zero entries. Any set of K representations

(of K signals) belonging to a K-subspace is necessarily linearly inde-

pendent. Thus, there are no cases like duplicate signals floating around.

With these assumptions, we will develop a constructive though ex-

tremely inefficient procedure for carrying out the matrix factorization

and identify our dictionary X = DA.

14.2.2. Equivalent dictionaries

Before moving over to the main result, let us mention certain transfor-

mations creating equivalent dictionaries (i.e. the sparsity of represen-

tations is not affected).

Suppose we exchange p-th atom and q-th atom in D to construct a new

dictionary D′. It is easy to see that if we also exchange p-th row and

q-th row in A to construct a new representation matrix A′, then

X = DA = D′A′.

Similarly, if we change the sign of p-th atom in D (i.e. replace dp with

−dp) to construct a new dictionary D′, then changing the sign of p-th

row in A to construct A′ provides the new factorization. i.e.:

X = DA = D′A′.

Thus, these dictionaries and corresponding sparse representations are

equivalent. This transformation can be easily captured using a signed

permutation matrix. A signed permutation matrix is a matrix where

each row and each column of the matrix has exactly one non-zero entry

and that entry has exactly the value of 1 or −1. Then

D′ = DP.
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Now, since PP T = I, hence

A′ = P TA.

We can now clearly see that

X = DA = DPP TA = D′A′.

Note that the desired properties of D (atoms being unit norm and

spanning the whole of CN , representations being sparse and unique)

do not change through these transformations.

So, if a matrix factorization process can find out any D′ such that

D′ = DP for some signed permutation matrix P , then we have achieved

our factorization.

14.2.3. Uniqueness result

We have the following main result for existence of a matrix factorization

of X.

Theorem 14.1 Under the assumptions stated above, the factor-

ization of X is unique, i.e. the factorization X = DA for which

(i) D ∈ CN×D with normalized columns; and (ii) A ∈ CD×S with

K non-zeros in each column, is unique. This uniqueness is up to

a right-multiplication of D by a signed permutation matrix, which

does not change the desired properties of D and A.

Proof. We will present a constructive procedure which constructs

a dictionary D′ and a representation matrix A′ from the given signal

matrix X subject to D′ = DP where P is a signed permutation matrix.

We note that since all representations are K-sparse in D and K < σ
2
,

hence once the dictionary D (or its permutation D′ = DP ) has been

found, the corresponding representations A (or A′) can be easily found

by solving the sparse signal recovery problem.

Our process for recovery of D′ = DP from X will consist of following

stages.



448 14. DICTIONARY LEARNING

Clustering: We will divide columns (signals) X into R =
(
D
K

)
sets

{G1, G2, . . . , GR}

where each set includes all the signals that share the same

support (i.e. they use the same atoms from D).

We will identify the index set of support for Gj with the

symbol Λj ⊂ Ω where Ω = {1, 2, . . . , D} is the index set for

all atoms.

Detecting pairs: We will detect pairs of sets Gi and Gj that share

exactly one mutual atom. In other words Λi∩Λj = {k} where

k is the index of the only atom shared between the supports

of Gi and Gj.

Extracting atoms: We will extract the mutual atom by analysis of

Gi and Gj. By analyzing all the pairs Gi and Gj we will be

able to identify all atoms in D subject to a permutation and

sign change. This way we will form the complete dictionary

D′.

Stage 1: Clustering the signals. As per our assumptions, any

group of K signals in X is linearly independent. And any such group

spans a K dimensional subspace of CN .

In this stage our objective is to identify the specific R =
(
D
K

)
K-

dimensional subspaces which can cover the whole set of S signals. And

we will divide the S signals in X into groups based on their embedding

subspace.

Note that if we randomly select K signals from X, then the K-subspace

spanned by them need not be one of the subspaces in R K-dimensional

subspaces covered by atoms in the dictionary.

Consider any set of K + 1 signals from X. As per our non-degeneracy

assumption, if they belong to same subspace, the rank would be K,

otherwise the rank would be K + 1. There are
(

S
K+1

)
possible groups

of K + 1 signals in X. We iterate through each such group. If the
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rank of the group is K, then we keep the group, otherwise we discard

the group. The moment we find one group with rank K, we exclude

all signals in it from further identification of groups. Thus, after the

identification of first group, we are left with S − K − 1 signals from

which we now form our K + 1 size groups. Proceeding this way, we

would be able to find all the
(
D
K

)
groups with non-overlapping sets of

K+1 signals. Since it is given that S ≥ (K+1)
(
D
K

)
, at least one group

corresponding to each K-subspace would indeed be found.

If there are more than
(
D
K

)
groups, then we need to merge groups

coming from same subspace. We can do this by iterating through all

possible pairs of groups and seeing if their combined rank is K. If yes,

then we merge the groups. Otherwise, we keep them separate.

Finally, we look at all the remaining signals in X. For each such signal,

we see its combined rank with each of the R =
(
D
K

)
groups identified

above. The signal will belong to the subspace spanned by one of the

groups. We will merge our signal to that group.

We note that this clustering process is indeed impractical.

Stage 2: Detecting pairs with mutual atom. Given the R

sets of signals {Gj}Rj=1, there are R(R−1)/2 pairs of groups. Amongst

them we have to identify pairs which share exactly one atom.

Consider any two groups Gp and Gq. Each of them have rank K. The

corresponding (unknown) atoms are indexed by index sets Λp and Λq

respectively (both of which are unknown). If, no atoms are common

between the supports of the two groups, then Λp ∩ Λq = ∅. In order

to represent, the signals in the merged group, we will need all the 2K

atoms. We need to check if these atoms will be linearly independent

or not. Since it is given that 2K < σ (the spark), hence any set of

2K atoms is linearly independent. Thus, the rank of the merged group

(Gp, Gq) is 2K. It cannot be higher, since the rank of each group is

K. It cannot be lower since the non-degeneracy assumption makes sure
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that all the 2K atoms are used in representation of signals and 2K < σ

ensures that these atoms are independent.

Continuing with the same logic, if |Λp∩Λq| = 1 (i.e. one of the atoms is

common between the two groups), then the rank of the merged group

Gp, Gq is 2K−1. Conversely, if the rank of the merged group is 2K−1,

then it belongs to a 2K − 1 dimensional subspace. Thus only 2K −
1 atoms in the combined set of 2K atoms are linearly independent.

But since 2K < σ, hence any set of 2K distinct atoms is linearly

independent. Hence, an atom must be common between the pair of

groups.

Similarly, we can notice that if rank of the merged group Gp, Gq is less

than 2K − 1, then more than one atoms is common between them.

Thus, we iterate over R(R−1)/2 pairs of atoms and identify those pairs

which have exactly one atom in common. The next job is to extract

the atom which is common to the support of both groups in such a

pair.

Stage 3: Extracting the common atom. Let a pair of groups

be Gp and Gq. All signals in Gp are from the same K-dimensional

subspace. Due to non-degeneracy assumption, any K signals from Gp

are linearly independent. Thus, if we pick any K atoms from G, they

will form a basis. Let us construct one such basis from both Gp and

Gq. Let those bases be Bp and Bq where both Bp, Bq ∈ CN×K .

Let d be an atom common to both subspaces. Then, there exists some

vector vp such that (any vector in a subspace is a linear combination

of basis vectors)

d = Bpvp

and a vector vq such that

d = Bqvq.

Thus, we have the relationship

Bpvp = Bqvq ⇐⇒ Bpvp −Bqvq = 0.
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Note that at this stage although Bp and Bq are known, the vectors vp

and vq are unknown. A slight re-arrangement of this equation gives us

[
Bp −Bq

] [vp
vq

]
= 0

Defining v =

[
vp

vq

]
, and Bp+q =

[
Bp −Bq

]
we get

Bp+qv = 0.

Thus, the vector v belongs to the null space of Bp+q. We further note

that the matrix Bp+q has rank 2L−1 since it spans the subspace of the

merged group of Gp and Gq. Thus, a vector v from the null space of

Bp+q can be obtained by performing SVD of Bp+q and taking the last

right singular vector.

Once v has been obtained, we can break it into vp and vq easily. Then

Bpvp gives us a vector parallel to the common atoms (up to a scaling

factor and a sign change). We simply normalize this vector and treat

this as our common atom we were looking for.

Continuing the same way for the R(R − 1)/2 pairs, we will obtain all

our atoms. For each group, there are exactly K other groups which

share an atom with it. Thus, total number of pairs having one atom

in common are RK/2. We will end up extracting RK/2 atoms out of

which only D are unique (subject to a sign change). We scan through

the list of atoms. For each atom, we rescan the list and prune those

atoms which are parallel to it. Proceeding this way, we will end up

with our desired set of D atoms.

Once the atoms have been obtained, we can put them together into

our desired dictionary D′ Recall that the obtained dictionary contains

the atoms of original dictionary subject to a permutation of order of

atoms and changes in the sign of atoms.
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After the dictionary has been identified, then finding the representa-

tions A is a straightforward job of solving the l0-“norm” minimization

problem.

We note that there are many possibilities in the constructive algorithm

which can affect the choice of atoms. For example, in stage 2, the order

in which we select pairs of groups can be done in many different ways.

Yet, all possible ways will lead to same set of atoms in D up to the

simple differences of order of atoms and sign. �

It is possible to ease some of the assumptions made at the beginning

of this section. We will not delve into this issue for now.

14.3. Digest



CHAPTER 15

Distributed Compressed Sensing

15.1. Introduction

The material in this chapter is based on [5]. We consider the prob-

lem of joint measurement for CS in sensor networks that are able to

exploit intra signal dependencies as well as inter signal dependencies.

We introduce the notion of joint sparsity over the ensemble of signals

obtained from multiple sensors.

15.1.1. Notation

Let Λ , {1, 2, . . . , S} denote the set of indices for the S signals (from

S sensors) in the ensemble.

We denote each signal in the ensembles as xs with s ∈ Λ and assume

that xs ∈ RN .

We use xs(n) to denote sample n in signal s.

Without loss of generality we assume that the signals are sparse in the

canonical basis, i.e. the sparsifying dictionary is D = I.

We denote by Φs, the sensing matrix for signal s; Φs ∈ RMs×N and, in

general, the entries of Φs are different for each signal s.

We have the measurement vectors as

ys , Φsxs (15.1.1)

where each ys ∈ RMs consists of Ms random measurements of xs. We

will be focusing on Gaussian sensing matrices in the sequel. Note that

we are not considering measurement noise at the moment.

453



454 15. DISTRIBUTED COMPRESSED SENSING

Table 1. Symbols used in this chapter

Symbol Purpose

N Dimension of ambient space RN for signals

RN Signal space

xs A signal belonging to RN

K Sparsity level when all signals have same sparsity level

Kc Sparsity level of the common component

Ks Sparsity level of the independent component of s-th signal

S Number of sensors

X Combined signal vector X ∈ RNS

Φs Sensing matrix for s-th signal

Ms Number of measurements for s-th signal

M Total number of measurements

Φ Combined sensing matrix for all signals

M Number of measurements for each signal if same

The total number of measurements are defined as

M ,
S∑
s=1

Ms. (15.1.2)

We define X ∈ RSN , Y ∈ RM and Φ ∈ RM×N as

X ,


x1

x2

...

xS

 , Y ,

y1

y2

...

yS

 and Φ ,


Φ1 0 . . . 0

0 Φ2 . . . 0
...

...
. . .

...

0 0 . . . ΦS

 (15.1.3)

With these definitions we can write

Y = ΦX.

We note that Φ has a block diagonal structure.

X represents a signal ensemble of the signals {x1, x2, . . . , xS}. Usually

we expect all signals in the ensemble to be highly correlated, thus

exhibiting high inter-signal dependencies.
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15.2. Framework for joint sparsity

We now propose a general framework for quantifying the sparsity of a

signal ensemble X.

Consider a signal x ∈ RN with K � N non-zero entries. There are two

components of this representation. The locations of non-zero entries

and their values. We can construct a factored representation of x by

writing

x = Pθ

where θ ∈ RK is a vector consisting of non-zero entries of x and P is a

matrix constructed by choosing the K columns of an N × N identity

matrix indexed by the locations of the non zero entries in x. The matrix

P can thus be considered as an identity submatrix.

Example 15.1: Location-value factored representation of x Let

x =
(

0 −2 3 0 0 0 −1
)

. Clearly

0

−2

3

0

0

0

−1


=



0 0 0

1 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 1



−2

3

−1



. �

Clearly any K-sparse signal can be written in this form. We now

consider the set of all possible K-sparse signals with 1 ≤ K ≤ N . For

each value of K and specific choice of locations in x, there is a specific

identity submatrix.

We now define P as the set of all identity submatrices of size N ×K
with 1 ≤ K ≤ N . This set covers all possible location matrices for

all signals with different sparsity levels. It is interesting to note that
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this set happens to be a finite set (|P| = 2N). We refer to P as the

sparsity model.

For a particular signal x ∈ RN , the set of possible factorizations of x

is given by

{P ∈ P|x = Pθ}.

Clearly there are more than one factorizations possible for a signal

unless its sparsity level is N (i.e. completely non-sparse).

Definition 15.1 Let x ∈ RN be some signal and P be a sparsity

model for RN . Let {P ∈ P|x = Pθ} be the set of all factorizations

of x in the context of P . Among these factorizations, the unique

representation with smallest dimensionality of θ exists. The spar-

sity level of x in the context of the sparsity model P is defined

as the dimensionality of θ corresponding to the unique minimal

factorization.

For the signal ensemble case with X ∈ RSN , we consider factorizations

of the form X = PΘ where P ∈ RSN×δ is known as the location

matrix and Θ ∈ Rδ is known as the value vector.

Example 15.2: L et x1 =
(

4 −1 0 0
)

and x2 =
(

4 0 0 5
)

.

Then X =
(

4 −1 0 0 4 0 0 5
)

. A possible factorization of X

can be 

4

−1

0

0

4

0

0

5


= PΘ =



1 0 0

0 1 0

0 0 0

0 0 0

1 0 0

0 0 0

0 0 0

0 0 1



 4

−1

5



Note that in this example P is not an identity submatrix. We also note

that if we take the signals x1 and x2 separately then both are 2-sparse
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and their overall sparsity is 4. But in the factorization presented above

Θ ∈ R3 thus giving a joint sparsity of 3 to X.

Also note that P in this factorization is full rank. �

Definition 15.2 A joint sparsity model (JSM) is defined in

terms of a set P of admissible location matrices P with varying

number of columns.

Note that the definition doesn’t require P to be an identity submatrix.

Definition 15.3 For a given signal ensemble X ∈ RSN , the set

of matrices P belonging to a joint sparsity model P for which a

factorization X = PΘ is possible is known as the set of feasible

location matrices for X. The set is denoted by

PF (X) , {P ∈ P|X = PΘ}

Definition 15.4 The joint sparsity level J of the signal ensem-

ble X is the number of columns of the smallest matrix P ∈ PF (X).

There are several natural choices for what matrices P should be con-

sidered as members of a joint sparsity model P . In this chapter our

focus will be on models known as common / innovation component

JSMs.

In an common / innovation components model, each signal xs is gen-

erated as a sum of two components:

• A common component zC which is present in all signals.

• An innovation component zs which is unique to each signal.

xs = zC + zs, s ∈ Λ.

It is possible that either the common component or the innovation

components might be zero in specific situations.
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We can now factor the common and innovation components as

zC = PCθC , zs = Psθs, j ∈ Λ

where θC ∈ RKC and each θs ∈ RKs have non-zero entries. The matrices

PC and Ps are identity submatrices.

We can now write
x1

x2

...

xS

 =


PC P1 0 . . . 0

PC 0 P2 . . . 0
...

...
...

. . .
...

PC 0 0 . . . PS




θC

θ1

θ2

...

θS

 .

Definition 15.5 The common / innovations joint sparsity

model P for a signal ensemble X of S signals belonging to RN is

defined as a set of matrices of the form

P =


PC P1 0 . . . 0

PC 0 P2 . . . 0
...

...
...

. . .
...

PC 0 0 . . . PS

 (15.2.1)

where PC ∈ RN×KC and Ps ∈ RN×Ks are identity sub-matrices

of N × N identity matrix; KC is the sparsity level of the com-

mon component zC and Ks are the sparsity levels of innovation

components zs with s ∈ Λ.

We note that the factorization of X is not unique.

Example 15.3: Common / innovations model Continuing from

previous example, consider

zC =
(

4 0 0 0
)
,

z1 =
(

0 −1 0 0
)
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and

z2 =
(

0 0 0 5
)

We see that

x1 = zC + z1 x2 = zC + z2.

The factorization presented in previous example is a common / inno-

vations factorization. Off course we can choose zC = 0 leading to a

completely different factorization. This is given by

4

−1

0

0

4

0

0

5


= PΘ =



1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0

0 0 0 0

0 0 0 1




4

−1

4

5



Again we see that P is full rank but with Θ ∈ R4.

An interesting variation is to consider

zC =
(

3 −1 0 0
)
,

z1 =
(

1 0 0 0
)

and

z2 =
(

1 1 0 5
)

This gives us the factorization

4

−1

0

0

4

0

0

5


= PΘ =



1 0 1 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 1 0 0

0 1 0 0 1 0

0 0 0 0 0 0

0 0 0 0 0 1





3

−1

1

1

1

5


.
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This factorization has Θ ∈ R6. Interestingly we note that P is not full

rank and its first column can easily be constructed by combining third

and fourth columns. This gives us a straight-forward way of reducing

the sparsity level of the factorization. �

If a signal ensemble X = PΘ,Θ ∈ Rδ were to be generated by a

selection of PC and {Ps}s∈Λ, where all the S + 1 identity submatrices

share a common column vector, then P would not be full rank (as seen

in previous example). Here we can easily reduce P by removing one of

the columns from any of the identity submatrices under concern.

In other cases, we may observe that Θ has some zero-valued entries,

i.e. we have may have θs(k) = 0 for some s ∈ Λ and some 1 ≤ k ≤ Ks,

or θC(k) = 0 for some 1 ≤ k ≤ KC . In this case, we can simply remove

the corresponding column from P .

The process of removing columns from P to get a new matrix Q such

that X = QΘ′ where Θ′ ∈ Rδ−1 is known as sparsity reduction.

Example 15.4: Sparsity reduction Continuing with previous ex-

ample, we first remove third column from P . This also changes the

factorization as



4

−1

0

0

4

0

0

5


= PΘ =



1 0 0 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0 1 0 0

0 1 0 1 0

0 0 0 0 0

0 0 0 0 1




4

−1

0

1

5

 .
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We note that a new 0 entry has appeared which can be removed safely

giving us 

4

−1

0

0

4

0

0

5


= PΘ =



1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

1 0 0 0

0 1 1 0

0 0 0 0

0 0 0 1




4

−1

1

5

 .

�

As we see from this example, sparsity reduction, when present, reduces

the effective joint sparsity of a signal ensemble.

15.2.1. Example joint sparsity models

In this chapter we will consider three specific examples of common /

innovation joint sparsity models which arise in real life.

15.2.1.1. JSM-1: Sparse common component + innova-

tions. In this model, we suppose that each signal contains a common

component zC that is sparse plus an innovation component zs that is

also sparse.

Thus JSM-1 model P consists of all matrices of the form (15.2.1) with

KC � N as well as Ks � N for all s ∈ Λ.

Assuming that the sparsity reduction is not possible, the joint sparsity

is given by

J = KC +
∑
s∈Λ

Ks.

Example 15.5: JSM-1 examples Consider a group of sensors mea-

suring temperature in an outdoor locality. The temperature readings
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xs have both temporal (intra-signal) as well as spatial (inter-signal)

dependencies (correlations).

Global factors such as sun and weather conditions have an effect as zC

which is common to all sensors as well as structured enough to have a

sparse representation in some basis.

Local factors such as shade, water or animals, contribute localized in-

novations zs that are also structured (hence sparse in some basis). �

15.2.1.2. JSM-2: Common sparse supports. In this model,

the common component zC is zero and each innovation component zs

is sparse. Further all the innovations share the same sparse support

but can have entirely different non-zero values.

In this model, P is the set of matrices P given by (15.2.1) where PC = ∅
(i.e. KC = 0) and Ps = P for all s ∈ Λ.

P is an identity submatrix of size N×K with K � N . The columns in

P correspond to the support common to all signals xs in the ensemble

{xs}s∈Λ.

We have

xs = Pθs, ∀ s ∈ Λ with θs ∈ RK .

The matrices P from JSM-2 are always full rank. Therefore no sparsity

reduction is possible. Thus we have the joint sparsity as

J = SK.

Example 15.6: JSM-2 examples In acoustic and RF sensor arrays

each sensor acquires a replica of the same Fourier sparse signal but

with phase shifts and attenuations caused by signal propagation.

Another example is MIMO communications. �

This model is also known as MMV (multiple measurement vectors) set-

ting (see next chapter) or simultaneous sparse approximation problem
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15.2.1.3. JSM-3: Non-sparse common component + sparse

innovations. In this model we assume that each signal consists of

an arbitrary common component zC which is non-sparse and a sparse

innovation component zs.

Thus the sparsity level of the common component is KC = N . The

JSM-3 model P is the set of matrices given by (15.2.1) where PC = I

(the N ×N identity matrix). Thus we have θC ∈ RN while θs ∈ RKs .

Assuming that sparsity reduction is not possible, the joint sparsity is

given by

J = N +
∑
s∈Λ

Ks.

In a special case where the the sparse innovations share a common

support, we have

Ps = P ,Ks = K ∀ s ∈ Λ.

In this case, K columns out of the firstN columns in P can be expressed

as linear combination of corresponding columns in Ps. Thus clearly a

sparsity reduction is possible, leading to the joint sparsity level given

by

J = N + (S − 1)K.

We note that in this case since each of xs are non-sparse (as zc is non-

sparse) hence separate CS recovery for these signals is not possible if

the number of measurements M < N for any sensor. It turns out that

joint CS recovery can indeed take advantage of the common structure

and make CS recovery possible with M < N per sensor.

Example 15.7: JSM-3 examples A practical situation is where dif-

ferent sensors are recording several sources with a common background

noise. The background noise is not sparse in any basis but individual

sources have sparse representations. �
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15.3. Theoretical bounds on measurement rates

We recall from (15.1.1) that the number of measurements made by each

sensor are different and are given by ys = Φsxs where Φs ∈ RMs×N .

We define a tuple of number of measurements from each sensor as

M , (M1,M2, . . .MS).

We will be looking for conditions on M such that perfect recovery of

X is possible given Y (see (15.1.3)). In this chapter we will be mostly

looking at conditions for noiseless recovery.

Recovering X essentially involves obtaining a factorization of X = PΘ

from the measurement ensemble Y = ΦX. Some observations are in

order

• Not every entry in Θ affects every measurement in Y . The

common component θC affects every measurement. But inno-

vation components θs impact only corresponding measurement

vector ys.

• Thus if an entry Θ(j) (with 1 ≤ j ≤ J) doesn’t affect any sig-

nal coefficient xs(·) in sensor s, then the corresponding mea-

surement vector ys provides no information about Θ(j).

• The recovery process must identify a location matrix P from

the set of feasible matrices PF (X) for the signal ensemble X

while neither X nor PF (X) are known.

15.3.1. Modeling dependencies using bipartite graphs

We introduce a graphical representation that captures the dependencies

between the measurements in Y and the value vector Θ given by

Y = ΦPΘ.

The matrix P ∈ PF (X) defines the sparsities of the common and inno-

vation components KC and Ks, 1 ≤ s ≤ S, as well as the joint sparsity

J = KC +
∑S

s=1 Ks.
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We define the following vertices for a graphical representation of de-

pendencies.

• The set of value vertices VV has elements with indices j ∈
{1, . . . , J} representing the entries of the value vector Θ(j).

• The set of measurement vertices VM has elements with

indices (s,m) representing the measurements ys(m) with s ∈ Λ

and m ∈ {1, . . . ,Ms}.

We have |VV | = J and |VM | = M see (15.1.2).

We now introduce a bipartite graph G = (VV , VM , E), that represents

the relationships between the entries of the value vector and measure-

ments.

The set of edges is defined as follows

• The sensor s measures every entry in θs (the innovation com-

ponent). No other sensor measures it. Hence entries in the

measurement vector ys must be responsible for the recovery

of entries in θs. Thus the corresponding value vertices are

connected to each measurement vertex (s,m) ∈ VM for 1 ≤
m ≤ Ms. These θs(·) entries over 1 ≤ s ≤ S correspond to

j ∈ {KC + 1, KC + 2, . . . , J} vertices in the set VV .

• For the first KC vertices in VV which correspond to θC , we have

to be more careful. If for some sensor s, both zC(n) and zs(n)

are non-zero (i.e. an entry in the innovation component and

common component appears at the same index), then that

sensor cannot resolve zC(n) and zs(n) separately. In other

words, a sensor s can contribute to the recovery of a non-zero

entry in zC at some index 1 ≤ n ≤ N only if the corresponding

entry in the innovation component zj(n) = 0. The identity

submatrices PC and Ps will have the following difference. The

n-th column from IN will be kept in PC while it will be dropped

in Ps. Only such dependences are useful in the bipartite graph

G. Formally, for every j ∈ {1, 2, . . . , KC} ⊆ VV and s ∈ Λ such
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that the column j of PC does not also appear as a column of Ps,

we have an edge connecting j ∈ VV to each vertex (s,m) ∈ VM
for 1 ≤ m ≤Ms.

Essentially, ys(m), the m-th measurement of sensor s, measures Θ(j)

if the vertex j ∈ VV is linked to the vertex (s,m) ∈ VM in the graph G.

An example graph is presented in fig. 15.1. We note that this graph is

applicable for a specific factorization of X. For a different factorization

with a different P , the graph will naturally change accordingly. At the

time of signal recovery, the graph is not known to us.

1

2

...

D

(1, 1)

(1, 2)

(S, 1)

(S,MS)

Value vector coefficients

Measurements

Figure 15.1. Bipartite graph for DCS
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15.3.2. Quantifying redundancies

Our objective is to minimize the number of measurements required to

recover the signal perfectly. Thus we would like to exploit all possi-

ble redundancies between the locations of the non-zero entries in the

common and innovation components.

As discussed before if zC(n) 6= 0 and zs(n) 6= 0 for some sensor s and

some 1 ≤ n ≤ N , then we cannot recover both entries from sensor s.

Thus we will need to recover zC(n) using other sensors which do not

feature this overlap.

Now consider a subset of signals Γ ⊂ Λ under a feasible representation

given by P and Θ. We quantify the size of this overlap in the follow-

ing definition. For a particular location matrix P we also denote the

sparsity level of the common component as KC(P ).

Definition 15.6 The overlap size for the set of signals Γ ⊂ Λ,

denoted KC(Γ, P ), is the number of indices in which there is over-

lap between the common and the innovation component supports

at all signals s /∈ Γ.

KC(Γ, P ) , |{n ∈ {1, . . . , N} : zC(n) 6= 0 and ∀s /∈ Γ, zs(n) 6= 0}|.
(15.3.1)

We also define KC(Λ, P ) = KC(P ) and KC(∅, P ) = 0.

Essentially for Γ ⊂ Λ, the overlap size KC(Γ, P ) provides the number

of entries in θC which must be recovered by measurements from sensors

in Γ as every sensor s outside Γ has an overlap with those entries in its

innovation component.

For each entry counted in KC(Γ, P ), some sensor in Γ must take one

measurement to account for that entry of the common component.

The definition KC(Λ, P ) = KC(P ) is quite natural since when all sen-

sors are considered in Γ then they together should be able to identify

all entries in the common component.
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With this, we can now introduce the idea of conditional sparsity

akin to conditional probability.

Definition 15.7 The conditional sparsity of the set of signals

Γ is the number of entries of the vector Θ that must be recovered

by measurements ys, s ∈ Γ:

Kcond(Γ, P ) ,

(∑
s∈Γ

Kj(P )

)
+KC(Γ, P ). (15.3.2)

The joint sparsity gives the number of degrees of freedom for the signals

in Λ, while the conditional sparsity gives the number of degrees of

freedom for signals in Γ when the signals in Λ \ Γ are available as side

information.

We can also define a joint sparsity for signals in Γ as follows.

Definition 15.8 The joint sparsity of the set of signals Γ is the

number of entries of Θ that affect these signals.

Kjoint(Γ, P ) , J−Kcond(Γ, P ) =

(∑
s∈Γ

Kj(P )

)
+KC(P )−KC(Λ\Γ, P ).

(15.3.3)

We note that Kcond(Λ, P ) = Kjoint(Λ, P ) = J .

15.3.3. Measurement bounds

With the definitions in place, we are now ready to develop some mea-

surement bounds for DCS recovery. The bounds are of two forms. One

form states how many measurements M are sufficient for guaranteed

recovery. The second form states the necessary measurements below

which no recovery is possible. The bounds are provided in terms of the

subsets Γ ⊆ Λ, since the cost of sensing the common components can

be amortized across sensors. Essentially it may be possible to reduce

the measurement rate at one sensor s1 ∈ Γ as long as other sensors in
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Γ offset the rate reduction. This rate reduction is developed in terms

of the notion of conditional sparsity defined above.

Theorem 15.1 Achievable known P Assume that a signal ensem-

ble X is obtained from a common / innovation component JSM

P. Let M = (M1, . . . ,MS) be a measurement tuple, let {Φs}s∈Λ

be random matrices having Ms rows of i.i.d. Gaussian entries for

each s ∈ Λ, and write Y = ΦX. Suppose there exists a full rank

location matrix P ∈ PF (X) such that∑
s∈Γ

Ms ≥ Kcond(Γ, P ) (15.3.4)

for all Γ ⊆ Λ. Then with probability one over {Φs}s∈Λ , there exists

a unique solution Θ̂ to the system of equations Y = ΦP Θ̂; hence,

the signal ensemble X can be uniquely recovered as X = P Θ̂.

Theorem 15.2 Assume that a signal ensemble X and measure-

ment matrices {Φs}s∈Λ follow the assumptions of theorem 15.1.

Suppose that there exists a full rank location matrix P ∗ ∈ ¶F (X)

such that ∑
s∈Γ

Ms ≥ Kcond(Γ, P
∗) + |Γ| (15.3.5)

for all Γ ⊆ Λ. Then X can be recovered uniquely from Y with

probability one over {Φs}s∈Λ.

Theorem 15.3 Assume that a signal ensemble X and measure-

ment matrices {Φs}s∈Λ follow the assumptions of theorem 15.1.

Suppose that there exists a full rank location matrix P ∈ PF (X)

such that ∑
s∈Γ

Ms <≥> Kcond(Γ, P ) (15.3.6)

for some Γ ⊆ Λ. Then there exists a solution Θ̂ such that Y =

ΦP Θ̂ but X̂ , P Θ̂ 6= X.
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15.4. Practical recover algorithms

15.4.1. Recovery strategies for JSM-1

For simplicity in this section, we will consider the special case with

S = 2. Thus Λ = {1, 2}.
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CHAPTER 16

Detection with Compressed Measurements

In this chapter we discuss the application of compressed sensing frame-

work for signal detection problems.

We quickly develop the theory of signal detection. We follow this by ex-

tending the theory to include compressed measurements of the received

signal.

16.1. Binary detection theory

The presentation in this section is largely based on [41]. If you are

familiar with it, you may skim through and move on to next section.

Let us begin with some examples of signal detection problems in elec-

trical engineering.

• Detection of objects in air (enemy planes, missiles etc.) in a

radar problem

• Detection of a string of zeros and ones in a digital communi-

cation system

• Detection of pathological tissues in an MRI image.

The transmitted signal undergoes distortion, attenuation and addition

of noise as it travels through the channel before reaching the receiver.

The problem at the receiver is to make a sequence of decisions to re-

construct the original signal in the presence of noise, attenuation and

distortion of the transmitted signal.

• In the digital communication system, the receiver makes a

decision in every bit period whether the bit is 1 or 0.

472
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• In the radar problem, receiver continually makes decisions

whether a target is present or not.

16.1.1. Binary hypothesis testing

Each of these situations can be modeled in terms of a statistical frame-

work known as binary hypothesis testing problem.

Definition 16.1 A binary hypothesis testing problem for our

purposes can be described as follows. The system consists of a

source, a medium and a receiver. The source can operate in one

of two modes. For each mode, the source generates a different

signal. The signal is modified as it travels through the medium

and reaches the receiver. The receiver makes observations on the

signal. Based on the observations the receiver makes a decision

whether the source was operating in one or the other mode.

If we call the modes as mode 0 and mode 1, the receiver has two

hypotheses.

• The null hypothesis denoted as H0 stands for the sit-

uation where the source is operating in mode 0.

• The alternate hypothesis denoted as H1 stands for the

situation where the source is operating in mode 1.

The receiver makes a decision whether null (H0) or the alternate

(H1) hypothesis is true.

Since this problem involves only two hypotheses, hence its known

as a binary hypothesis testing problem.

Example 16.1: Binary hypothesis testing problems

• In radar problem, absence of a target is the null hypothesis while the

presence of a target is alternate hypothesis.
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• In pathological tissue detection problem, the absence of a patholog-

ical tissue is the null hypothesis while the presence of such a tissue

is the alternate hypothesis.

• In digital communication problem, bit 0 is the null hypothesis while

bit 1 is the alternate hypothesis.

�

Usually the most common behavior, or the absence of an anomaly is

chosen as the null hypothesis. The opposite hypothesis is chosen as

alternate hypothesis.

In digital communication problem, both hypotheses are equivalent, so

anyone can be called null. Conventionally bit 0 is called the null hy-

pothesis.

In statistical hypothesis testing, we assume that null hypothesis is true,

and estimate the probability of occurrence of the observations accord-

ingly.

If the observations are highly improbable assuming the null hypothesis

then we reject the null hypothesis and decide that alternate hypothesis

is true.

Definition 16.2 The observation space consists of all possible

observations that a receiver can make. We denote the observation

space as Z.

Typically the observation space is Z = RN for some value of N and

each observation is a vector y ∈ Z = RN .

Example 16.2: Observation space

• Let bit 0 be coded as 0 volts and bit 1 be coded as 5 volts on an

electrical wire. As the signal travels over the wire, at the receiver,

the voltage would be some x ∈ R volts (based on attenuation and

noise).
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• Let a bit be encoded as a square pulse over a bit period of 1 ms.

Let 10 samples be made during each bit period. The the observation

space is R10 and each observation is a vector v ∈ R10 consisting of

10 samples.

�

Since the signal distortion, attenuation and addition of noise are ran-

dom in nature, it is best to describe the observation vector y as a

random variable Y which takes values in the observation space Z.

The r.v. Y is characterized by two conditional probability density

functions based on whether null or alternate hypothesis is true.

• fY |H0(y|H0) denotes the conditional p.d.f. of Y assuming null

hypothesis is true.

• fY |H1(y|H1) denotes the conditional p.d.f. of Y assuming al-

ternate hypothesis is true.

For every observation vector Y the receiver decides whether H0 or H1

is true.

• D0 denotes the decision that receiver has chosen the null hy-

pothesis H0 to be true.

• D1 denotes the decision that receiver has chosen the null hy-

pothesis H1 to be true.

The observation space Z is partitioned into two regions Z0 and Z1 i.e.

Z = Z0 ∪ Z1.

The receiver operates as follows:

• If y ∈ Z0 then decide that H0 is true (denoted as D0 decision).

• If y ∈ Z1 then decide that H1 is true (denoted as D1 decision).

The partitioning is static i.e. it doesn’t adaptively change on past

observations.
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If we look at the whole system, every decision belongs to one of four

possible courses of action.

(1) Receiver decides H0 is true while at the source H0 is true

(D0|H0).

(2) Receiver decides H1 is true while at the source H0 is true

(D1|H0).

(3) Receiver decides H0 is true while at the source H1 is true

(D0|H1).

(4) Receiver decides H1 is true while at the source H1 is true

(D1|H1).

1 and 4 are correct decisions while 2 and 3 are incorrect decisions.

The objective of receiver design is to ensure that incorrect decisions

are minimized. This essentially translates into a prudent partitioning

of observation space Z into Z0 and Z1.

Some standard terms are used to denote these courses of action in

literature.

Definition 16.3 In radar terminology we either detect a target

correctly or miss a target when its present or create a false alarm

when the target is not present.

• We say that a detection has occurred if receiver decides

H1 when H1 is true.

• We say that a miss has occurred if receiver decides H0

when H1 is true.

• We say that a false alarm has occurred if receiver decides

H1 when H0 is true.

We define the a priori probabilities for the null and alternate hypothe-

ses:

• P(H0) is the probability of null hypothesis to be true (denoted

as P0 in the sequel).
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• P(H1) is the probability of alternate hypothesis to be true

(denoted as P1 in the sequel).

Naturally P0 + P1 = 1.

We denote the joint probability of making a decision Di when Hj is

true as P(Di, Hj).

From Bayes’ rule we have

P(Di, Hj) = P(Di|Hj)P(Hj). (16.1.1)

The conditional probabilities can be obtained by integrating the con-

ditional p.d.f.s fY |Hj
(y|Hj) over the partition Zi which contributes the

decision Di.

Thus we have

P(Di|Hj) =

∫
Zi

fY |Hj
(y|Hj)dy. (16.1.2)

Definition 16.4 The probabilities P(Di|Hj) have specific names.

• P(D1|H1) is called the probability of detection or de-

tection rate and is denoted as PD.

• P(D1|H0) is called the probability of false alarm or

false alarm rate and is denoted as PF .

• P(D0|H1) is called the probability of miss or miss rate

and is denoted as PM .

We observe that

PM = 1− PD (16.1.3)

and

P(D0|H0) = 1− PF . (16.1.4)

which doesn’t have a specific name.
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Definition 16.5 We denote the probability of correct decision

by Pc and probability of error by Pe.

We have

Pc = P(D0, H0) + P(D1, H1)

= P(D0|H0)P(H0) + P(D1|H1)P(H1)

= (1− PF )P0 + PDP1.

(16.1.5)

Similarly

Pe = P(D0, H1) + P(D1, H0)

= P(D0|H1)P(H1) + P(D1|H0)P(H0)

= PMP1 + PFP0.

(16.1.6)

In the sequel we develop different approaches which help us come up

with an appropriate receiver design which minimizes chances of incor-

rect decisions.

We note that ∫
Z

fY |Hj
(y|Hj)dy = 1. (16.1.7)

it follows that∫
Z0

fY |Hj
(y|Hj)dy +

∫
Z1

fY |Hj
(y|Hj)dy = 1 (16.1.8)

=⇒
∫
Z0

fY |Hj
(y|Hj)dy = 1−

∫
Z1

fY |Hj
(y|Hj)dy. (16.1.9)

16.1.2. Bayes’ criterion

We start with making some assumptions.

We assume that a priori probabilities P0 and P1 are known.

Example 16.3: A priori probabilities In a digital communication

system typically P(0) = P(1) = 0.5. �
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We assign a cost to each of the four possible courses of action. We say

that system incurs a cost of Cij when receiver decides Hi is true while

at the source Hj is true.

• C00 is the cost for action (D0|H0).

• C01 is the cost for action (D0|H1).

• C10 is the cost for action (D1|H0).

• C11 is the cost for action (D1|H1).

All costs are 0 or greater. The cost of making an incorrect decision is

higher than the cost of making a correct decision. i.e.

C10 > C00 (16.1.10)

and

C01 > C11. (16.1.11)

Example 16.4: Cost

• In digital communication system, the cost assigned to making a cor-

rect decision is 0 while the cost assigned to making a wrong decision

is 1. Thus miss and false alarm have same costs.

• In radar problem, the cost of a miss is lower than the cost of false

alarm.

�

We develop a notion of risk as the average cost of making the decisions

by the receiver.

Definition 16.6 The risk denoted as R in a binary hypothesis

problem based on Bayes’ criterion is the average cost of making a

decision defined as

R = E(Cost) =
1∑
i=0

1∑
j=0

CijP(Di, Hj). (16.1.12)
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In matrix form, let us define the cost matrix as

C =

[
C00 C01

C10 C11

]
(16.1.13)

and the joint probability matrix as

PDH =

[
P(D0, H0) P(D0, H1)

P(D1, H0) P(D1, H1)

]
=

[
(1− PF )P0 (1− PD)P1

PFP0 PDP1

]
(16.1.14)

Then the risk R is given by

R =
[
1 1

]
(C ◦ PDH)

[
1

1

]
(16.1.15)

where ◦ denotes the Hadamard product or element-wise product of two

matrices. See ??.

Note that element-wise product is not associative with standard matrix

multiplication. Hence we have to keep parentheses in place properly.

Example 16.5: Risk formula If we fully expand the risk formula,

it looks like

R = (1−PF )P0C00 + (1−PD)P1C01 +PFP0C10 +PDP1C11. (16.1.16)

For the digital communication problem cost matrix is given by

C =

[
C00 C01

C10 C11

]
=

[
0 1

1 0

]
(16.1.17)

Thus the risk formula reduces to

R = (1− PD)P1 + PFP0 = PMP1 + PFP0. (16.1.18)

which is same as the probability of error see Equation 16.5.

A receiver with this kind of cost assignment is known as minimum

probability of error receiver since minimizing the risk is equivalent

to minimizing the probability of error.
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Assuming P1 = P0 = 0.5, this further reduces to

R =
1

2
(PM + PF ). (16.1.19)

�

Let us define the conditional probability matrix as

PD|H =

[
P(D0|H0) P(D0|H1)

P(D1|H0) P(D1|H1)

]
=

[
(1− PF ) (1− PD)

PF PD

]
(16.1.20)

The risk expression then becomes

R =
[
1 1

]
(C ◦ PD|H)

[
P0

P1

]
. (16.1.21)

After some simplification, we can write the risk expression in terms of

integral over Z0 as

R = P0C10 + P1C11+∫
Z0

{[
P1(C01 − C11)fY |H1(y|H1)

]
−
[
P0(C10 − C00)fY |H0(y|H0)

]}
dy.

(16.1.22)

We note that P0C10 + P1C11 is a constant since all terms are assumed

to be known and constant.

The risk depends on how we assign points in Z0.

We define

La(y) = P1(C01 − C11)fY |H1(y|H1)

and

Lb(y) = P0(C10 − C00)fY |H0(y|H0).

Since P1 ≥ 0, C01 > C11 and fY |H1(y|H1) ∀ y ∈ Z, hence La(y) ≥
0 ∀ y ∈ Z.

Similarly Lb(y) ≥ 0 ∀ y ∈ Z.
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The risk expression simplifies to

R = P0C10 + P1C11 +

∫
Z0

[La(y)− Lb(y)] dy. (16.1.23)

Consider a point y ∈ Z for which La(y) > Lb(y).

• If we assign the point y to Z0 then the risk increases.

• If we assign the point y to Z1 then the risk decreases.

Thus the risk is minimized when we assign only those points y ∈ Z to

Z0 for which La(y) < Lb(y).

Thus our decision rule becomes

La(y)
H1

≷
H0

Lb(y) (16.1.24)

i.e.

• Decide H1 if La(y) ≥ Lb(y).

• Decide H0 otherwise.

Rewriting we get

P1(C01 − C11)fY |H1(y|H1)
H1

≷
H0

P0(C10 − C00)fY |H0(y|H0) (16.1.25)

or

fY |H1(y|H1)

fY |H0(y|H0)

H1

≷
H0

P0(C10 − C00)

P1(C01 − C11)
(16.1.26)

Definition 16.7 The term of the l.h.s. in (16.1.26) is known as

likelihood ratio which is denoted by

Λ(y) =
fY |H1(y|H1)

fY |H0(y|H0)
(16.1.27)

where the terms fY |Hj
(y|Hj) also denote the likelihood of hypoth-

esis Hj being true given the observation y.
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Thus the likelihood ratio indicates which hypothesis Hi is more

likely to have occurred.

Note that Λ(y) is also a function of y, thus since Y is a random variable

we can think of Λ(Y ) also as a random variable and we can find out its

p.d.f. using the standard techniques of finding the p.d.f. of a function

of a random variable.

Further we can also find out conditional p.d.f. of Λ(y) given that H0

or H1 is true.

Note that while Y ∈ RN might be a random vector, Λ(Y ) is always

a scalar random variable. Naturally if Y is a vector then fY |Hj
(y|Hj)

indicates the joint density of elements of Y namely (Y1, . . . , YN).

We denote the term on the r.h.s. in (16.1.26) as a threshold

η =
P0(C10 − C00)

P1(C01 − C11)
. (16.1.28)

Note that η is a non-negative quantity.

Thus our test becomes

Λ(y)
H1

≷
H0

η. (16.1.29)

Definition 16.8 The equation (16.1.29) is known as likelihood

ratio test (LRT).

Example 16.6: Likelihood ratio test

For minimum probability of error receiver

η =
P0

P1

.

For digital communication problem we also have

P1 = P0 = 0.5

Thus η = 1.
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The LRT becomes

Λ(y)
H1

≷
H0

1.

�

Since natural logarithm is a monotonically increasing function hence

taking ln on both sides, retains the essentials of the rule.

Hence an equivalent decision rule is

ln Λ(y)
H1

≷
H0

ln η. (16.1.30)

Definition 16.9 The equation (16.1.30) is known as log-likelihood

ratio test.

Example 16.7: Log-likelihood ratio test

For minimum probability of error receiver

ln η = ln(P0)− ln(P1).

With

P1 = P0 = 0.5

we have ln η = 0.

The Log-LRT becomes

ln Λ(y)
H1

≷
H0

0.

�

Example 16.8: Digital communication system with constant

voltage output and additive white Gaussian noise A simple

digital communication system is defined as follows.

• Under H0 source produces a voltage of 0.

• Under H1 source produces a voltage of m.
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• The channel introduces additive white Gaussian noise denoted

by a random variable N with zero mean and variance σ2.

• The received signal can be expressed as

H1 : Y = m+N

H0 : Y = N

where Z = R.

Skipping some of the details, the likelihood ratio is given by

Λ(y) = exp

(
−m

2 − 2ym

2σ2

)

An equivalent LRT becomes

y
H1

≷
H0

σ2

m
ln η +

m

2
= γ

�

Essentially we are computing a r.v. Λ(y) from our observation vector

y and comparing it with a threshold η for making our decisions.

Any r.v. which is computed from the observed data is known as a

statistic.

Definition 16.10 A statistic is called a sufficient statistic (in

our case for the binary hypothesis testing problem) if it provides

sufficient information for making the binary decision. i.e. no other

statistic from the observations can provide any additional infor-

mation for making the decision.

Thus Λ(y) is a sufficient statistic for the LRT. When we simplify LRT,

we may get simpler sufficient statistics also. In definition 16.1.2 we

found that y itself was a sufficient statistic.
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16.1.3. Minimax criterion

The Bayes’ criterion assigns costs to decisions and assumes that a priori

probabilities of null and alternate hypotheses are known in advance.

These assumptions may not be valid in many situations. Hence Bayes’

criterion won’t be applicable.

Let us assume that the costs are known but the a priori probabilities

are not known.

Since P0 = 1− P1, we can write risk as a function of P1 as follows

R =C00(1− PF ) + C10PF + P1[(C11 − C00)

+ (C01 − C11)PM − (c10 − C00)PF ].
(16.1.31)

Thus risk is a linear function of P1 if PM and PF do not change.

Assuming a fixed value of P1 = P f
1 we can design a Bayes’ test as

developed in the previous section.

This test is given by

Λ(y)
H1

≷
H0

(1− P f
1 )(C10 − C00)

P f
1 (C01 − C11)

. (16.1.32)

This Bayes’ test is optimal for P1 = P f
1 but it becomes suboptimal for

any other value of P1.

But this choice of P1 = P f
1 freezes the observation partition Z0 and Z1

thus the false alarm rate and miss rate also get fixed to PF = P f
F and

PM = P f
M .

Thus risk becomes a linear function of P1.

In the following, we will denote the optimal risk for a given P1 as Ro.

Let us consider the optimal Bayes’ test for extreme values of P1.

If we take P1 = 0, then the LRT (16.1.29) reduces to
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Λ(y)
H1

≷
H0

∞. (16.1.33)

but since Λ(y) is a finite quantity, hence we always decide H0 to be

true.

Thus Z = Z0. Hence PM = 1 and PF = 0. i.e. we never make a false

alarm and we always miss a target.

Putting these values back in (16.1.31) we get

Ro = C00.

If we take P1 = 1, then the LRT (16.1.29) reduces to

Λ(y)
H1

≷
H0

0. (16.1.34)

thus we always decide H1 to be true (since Λ(y) by definition is non-

negative).

Thus Z = Z1. Hence PM = 0 and PF = 1. i.e. we never miss a target

and we always make a false alarm when the target is not present.

Putting these values back in (16.1.31) we get

Ro = C11.

Since these Bayes’ tests are optimal, hence the optimal riskRo is always

lower than the risk decided by the Bayes test for a fixed P f
1 .

Thus if we consider both optimal and suboptimal risk as functions of

P1, we have the equation,

Ro(P1) ≤ RP f
1
(P1).

But RP f
1

is a linear function of P1, hence the optimal risk Ro is a

concave function of P1.
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Thus there exists a priori probability P1 = P ∗1 at which the optimum

risk Ro is maximum.

A Bayes test designed with P1 = P ∗1 thus minimizes the maximum risk.

Since the optimal risk function has a maximum at P1 = P ∗1 hence, the

linear risk function RP ∗1
has a slope equal to 0.

This gives us the minimax equation:

(C11 − C00) + (C01 − C11)PM − (c10 − C00)PF = 0. (16.1.35)

If the cost of correct decision is 0 (i.e. C00 = C11 = 0), then the

minimax equation for P1 = P ∗1 reduces to

C01PM = C10PF . (16.1.36)

Furthermore if the cost of wrong decision is 1 (i.e. C10 = C01 = 1),

then the probability of false alarm equals the probability of miss i.e.

PF = PM . (16.1.37)

16.1.4. Neyman-Pearson criterion

Finally we come to Neyman-Pearson criterion which makes least of

assumptions.

We don’t assume any a priori probabilities. We don’t assume any cost

assignments for the decisions. So neither Bayes’ nor minimax criteria

are useful.

Since PF and PD are conditional probabilities, we can still work with

them.

In Neyman-Pearson test we attempt to maximize PD while keeping

PF bounded by some predefined value α.

Since PM = 1− PD, hence maximizing PD is equivalent to minimizing

PM .
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Design of the test takes the form of an optimization problem which can

be stated as
minimize PM

subject to PF ≤ α.
(16.1.38)

where the objective function is PM and the (only) constraint is PF ≤ α.

We construct the Lagrangian for this optimization problem as

J = PM + λ(PF − α) (16.1.39)

where λ ≥ 0 is the Lagrange multiplier.

Since PF − α ≤ 0 and λ ≥ 0, hence for any feasible solution to this

optimization problem we have

J ≤ PM .

After some algebraic manipulations, we can rewrite it as

J =

∫
Z0

fY |H1(y|H1)dy + λ

[
1−

∫
Z0

fY |H0(y|H0)dy − α
]

= λ(1− α) +

∫
Z0

[
fY |H1(y|H1)− λfY |H0(y|H0)

]
dy

(16.1.40)

Clearly J is minimized when observations for which

fY |H1(y|H1) > λfY |H0(y|H0)

are assigned to Z1.

Thus the decision rule becomes

Λ(y) =
fY |H1(y|H1)

fY |H0(y|H0)

H1

≷
H0

λ. (16.1.41)

This looks pretty familiar and is similar to the LRT derived for Bayes’

criterion.

Only thing remaining is to find the value of Lagrangian multiplier λ.

We note that fixing a value of λ fixes the LRT and hence fixes the value

of PF also.
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We recall that

PF = P(D1|H0) = P(Λ(y) ≥ λ|H0)

=

∫ ∞
λ

fΛ(Y )|H0(Λ(y)|H0)dλ
(16.1.42)

Thus we choose λ by solving the following optimization problem:

maximize λ

subject to λ ≥ 0

PF =

∫ ∞
λ

fΛ(Y )|H0(Λ(y)|H0)dλ ≤ α.

(16.1.43)

16.2. Detection with compressed measurements

We now turn our attention to the problem of signal detection with

compressed measurements. The presentation in this section is largely

based on [18].

We pick up one of the simplest detection problems.

We wish to detect the presence of a signal s ∈ RN in the presence of

AWG noise.

The null and alternate hypotheses are described below

H0 : Y = ΦG

H1 : Y = Φ(s+G)
(16.2.1)

where G ∼ N (0, σ2IN) is i.i.d. Gaussian noise vector and Φ ∈ RM×N

is a known measurement matrix.

Y ∈ RM is the measurement random vector.

One particular realization of the random vectors will be given by

H0 : y = Φg

H1 : y = Φ(s+ g)
(16.2.2)
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with g ∈ RN and y ∈ RM .

If s is known in advance, then the optimal choice for Φ = sT ∈ R1×N .

This is known as the matched filter.

This design has limitations in some situations.

• The design is matched to a specific signal s. If the signal

changes, the detector design becomes useless. Essentially the

detector assumes a lot of a priori information about the signal

vector s.

• The matched filter design doesn’t work if we wish to design a

detector which could work for a large class of signals.

• The design cannot handle distortions in the signal well.

• The design is focused on solving only one problem i.e. the

detection of presence or absence of signal. The design cannot

be used for any other inferencing applications.

An alternative approach is to use a sensing matrix Φ ∈ RM×N which

computes random projections of the received signal s+N .

This design provides a number of additional features.

• Same sensing matrix can be used for a large class of signals s.

Thus Φ is universal.

• Φ is agnostic to the choice of s, as it makes very weak assump-

tions about s.

• Thus the detection hardware becomes highly flexible and reusable

for a number of situations. It allows us to evolve s over time.

• The design becomes much more robust w.r.t. distortions in

the signal.

• The observation vector Y ∈ RM can be used for other infer-

encing tasks apart from the detection problem also.

Implementation note:
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• In the matched filter design, we can assume that a continuous

signal s(t) + G(t) has been uniformly sampled and then its

dot product with the stored discretized version of sT is com-

puted. Alternatively the matched filter can be implemented

in analog domain directly. Naturally analog implementation

is extremely tied to the shape of s(t).

• In the CS case, the design would involve some kind of random

demodulator, which will compute Φ(s + G) directly during

sampling. Thus we don’t go through the two steps of first

sampling and then computing the matrix vector product. Note

that the random demodulator design will depend on Φ and will

not depend on specific signal s(t).

16.2.1. Theory

We note that Y is a Gaussian random vector under both hypotheses.

In particular

• Y ∼ N (0, σ2ΦΦT ) under H0.

• Y ∼ N (Φs, σ2ΦΦT ) under H1.

Let us define

K = σ2ΦΦT . (16.2.3)

Thus the conditional density functions are given by

fY |H0(y|H0) =
1

(2π)M/2
√
|K|

exp

(
−1

2
yTK−1y

)
. (16.2.4)

and

fY |H1(y|H1) =
1

(2π)M/2
√
|K|

exp

(
−1

2
(y − Φs)TK−1(y − Φs)

)
.

(16.2.5)
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16.2.2. Neyman-Pearson criterion

In this section, we will develop NP criterion for solving the detection

problem in a CS setting. Basic theory for NP criterion was developed

in subsection 16.1.4.

We assume that costs of making detection decisions cannot be assigned

and a priori probabilities P1 and P0 are not known.

We will maximize PD subject to the constraint PF ≤ α.

The likelihood ratio test (LRT) for NP criterion is

Λ(y) =
fY |H1(y|H1)

fY |H0(y|H0)

H1

≷
H0

λ (16.2.6)

where λ is obtained by solving the inequality

PF =

∫
Λ(y)>λ

fY |H0(y|H0)dy ≤ α. (16.2.7)

By taking the logarithm and simplifying an equivalent test is given by

yT (ΦΦT )−1Φs
H1

≷
H0

σ2 log(λ) +
1

2
sT (ΦΦT )−1Φs ≡ γ. (16.2.8)

where we have defined γ as a simplified threshold parameter.

We define our compressed detector as

t , yT (ΦΦT )−1Φs. (16.2.9)

Thus the LRT test simplifies to

t
H1

≷
H0

γ. (16.2.10)

It can be shown that t is a sufficient statistic for this binary hypothesis

problem.

We note that both t and γ depend on the signal vector s.
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Assuming that Φ is a full rank matrix (thus ΦΦT is invertible), we now

define

PΦT = ΦT (ΦΦT )−1Φ. (16.2.11)

Clearly

P 2
ΦT = PΦT

and

P T
ΦT = PΦT

hence PΦT is an orthogonal projection operator (see ??) on the row

space of Φ.

The row space of Φ is given by

R(Φ) = {ΦTx ∀ x ∈ RM}. (16.2.12)

In particular

ΦPΦT = ΦΦT (ΦΦT )−1Φ = Φ

Alternatively

PΦT ΦT = ΦT .

Thus if we rewrite Φ as 
φT1
φT2
...

φTM

 (16.2.13)

where φi ∈ RN are the M row vectors of Φ, then we have
φT1
φT2
...

φTM

PΦT =


φT1
φT2
...

φTM

 . (16.2.14)

Thus

φTi PΦT = φTi .
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Taking transpose on both sides we get

PΦTφi = φi.

Thus PΦT preserves the row space of Φ.

With this notation in place we have

sTΦT (ΦΦT )−1Φs = sTPΦT s = sTP 2
ΦT s = sTPΦTPΦT s

= sTP T
ΦTPΦT s = (PΦT s)T (PΦT s) = ‖PΦT s‖2

2.

(16.2.15)

We now look back at our sufficient statistic t as defined in (16.2.9).

Under H0 we have

t = (Φg)T (ΦΦT )−1Φs = gTΦT (ΦΦT )−1Φs. = 〈g, PΦT s〉 (16.2.16)

Thus t is an instance of a Gaussian r.v. T with

E(T ) = 0.

and

Var(T ) = σ2‖PΦT s‖2
2.

Under H1 we have

t = (Φ(s+ g))T (ΦΦT )−1Φs

= gTΦT (ΦΦT )−1Φs+ sTΦT (ΦΦT )−1Φs

= gTΦT (ΦΦT )−1Φs+ ‖PΦT s‖2
2

= 〈g, PΦT s〉+ ‖PΦT s‖2
2.

(16.2.17)

Thus t is an instance of a Gaussian r.v. T with

E(T ) = ‖PΦT s‖2
2.

and

Var(T ) = σ2‖PΦT s‖2
2.
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In summary

T ∼

{
N (0, σ2‖PΦT s‖2

2) under H0

N (‖PΦT s‖2
2, σ

2‖PΦT s‖2
2) under H1

(16.2.18)

Thus we have the false alarm rate given by

PF = PT |H0(t > γ|H0) = Q

(
γ

σ‖PΦT s‖2

)
(16.2.19)

and the detection rate given by

PD = PT |H1(t > γ|H1) = Q

(
γ − ‖PΦT s‖2

2

σ‖PΦT s‖2

)
(16.2.20)

The threshold γ is given by

γ = σ‖PΦT s‖2Q
−1(α) (16.2.21)

Putting it back we get

PD = Q

(
Q−1(α)− ‖PΦT s‖2

σ

)
. (16.2.22)

For the special case when Φ = sT , we have

PΦT = Ps = s(sT s)−1sT . (16.2.23)

Thus

Pss = s(sT s)−1sT s = s. (16.2.24)

Thus for the matched filter:

PF = Q

(
γ

σ‖s‖2

)
(16.2.25)

PD = Q

(
Q−1(α)− ‖s‖2

σ

)
. (16.2.26)

Thus we see that PD for the general Φ varies w.r.t. the matched filter

case based on the difference between ‖s‖2 and ‖PΦT s‖2.
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Since PΦT s is nothing but the orthogonal projection of s on to the row

space of Φ, hence

‖PΦT s‖2 ≤ ‖s‖2 (16.2.27)

Thus if ‖PΦT s‖2 is close to ‖s‖2 then, the performance would be quite

good but if ‖PΦT s‖2 � ‖s‖2, then the performance would be poor.

Thus in general performance can be quite good or poor depending on

Φ.

However if Φ is a random matrix, then ‖PΦT s‖2 strongly concentrates

around
√

M
N
‖s‖2.

Before we quickly take a detour into the notion of stable embeddings

in section 3.3.

Let us define

SNR ,
‖s‖2

2

σ2
. (16.2.28)

We can bound the performance of compressed detector as follows.

Theorem 16.1 Suppose that
√

N
M
PΦT provides a δ-stable embed-

ding of (S, {0}). Then for any s ∈ S, we can detect s with error

rate

PD(α) ≤ Q

(
Q−1(α)−

√
1 + δ

√
M

N

√
SNR

)
(16.2.29)

and

PD(α) ≥ Q

(
Q−1(α)−

√
1− δ

√
M

N

√
SNR

)
. (16.2.30)

Proof. By assumption
√

N
M
PΦT provides a δ-stable embedding of

(S, {0}). Thus as per definition 3.4 we have:

√
1− δ‖s‖2 ≤

√
N

M
‖PΦT s‖2 ≤

√
1 + δ‖s‖2 ∀ s ∈ S. (16.2.31)
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This implies

√
1− δ

√
M

N

√
SNR ≤ ‖PΦT s‖2

σ
≤
√

1 + δ

√
M

N

√
SNR ∀ s ∈ S.

since Q-function is a decreasing function, substituting these bounds in

(16.2.22), we get the result.

�

The natural question at this moment is how do we find matrices for

which
√

N
M
PΦT provides a δ-stable embedding?

Consider a random M dimensional subspace of RN and consider Φ

having orthonormal rows spanning this subspace i.e. Φ represents a

random orthogonal projection.

Then ΦΦT = I.

Thus

PΦT = ΦTΦ.

Hence

‖PΦT s‖2
2 = ‖ΦTΦs‖2

2 = (ΦTΦs)TΦTΦs = ‖Φs‖2
2.

Thus

‖PΦT s‖2 = ‖Φs‖2.

For random orthogonal projections, it is known that

(1− δ)M
N
‖s‖2

2 ≤ ‖PΦT s‖2
2 ≤ (1 + δ)

M

N
‖s‖2

2 (16.2.32)

with probability exceeding 1− 2 exp(−cMδ2).



APPENDIX A

Useful MATLAB Functions

A.1. General purpose utilities

normalizeColumns

f unc t i on [ A ] = normalizeColumns ( A )

2 %NORMALIZECOLUMNS Normal izes a l l columns o f A

columnNorms = columnWiseNorm (A) ;

4 numColumns = s i z e (A, 2) ;

f o r i =1:numColumns

6 columnNorm = columnNorms ( i ) ;

i f 0 == columnNorm

8 cont inue

end

10 A( : , i ) = A( : , i ) / columnNorm ;

end

Listing A.1. normalizeColumns.m

A.2. Functions for generating signal patterns

simpleSparseVector

f unc t i on [ x ] = s impleSparseVector ( N, K )

2 %SIMPLESPARSEVECTOR Constructs a s imple spar s e vec to r

% N : number o f e lements in the vec to r

4 % K : number o f non−zero e lements

% x : r e s u l t a n t vec to r

6

% Let us cons t ruc t a zero vec to r

8 x = ze ro s (N, 1 ) ;

% l e t us generate a random permutation o f numbers from 1 to n

10 q = randperm (N) ;

499
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% l e t us put a value in f i r s t k p o s i t i o n s as i d e n t i f i e d

12 % in the random permutation

x ( q ( 1 :K) ) = s i gn ( randn (K, 1 ) ) ;

14

end

Listing A.2. simpleSparseVector.m

Example 1.1: Using simpleSparseVector

>> x = simpleSparseVector(10, 5);

>> x’

-1 0 0 0 -1 1 -1 0 1 0

�
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